JOURNAL OF

MATHEMATICAL
PHYSICS

VOLUME 8, NUMBER 12

DECEMBER 1967

Some New General Relativistic Dust Metrics Possessing Isometries

Davip L. FARNSWORTH
The University of Pittsburgh, Pittsburgh, Pennsylvania

(Received 17 February 1967)

In a four-dimensional Lorentzian manifold in which Einstein’s gravitational field equations hold with
the field produced by pressure free dust, a significant set of new solutions is found. Assuming that the
manifold possesses a four parametric group of isometries of type 5 in Bianchi’s classification, which act on
a three-dimensional negative definite subspace, all metrics are found. The solutions are unusual in that
the geodesics which the particles follow are not orthogonal to the three-dimensional negative-definite
subspace so that the space will not appear homogeneous to these observers. The isotropic expansion is

nonzero for almost all these solutions.

I. INTRODUCTION

N the four-dimensional Lorentzian manifold M we
impose Einstein’s general relativistic field equa-
tions. We assume that the source of the gravitational
field is incoherent matter (dust). The field equations
are written

Rab - %gabR = _}'gab — PUglyp, (11)

where g, is the metric tensor, Ry, is the Ricci tensor,
R = R%, . is the cosmological constant, p is the
density of the dust so that p > 0, and u® is the 4-
velocity of the matter so that u®u, = +1. We assume
that galaxies are the dust particles and that a model
of the universe can be described by the solutions to
Eq. (1.1).

These equations are too difficult to solve in general.
As is often done,! we assume that the universe has
some symmetries in order to simplify the equations.
We assume here that M allows a four parametric
group of isometries. Each one parametric subgroup
generates a vector field which is said to be a Killing-

1], Ehlers and W. Kundt, in Gravitation, L. Witten, Ed. (John
Wiley & Sons, Inc., New York, 1962), p. 49.

vector field of M. The algebras of these vectors possess
canonical forms.

If X, (a=1,2,3,4) are the four Killing-vector
fields, then the bracket of two of them at a point of M

[Xx“ Xb] = Xaxb - Xbxa

can be written
[Xa’ Xb] = C;bxc .

The C¢, are 24 quantities which are constants with
respect to coordinate transformations and are called
the constants of structure of the group. The algebra
of the X, is determined by the C¢, up to isomorphisms.
Here we investigate Bianchi type 5.2 The structure
constants are given by

[XlaX2]=09 [Xza X3]=X2, [Xs,X1]= _Xl,
(1.2)
Xy, Xyl = X,, [X,, X,] = -X,, [Xs, X,] = 0.
(1.3)

2 1., Bianchi, Lezioni sulla teoria dei gruppi continui finiti di
trasformazioni (Spoerri, Pisa, 1918).
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Since all solutions to Eq. (1.1) have been found with
the four Killing vectors spanning the tangent space
at each point of M,® we assume that the Killing vectors
span a three-dimensional subspace of the tangent
space at each point of M which has a negative-definite
metric; that is, space is homogeneous. This implies
that the physics at every point in space is the same
for each time. The metric and the Killing vectors can
then be given the following form* solely on the con-
dition imposed by Egs. (1.2) and (1.3):

ds® = A(t) dx® + B()e**(dy* + dz*) + dt?,

2 9
Xi=—, X,=—,
Yoy Tt ez
9 9 ]
X, = —— + y—+ 2—,
2 8x+yay+zaz
2 )
X,= —z—+y—.
=i %

Heckmann and Schiicking® have given a set of
solutions to the dust field equations having three
Killing vectors satisfying Eq. (1.2). However, these
solutions as given do not allow a fourth Killing vector
satisfying Eq. (1.3).

II. CHANGE OF COORDINATES

The metric is invariant under the isometries. Since
u, can be written in terms of g,, by Eq. (1.1), u, is
invariant with respect to the isometries, that is,

[X;, u"] = 0.

This forces #* to have the form

o — w2 2
u = a(t) ax + ﬂ(t) at )
then
u, = A((t) dx + B(t) dt.

The twice-contracted Bianchi identities

(Rab - %gabR);a =0
imply that
21

whu® =0,

that is, the galaxies move along geodesics. A semicolon
indicates covariant differentiation so that

ulu® = ubu® 4 I2usu’,

3 D, Farnsworth and R. Kerr, J. Math. Phys. 7, 1625 (1966).

4 A. S. Petrov, Einstein-Raiime translated by H. Treder (Akademie-
Verlag, Berlin, 1964).

5 E. Schiicking and O. Heckmann, Article in Institut International
de Physique Solvay, Onziéme Conseil de Physique (Editions Stoops,
Brussels, 1959); O. Heckmann and E. Schucking, in Gravitation,
L. Witten, Ed. (John Wiley & Sons, Inc., New York, 1962), p. 445.
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where a comma denotes partial differentiation and

ch = %gbs(gas,c + 8es,a — gac,s)

is the connection. Equation (2.1) along with
uu, = A()ok(t) + p(t) =1

gives A(t)a(t) = C, a constant.

Therefore, unless «(f) = 0, the dust follows geo-
desics which are not orthogonal to the 3-spaces of
homogeneity. Therefore, although the 3-spaces are
homogeneous, they will not look homogeneous to
observers traveling with the dust.

We perform the change of coordinates

_ [0,
r_fﬂ(t)dt X,

y=1

7= f (1) dt + A(a(t)x,

z=2z,

in order to orient #* in the time direction. Then

L
R P
ds® = —X*r, n)(dr)® — Y¥r, (dj* + dz%) + (d7)%,
0 d
Xi=2, Xo=2,
YTy TP ez
0 d d

2.2)

The metric in this form is very similar to a metric
considered by Bondi.®

We now derive expressions for X(r, 7) and Y(r, 7)
from Killing’s equations and the field equations.
Killing’s equations

Xa,b - Xb,a = 2szXd

are the necessary and sufficient conditions that X is
a vector field generated by an isometry.” The only
new conditions which this gives are

—CX+X'=0,

—CY+ Y +Y=0, (2.3)

where a dot over a letter means 9/0r and a prime

¢ H. Bondi, Monthly Notices 107, 410 (1947).
? L. P. Eisenhart, Continuous Groups of Transformations (Dover
Publications, Inc., New York, 1963), p. 208.
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means 0/0r. These equations imply that
X =X(Cr+ 7);
for all C.

Y=g(Cr+ nexp(—r) (24

III. FIELD EQUATIONS AND
SOLUTIONS FOR Y’'#0

The field equations for the metric, Eq. (2.2), are

3.0
2§+l;_:_ Xi:ﬁ A, 3.2)
Y'—’%':o (.4)

Equation (3.4) gives immediately

X, ) =GH)Y'(r,7) (3.5)

if Y’'# 0. We consider Y’ = 0 separately in Sec. IV.
Substituting ¥ = ge~"and X = G(ge~")’ into Eq. (2.3)
yields G(r) = Ge*”, where G is a constant. We now
have

X=G(g — g,
Y=ge", g=g(Cr+ 7).

The field equation (3.2) yields

28+ 8~ Mgt — (1/6)=0. (3.6

The field equation (3.3) reduces to the same equation
and Eq. (3.1) yields
—6
g—C¢g
If A=0 and g# 0 (ie., p 7 0), the same time
derivative of Eq. (3.6) and Cg = g’ give

p= (& — 3ig).

a nonzero constant. Equations (3.6) and (3.7) imply
£ = —2D(1/g) + (1/G®),

the Friedmann equation.
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IV. SOLUTIONS WITH Y' =0
If Y’ = 0, then Egs. (2.4) become
X =X(Cr+ ),
Y = Eexp (+/C),

where E is a constant. The field equation (3.2) implies
A = 3/C? so that there are no solutions for 4 < 0 or
C = 0. Equation (3.3) gives

X(x,7) = Mexp (+/C + 1) + Nexp (—27/C — 2r),
where M and N are constants. Finally, Eq. (3.1) implies

—6[ (M 1 -t
=-—|{—| exp3|— r 1
al(w) =e3(cm+) +1]
and N # 0. If N = 0, then p = 0.

V. PROPERTIES OF SOLUTIONS

Three quantities are defined for the timelike tangent
vector to the geodesic flow lines of the dust.! Since
these are tensor quantities, if they vanish in one co-
ordinate system they vanish in all coordinate systems.
They are isotropic expansion (u2,), shear

[u(a;b) - %u;cc(gab - uaub)]a

and rotation (u,;,). For all our solutions rotation
vanishes.

Shear vanishes if and only if C=0,g=0 or
g = Fg for F a constant, and Y’ # 0. If C =0, ex-
pansion is 3g/g and these are Friedmann models
since Friedmann models are characterized by vanish-
ing rotation and shear. If § = Fg and F # 1/C, these
are also Friedmann models with expansion 3F in this
coordinate system. If ¢ =0, p < 0. Shear is non-
vanishing for all solutions with ¥’ = 0, and expansion
vanishes if and only if M = 0. However, M =0
implies p < 0.

In general, for Y’ 0 isotropic expansion is
(X/X) + 2(Y/Y) and vanishes if and only if

Cg — 3g¢ + 2Cg* = 0. (5.1)

If C = 0, then ¢ = 0 and p = }A. This is the Einstein
cosmos. If C # 0, the solution to Eq. (5.1) does not
satisfy Eq. (3.6). Therefore only one of our model
universes does not possess isotropic expansion, a
property which the observable universe possesses.
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Invariant imbedding equations for the Green’s function of a general linear operator are shown to
derive from a generalization of the resolvent equation of the theory of operators. Two applications are
given: the neutron, or photon, transport in an arbitrary finite body, and the quantum-mechanical theory
of collision. In the last case, a nonlinear differential equation for the amplitude of transition 742 from a
channel « to a channel § with conservation of the total energy is derived from the general equation.

.1. INTRODUCTION

HE problem of deriving invariant imbedding

equations in a way other than “particle counting”,
and of generalizing them to problems other than
transport problems, has been paid much attention
recently. Bellman and Kalaba! have proposed a
perturbation procedure. Devooght has proposed two
approaches to the generalization of the Hadamard
variational formula, one® which generalizes an
identity of Case® leading to various reciprocity princi-
ples, another? based on a variational principle.

The aim of this paper is to show that the invariant
imbedding equations and the Hadamard variational
formula are nothing more than a generalization of the
well-known “resolvent equation” of the théory of
linear operators.®

In Sec. 2, we show that there is an identity satisfied
by any two resolvent operators connected with
problems belonging to an n-parameter family. This
identity first, yields the classical resolvent equation,
and second, the invariant imbedding equations with
respect to any of the parameters.

In Sec. 3, we apply this to a few problems in trans-
port theory, and show that we obtain the invariant
imbedding equation (or Hadamard formula) derived
by Devooght.?

In Sec. 4 we apply our equation to a problem of
scattering theory.

2. THE GENERALIZED RESOLVENT
EQUATION

Let T(«'?) = T(«'™, - - - a™) be an operator de-
pending on n independent parameters «'?.
For a value «{" of the parameters, we have

I — TENRG, T =1 (1)

* On leave from Université Libre de Bruxelles, Brussels, Belgium.

1R. Bellman and R. Kalaba, Proc. Natl. Acad. Sci. U.S.A, 47,
336 (1961).

2 J, Devooght, J. Math. Anal. Appl. 13, 216 (1966).

3 K. M. Case, Rev. Mod. Phys. 24, 651 (1957).

4 3. Devooght, J. Math. Phys. 7, 1764 (1966).

5 N. Dunford and J. T. Schwartz, Linear Operators, Part 1: General
Theory (Interscience Publishers, Inc., New York, 1958), p. 568.
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and for a value «{?, we have

R(u, T(e§M)(ul — T(§)) = I (¢
for any
Aep(TdM); pe p(TE). (2a)

Multiplying Eq. (1) to the left by R(u, T(«{")) and
Eq. (2) to the right by R(4, T(«{")), and subtracting
the second from the first, we obtain
(A — @R(, T DREA, T(1"))
= R(u, TENIT(?) — T)IRE, T(25)
= R(u, T(o8")) — RG> T(").  (3)
Identity (3) generalizes the classical resolvent equation

(5), which can be obtained from it by making o{? =
«’. We then have
or, by writing
no= 24+ di,
R(u, T) = R(, T) + a—R—%——AT) i,
RAT)
o

On the other hand, by making 4 = g and af =
al? + dat?, and writing

—R*(, T). (5)

. i 5T (i)
T(o4) = T(4") + 3 8 —w_aifj, ) I
L3}
R, T(o5") = R(, T(4"))
SR, T(«™))
5 >
+ 300 WETED)| )
We obtain the generalized Hadamard formula
o 0T (i) s
3 0 R, TN TG | RG, TG
3R, T(«*))
= 5 B
=3an RELD)

Because of the independence of the parameters, we
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can write this variational formula as a set of differ-

ential equations,

SR(A, T(o)
(30(“’

BT(oc D)
o)

= R(2, (") ==~ R(L, T(™) (9)
which are the invariant imbedding equations for the
problem. We have, in order to apply them to a specific
problem, to take care that relations (2a) are satisfied
and, if T is a differential operator, that the derivative
ST (a!?)[dath) takes into account the variation of the
boundary condition with the parameter a‘?.

3. APPLICATION TO MONOENERGETIC
NEUTRON TRANSPORT THEORY

The monoenergetic Boltzmann operator is
B=QV- +o(f)- —c(r')a(r“)Jf(Q, Q) -ddy, (10)

where o(F) is the total cross section, ¢(F) is the average
number of secondaries per collision, and f(Q, ') is
the probability that a neutron moving in direction {
be scattered in direction ). We know that 2 = O is in
the resolvent set of the Boltzmann operator, provided
that ¢() < 1 and ¢(F) — O sufficiently fast for |[r| — oo.

We will take as-boundary condition that ¢(#, ) — 0
for |F| — co.

A. Geometrical Imbedding with Fixed-Point Sources

Consider an elementary source f; = 8(F — Fo)0(Q —
Q3,); we have by definition of the Green’s function

8,7, Q| 7y, Qo) = —=R(0, B)f;, (11)

and for any vector u = ¢(7,, (),

R0, Bju = — f AV, dQog,(7, Q[ 7or Qo)b(Fo, Qo).
(12)

Let us now consider that ¢(7) and o(F) are zero outside
a volume limited by the surface S,- and choose 4 as the
imbedding parameter. (In what follows, 4 will be an
imbedding parameter and no longer the spectral
parameter.) We can then write

a(F) = e(P)[1 — UF, D). (13)
With
U(f, ) = 0 F INSIDE THE SURFACE S,
1 7 OUTSIDE THE SURFACE §,,
we have
U A) _ on(F, 2) l)
3 O0F — F)) —— ) (14)

0(F — 7,) beinga surface Dirac function and (én(7, 1)/
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02)64 the normal displacement of the point 7. Then,

6B _ on(F, 2)
31 o(r)——— 51 O(F — 7y,)
x [1 — o) f (O, 0) - dQ’:‘, (15)
and
agp(f$ Q l Foa QO)

84
- f av’ dQ' g, (7, & | 7, 2)e(7)

x Ao = 1) [ 27 9 o, O

— «(F) f P, g (7, Q| 7y, D) dQ”:l. (16)

Performing the integration over 7', we obtain

dg,(7, Q| 7y, Q)
LY

= —f ds’ fdQ' on(7;) o(Fg,(F, Q| 7;, &

: [g;,(f;, 0| 7y Op)
—«(F) f 1Y, g (7 O | oo Do) dﬂ} (7

Making use of the well-known reciprocity relation (3),

gm(f3er-0’Qo) = gp(f()a _Qof’ _Q) (18)
f@, Q) = f(-&, —0); 19

this formula is easily shown to be identical to formula
(3.23) of Devooght.?

and

B. Geometrical Imbedding with Surface Sources

In many problems, it is interesting to compute the
variation of the surface Green’s function. The source
f; is then a function of the parameter 4. We have

\gs(f’ Q [ f°Sz+a;.' H Qo ) A + dl)
= —R(0, B(A + d))f,(A + d4)

— R, B+ d)fi(D) — RO, B(z))afg—‘l—” di, (20)

neglecting terms of the second order in di; finally,
8g(7, Q fs,Q,).) 6R(0 B(1))
g&( I 0; 0 ( fa(ﬂ.)

oA
— RO, B(Y) af"(’“,

(21)

where the point 7y, follows the boundary in its dis-
placement. The derivative of the source will contain
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the derivative of a Dirac function, which in turn will
produce a derivative of the Green’s function with
respect to 7y, , evaluated at the boundary. This can be
evaluated with the use of the reciprocity principle
and the Boltzmann equation. There is some ambiguity
in this evaluation as the derivative of the Green’s
function is discontinuous at the boundary. It is clear,
however, from Eq. (20) that we have to evaluate the
variation of the Green’s function when the source
point is moved from outside the medium towards the
surface, and so we have to use the Boltzmann equation
with the values of c(7}) and o(7]), that is, zero.
To remember this, we will write Eq. (21) as

0u(F, O] Fu, Q3 1) _ ~ORO, BA)
8h 84 ’
— R(O, B(4)) 3_!;___;;0 s (22)

We sometimes want our observation point to
follow the surface when A goes to A + dA. The general
equation for this case can be written easily if we
consider g,(7, Q| 7y, Qg; A) for fixed 7,y and
arbitrary 7, Q) as a vector in the vector space of fluxes.
To obtain the Green's function at a specific point of
space, we have to apply to this vector a functional
fof which will transform our vector g,(F, Q | 7y, , Qg3 4)
into a scalar g (7;, Q | Fos, Qo3 A), where 7, and
are fixed. If the observation points follow the surface
when A goes to A 4 dA, the functional f;* will be
dependent on A. We have

g(Fusarar, Q| Fosarar, Qo3 A + dA)
= —f3(2 + d)R(O, B(A + dA)f5(A + dA)

= ~£3G+ an[ RO BAD + T sy az

+ R(O0, B() g%_gz)

+d}t:|. (23)

Again the computation of the variation of the
functional involves derivatives of Dirac functions,
which in turn leads us to evaluate the derivative of the
Green’s function at the surface. This time, again, it is
clear from Eq. (23) that it is the derivative of the
Green’s function outside the medium which is needed,
so that our formula becomes

dg(#y,, Qll Fos > Qs A
7

_ RO B
aR(o B(/'L))

04
— f3(® f3)

- iar0, B D

ANDRE MOCKEL

Equation (24) is the general form of the invariant
imbedding equation for the reflection. By specializing
it to a particular problem, we can derive the equations
established by Devooght in Sec. 3C of Ref. 2.

4. APPLICATION TO QUANTUM SCATTERING
THEORY

The system is governed by the Hamiltonian H and
R(E + i¢) is the complete Green’s function G*. We
separate the Hamiltonian into a free-wave term and an
interaction term. If we assume that rearrangement
can take place, we can do that in several ways,

H=H,+ H, = H, + Hy.
We can then define the operators

Tw(E) = H, + H,G"(E)H,, (25)

and

Twa(E) = H, + H;G(E)H, = T, + H, — H,. (26)

The matrix elements 7, between eigenfunctions of the
free Hamiltonian H, and H, , taken at the same total
energy of the system, give the reaction amplitude.
Taking 4 as a parameter of the Hamiltonian, we then
have

oH,

0Ty(E) O0H,  OHy .

b . G'(E)H.,
A 2 T H Wl

, 8G*(E)

aH'
H; + H,GY(E)—/""
Ty + B

+ H,
Using
9G*(E)
04

and the definition of T, , we obtain

ba *

= G+(E) G+(E)

0T,y

oA

— a}Ib H;—l
oA
+ HGHE) aH

BH
oA

+ H,G(B)HH;™

T, + H,,G*(E) G+(E)H’

’

,1 0H

—2H 7T, + H,,G*(E)H H. ” — H;'H,G'(E)H,,

o,
o1
aIII; -1 H 1—1 + ’
H, T, (E —H, 'H,G'(E)H,,
a}, b( ) al b - b ( )
1 O0H

— H'H)GH(E)H.,

+ ThH, ™

oH, - oH,
o2 Py
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= a; ® H;'T,(E) + % - aa—l;l H'Ty(E)
+ T, H,™ a;: H;'T,,
— T S By g g O
and finally,
a; *H ' (E) — T, H,*? % . @D
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If 1 is a parameter of the interaction only, i.e., if

OH, _0oH, _
or o
aTba(E) - r—1 aH —1
——— =T(E)H, — H
oA w(E)H, o Th(E),  (28)

which is a generalization of formula (7.76) of Ref. 6.
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A formalism is presented in order to impose causality conditions for finite-range interactions which do
not require the existence of wave packets with a sharp front. The absence of bound states and particle
production is assumed. Two different causality conditions—referred to as strong and weak conditions—
are studied. It is shown that in general the convolution kernel that connects the ingoing with the outgoing
wave is not zero in the past. Some analytic properties of the S matrix are deduced.

INTRODUCTION

THE purpose of this paper is the study of some
analytic properties imposed by causality on the
scattering matrix S;(w) of two elementary particles
when the interaction has finite range. A formalism is
proposed which avoids the main difficulty of the
problem: The nonexistence of wave packets with
sharp front when the mass is different from zero. Our
conclusions are independent of the mass value.

The first causality condition was proposed in 1927
by Kramers and Kronig! in the form of a dispersion
integral (the Kramers-Kronig relation). They proved
that this relation is a necessary and sufficient condition
in order that light velocity in a medium is bounded by
¢. Schiitzer and Tiomno? formulated a causality
condition for the nonrelativistic s-wave scattering.
Although the paper contained a correct analysis, the

* Present address: Junta de Energia Nuclear, Madrid 3, Spain.

1H. A. Kramers, Collected Scientific Papers (Amsterdam, 1956);

R. Krénig, J. Opt. Soc. Am. 12, 547 (1927).
2 W, Schiitzer and J. Tiomno, Phys. Rev. 83, 249 1951).

condition was formulated in an incorrect way as was
pointed out by Van Kampen.? They corrected the
formulation in Ref. 4. Giambiagi and Saavedra® gave
a mathematical improvement of the Schiitzer-Tiomno
condition by means of a convolution kernel. They
stated that this kernel H(7) should be zero for 7 < 0.
In this paper we prove that this condition is valid only
for s waves. In higher partial waves it is too strong.

Toll® studied the logical equivalence between
causality and the Kramers-Kronig relation in the
frame of a formalism which can be applied to the
scattering of zero-mass particles. This case was also
treated by Van Kampen? who has also formulated a
condition for the case of nonrelativistic partlcles in s
waves. Van Kampen and Toll found in this way

3 N. G. Van Kampen, Phys. Rev. 91, 1267 (1953); Physica 20,
115 (1954).

4W. Schutzer and J. Tiomno, Symposium on New Research
Techniques in Physics, Rio de Janeiro (1954).

53, J. Giambiagi and I. Saavedra, Nucl. Phys. 46, 431 (1963).

8 J. S. Toll, Phys. Rev. 104, 1760 (1956).

?N. G. Van Kampen, Phys. Rev. 89, 1072 (1953).
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by Kramers and Kronig! in the form of a dispersion
integral (the Kramers-Kronig relation). They proved
that this relation is a necessary and sufficient condition
in order that light velocity in a medium is bounded by
¢. Schiitzer and Tiomno? formulated a causality
condition for the nonrelativistic s-wave scattering.
Although the paper contained a correct analysis, the

* Present address: Junta de Energia Nuclear, Madrid 3, Spain.

1H. A. Kramers, Collected Scientific Papers (Amsterdam, 1956);

R. Krénig, J. Opt. Soc. Am. 12, 547 (1927).
2 W, Schiitzer and J. Tiomno, Phys. Rev. 83, 249 1951).

condition was formulated in an incorrect way as was
pointed out by Van Kampen.? They corrected the
formulation in Ref. 4. Giambiagi and Saavedra® gave
a mathematical improvement of the Schiitzer-Tiomno
condition by means of a convolution kernel. They
stated that this kernel H(7) should be zero for 7 < 0.
In this paper we prove that this condition is valid only
for s waves. In higher partial waves it is too strong.

Toll® studied the logical equivalence between
causality and the Kramers-Kronig relation in the
frame of a formalism which can be applied to the
scattering of zero-mass particles. This case was also
treated by Van Kampen? who has also formulated a
condition for the case of nonrelativistic partlcles in s
waves. Van Kampen and Toll found in this way

3 N. G. Van Kampen, Phys. Rev. 91, 1267 (1953); Physica 20,
115 (1954).

4W. Schutzer and J. Tiomno, Symposium on New Research
Techniques in Physics, Rio de Janeiro (1954).

53, J. Giambiagi and I. Saavedra, Nucl. Phys. 46, 431 (1963).

8 J. S. Toll, Phys. Rev. 104, 1760 (1956).

?N. G. Van Kampen, Phys. Rev. 89, 1072 (1953).
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analytic expressions for the S matrix which are
generalizations of the Hu® expression. Another
important reference is Hilgevoord.®

The main problem is the nonexistence of sharp
fronts if the mass is not zero. As a consequence
the cause (ingoing wave) and the effect (outgoing
wayve) extend in time from — oo to 4 0. Therefore we
cannot formulate “the effect is posterior to the cause”
in an straightforward manner. However we see that
it is possible to express the outgoing wave as a
convolution product of the ingoing wave with a kernel
which plays the role of time-delay function. The
causality condition will then be imposed on this
kernel. We will study two different causality con-
ditions referred to as “strong” and “weak’ caus-
ality.

In Sec. 1 we give the definition of Hardy spaces and
the factorization theorem. The reader is referred to
the book by Hoffman.*

In Sec. 2 we discuss the theory of passive linear
systems defined as operators in a Hilbert space. An
elementary approach is to be found in Robinson.1!

Section 3 deals with the scattering of two particles
in the frame of a formalism quite analogous to that
of linear systems. The only hypothesis is that the
interaction has finite range R. The ingoing and out-
going waves are considered as the input and the
output of a linear system. From causality we obtain
the analytic properties of S matrix in the complex-
energy plane.

1. FACTORIZATION OF THE FUNCTIONS
OF HARDY SPACES

Let us consider the complex variable w. HF is the
space of functions which are analytic in the upper
half-plane and such that

+o0
f f(w, + iw)|F dw, < M,

=0

where M is a constant. H® is the set of functions
analytic and uniformly bounded in the upper half-
plane. H? (1 < p < o) are Banach spaces.'® Their
elements have limits almost everywhere in the real axis
which belong to LF and L*. In this sense there is an
isomorphy between H” and a subspace of L? of the
real axis. We can write HP < L,

8 N. Hu, Phys. Rev. 74, 131 (1948).

J. Hilgevoord, Dispersion Relations and Causal Description
(North-Holland Publishing Company, Amsterdam, 1960).

10 K. Hoffman, Banach Spaces of Analytic Functions (Prentice-
Hall, Inc., Englewood Cliffs, New Jersey, 1962).

11 E. A. Robinson, Random Wavelets and Cybernetic Systems
(Griffin, London, 1962).
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A. Paley-Wiener Theorem!2
f€ H?if and only if it has the form

700 = [ Fe v
for some f in L*(0, + o). This theorem means that
H? and L*0, + o) are Fourier-transformed spaces.
B. Factorization Theorem!®
If fe H? (1 < p £ ), it admits the factorization
f(w) = Fexp (iaw)BS, 0]
where F, called “the outer factor,” is

tw+1 dt

F=aw [ [Clogifort ] @

with the condition

+o0 d
f log [F(D] +—— > —o. (2"
a > 0, Bis called Blaschke product and is
Bow) = TT =L 3
n=1 W — ﬂn
with
< Im§p
Im g, > 0; ——- < 0. 3’
P20 AT e (
S is called a singular function and is
sm=ewp | - [FEduo], @
i(t—w)

where u is a positive, finite, singular measure.

F and S have no zeros in the upper half-plane so
that all the zeros of f are the §,. This factorization is
unique up to a phase factor.

2. PASSIVE LINEAR SYSTEMS—STRONG
AND WEAK CAUSALITY

In this section we give a short account of the theory
of passive linear systems. The usual form of causality
turns out to be too strong to be applied to scattering
systems. Instead of it we will employ a weaker form.

There are several works in which linear system theory
is used in order to impose causality conditions (Refs.
13 to 17).

12 R, Paley and N. Wiener, Amer. Math. Soc. Collog. Pub. XIX,
New York (1934).

13D, C. Youla, L. J. Castriota, and H. J. Carlin, IRE Trans.
CT-6, 102 (1959).

14 C. L. Dolph, Ann. Acad. Sci. Fenn. A1, 336 (1963).

15 A. Zemanian, Distribution Theory and Transform Analysis
(McGraw-Hill Book Company, Inc., New York, 1965).

18 W. Guttinger, Fortschr. Physik 14, 483 (1966).

17 E. J. Beltrami and M. R. Wohlers, Distribution and the Boundary
Value of Analytic Functions (Academic Press Inc., New York, 1966).
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From the physical point of view a passive linear
system (PLS) is a device which transforms an input
into an output. It is passive if it cannot increase the
value of a given quadratic form of the input, which
may have the meaning of an energy (classical signals),
of a norm (wavefunctions) etc. Mathematically the
definition is the following: “A passive linear system
(PLS) is a bounded linear operator in L% (— o, + 00)
that commutes with translations.” T is then a PLS
if b = Taand b, a € L? (— o0, + o©0) and

bxd, =T(axd); lal.2K|bl,, )

where X is a positive constant which can be taken as
unity without loss of generality. a is the input and
b the output.

Theorem 2.1: If T is a PLS, there exists a bounded
function X such that

B = %4, (6)

where B and A are the Fourier transforms of 5 and a.
Y will be called a “transfer function.” (See Refs.
11, 14, 7, and 18.)

Theorem 2.1: If T is a PLS, there exists a rapidly
decreasing distribution!® ¢ such that

b=o=*a. @)
o will be called time-delay distribution and is the
transfer function of .

Theorem 2.1’ is clearly a consequence of Theorem
2.1. Equation (7) results by Fourier transformation of
(6). Relations (6) and (7) express the action of a pair
of linear operators. The first (4 — B) will be called
T, and the second (@ — b) T;. The respective spaces
will be referred to as frequency and time space.

Corollary: The Hilbert subspace of the function
whose transfer function is zero on a certain set is
invariant by a PLS.—We could thus define a passive
linear subsystem as the restriction of a PLS to any such
subspace. It is clear that there are infinite PLS’s
having the same restriction to a given subspace.

We now introduce causality in PLS theory.

Definition: A causal system T is a PLS such that

T,L*0, + 0) < L0, + ). ®
In the frequency space this is written
T, H*< H: 3"

18 A. F. Rafiada, Ph.D. thesis, University of Paris (unpublished).
A very elegant proof was pointed out to me by P. Eymard (private
communication).

19 1, Schwartz, Les distributions (Herman & Cie., Paris, 1957).
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In order to understand this definition, recall that
L3(— o0, + 0) = L¥— 0, 0) @ L0, + 0)
and the Paley-Wiener theorem. It is clear that if
a=0forz<t,,thenb=0for¢t <1¢.

Theorem 2.2. (Causality Condition): A PLS is a
causal system if and only if one of the following
statements hold:

(a) The support of the time-delay distribution o is
contained in (0, 4 );

(b) The transfer function X is the boundary value
of a function of H* of the upper half-plane.

The proof is straightforward. It turns out that this
causality condition is too strong to be applied to
scattering. From now on it will be referred to as
strong causality. We consider now a weaker form:

Let H be a Hilbert subspace of H2.

Definition: A PLS is said to be “causal” in H% if
T, H% < H. ®

Let us now choose as H% the set of functions of H?
which vanish on a certain finite set of points in the
upper half-plane (w;, w,, - *+, wy) such that all w’s
are different.

Theorem 2.3 (Casuality Condition) in H%: A PLS
is causal in H} in and only if one of the following
statements holds:

(a) The time-delay distribution o has the following
expression for 1 < 0:

N

o= e ", (10)
i=1

the 4’s being complex numbers.

(b) The transfer function 2 is the boundary value
of a function analytic and bounded in the upper
half-plane except perhaps in the points wy -+ wy.
In these points X may have simple poles.

The proof is simple and similar to that of Theorem
2.2. Condition (b) is easily proved, and by Fourier
transformation one gets condition (a).

Some remarks are to be made.

(1) If all 4; are zero we get the strong condition and
the PLS is causal in all H2

(2) o decreases exponentially when £ — — oo but an
arbitrary exponential decrease does not give a system
causal in HY .

(3) 2 may have simple poles in w; * * - wy but it may
also be analytic in several w;. If X is analytic in w,,
then 4, = 0.
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The function
' N w— W.i
(w) =Zw) [ ——=% (11)
1w — wy

belongs to H*.

3. CAUSALITY AND SCATTERING

We will now apply PLS theory to scattering systems.
The Giambiagi and Saavedra® condition will be
shown to be equivalent to strong causality and it will
be proved that it is only valid in s waves. In fact
Giambiagi and Saavedra gave their condition for S
waves so that their paper is correct. If / # 0 however a
weaker form of causality is required. [I am grateful
to the referee for pointing out through some counter-
examples that my original causality condition (equiv-
alent to Giambiagi and Saavedra condition in §
waves) was too restrictive.]

A scattering system is linear, commutes with time
translations and does not produce particles. This last
property is to be related to passivity and we have thus
a strong suggestion for the consideration of scattering
as a PLS. This point of view can be developed for any
value of m. It can also be applied both to nonrelativ-
istic or relativistic particles, the only difference being
the energy-momentum relation. For the sake of
simplicity let us take first the case m = 0.

We assume only the following: In the e.m. system,
the interaction is contained in a sphere of radius R
outside of which the Klein—-Gordon equation holds.

Consequently we do not make any hypothesis
about the strength or form of the interaction.

Case m = 0: Out of the region of interaction we can
write the ingoing and outgoing partial waves in the
form

+o
VoralFs 1) = f AW (kr)e"™ dwP(cos ),

Vroulh, ) = f +:Sl(w)Az(w)hz+(kr)e—M dwP;(cos 6),
(12)

where k = w and h* are the well-known spherical
Hankel functions. A; must have a zero of order
(! + 1) at k = 0 to compensate the pole of At. If
A, € L¥(— o0, +0) it is clear that y,;, and v, .,
considered as functions of time are also in L%(— o,
+ o0) for any 7. This follows from the fact

[S;w)| < 1, (13)
which states that the outgoing flux, integrated from
t = —ootot = 4, is not greater than the ingoing

flux. Applying the Plancherel theorem, we get also

+w 2 -+ °
f pyl® dt > f Wuoul®dt  (14)

—o0
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for any 7. The relation between y,, and y,,, being
obviously linear and independent of time translations,
the mapping

1)Ul,in(fa t) - 'Pl,out(f! 1)) (15)

is a PLS for any 7. Let us call it 7(r). Then there
exists a distribution o{” such that

1»Ul.out(r-’ t) = '/)l:in(f’ t) * 0;') (16)
and a transfer function which obviously has the form
i (k)
hy(kr)

k7 has / zeros in the upper half-plane and A} / zeros
in the lower one.

Now suppose we fix r = R and try to apply the
strong causality condition to T(R):

g"’ (W) = S,(w) (17)

B =0 for t<0. (18)

As we have shown Y ® must then be a function of
H?* and from (17), we see that S,(w) must be zero at
the zeros of A7 (kR). Otherwise > % would have poles.

There may be found examples in which these zeros
of §, are absent. For instance the scattering of
electromagnetic waves by metallic or dielectric
spheres which can be solved exactly. Therefore strong
causality is not valid. Let us now try a weaker form.
If we take 4, € H? in (12), the Fourier transform of
¥, m vanishes at the zeros of A (kR). We can thus
restrict our causality condition to the Banach sub-
space of H*formed by the functions which are zero at
these points. Let us call it H2. Then our condition
must be

T.(R)H} < H* 19)

This is what we called in Sec. 2 causality in H%.

Because of Theorem 2.3, we state instead of (18)
the ‘““weak causality condition™

l
ot =Y Le ™' for t<O0, (20)
i=1
where w; are the / zeros of &, (kR). The A; are complex
numbers.

On the other hand Y must be analytic and
bounded in the upper half-plane except perhaps at
the points w; -+ - w,.

From remark 3 after Theorem 2.3 and the properties
of the zeros of A, it is easy to see that

Sl (W) ezikR

is a function of H* of the upper half-plane.

It should be emphasized that the convolution kernel
is not in general zero for 7 < 0 except for s waves.
This is because A, has no zeros.

(21)
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Case m 5 0: The ingoing and outgoing waves are
now (taking only positive frequencies)

Vo, ) = f:Al(w)h,-(kr)e—fwt dwPy(cos 6), (22)

YoulF 1) = f S, (WA, (w)h] (kr)e~** dwP,(cos 0),
" 23)
with
w=(k*+m2)t or w=k2m.

The only difference with the case m = 0 is that now
the mapping (15) is not defined in L(— co, 4 o0) but
in the subspace of functions whose Fourier transform
vanishes in (— o0, +m):

Li(— o0, + ) = Li(— o0, m) ® Li(m, + ),
L¥(— o0, +0) = FL:(— o0, m) @ FLE(m, + ).
(24)

Our scattering system is thus a passive linear
subsystem as defined in the corollary to Theorem 2.1.
It is clear that there is in L2 (— oo, m) an infinite set
of linear operators which commute with translations
and are of norm <1. In other words there are infinite
PLS which when restricted to w > m have the same
effect as the physical system.

We must point out that in order to describe bound
states we should use unbounded extensions to all L2
From now on we suppose that there are no bound
states.

Theorems 2.1 and 2.1° aHows us then to say that
there is an infinite set of rapidly decreasing distri-
butions®® ¢{® such that

1/’l,out(R’ D = puin(R, 1) * Glfa{i) (25)

and an infinite set of bounded functions Y{% such
that

Sw AWk (kR) = 3% (W) A () (kR),  (26)

where we have not written the factors P(cos 6).

It is clear that all ) &) must be equal in the physical
region w > m.

If we want to impose a causality condition on the
convolution kernel, we find that there is an infinity
of such kernels. This problem arises also for instance
in the study of the causal propagation of free Klein—
Gordon waves. If we only consider positive fre-
quencies we have an infinite set of convolution kernels
that propagate ¢t(x). For instance A, = A+ + 1A-,
A being an arbitrary complex number. The natural
causality condition refers then to the future cone.
We know, however, that most of these distributions
do not have their supports contained in the future
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cone. Nevertheless causality is not violated because
there exists one which is zero outside the cone and all
are equivalent to it. This special kernel is A = A+ 4
A~ as is well known.

We will also impose as causality condition the
existence of one special kernel. As we have seen the
strong causality condition is in general too restrictive.
Because of that we state the weak causality condition.

A. Weak Causality Condition

The infinite set of distributions {¢{®'} such that
relation (25) holds contains one, ¢{®, such that
1
B =3 e ™" for t<0, 27N
i=1
w; being the energies corresponding to the zeros of
h7(kR) and 4; complex numbers.

As a consequence the Fourier transform of o{®,
(B js analytic and bounded in the upper half-plane
except in w, if 4, # 0. Then as in the zero-mass case
S,(w)e*™E is a function of H*.

This causality condition could be expressed in the
following way. Among all the PLS which when
restricted to w > m have the same effect as the
scattering system, there is one which is causal in HZ .

A case in which all A, vanish is the hard core. The S
matrix is then zero at w;. On the other hand, the
square well illustrates the case in which all 4; are
different from zero. Consequently S, is not zero at w;.

A few comments are necessary about the choice of
the r value. There is no problem so far as the weak
condition holds. When we increase the r value, say
to R; > R, the points w; move but we have again a
weak condition. We obtain then that S;(w)e?™*F: is a
function of H*. This is a weaker result than the one
obtained for r = R, therefore it is not interesting. The
strong condition cannot hold at two different r values
in contrast to the weak condition. An argument can be
given to state that it can only hold at r = R. Suppose
T(R,) with R; > R. We can consider it as three PLS in
series:

T Ty Ty
wl,in(Rl) —> Y. in(R) —> ¥ out(R) —> Y1.out(Ry)-
(28)

Of the three systems, T; obeys a strong condition,
T, may obey it, but 7, does not. In fact T, is the
inverse system of a PLS which obeys a “strong
anticausality condition” (¢ =0 for ¢ > 0). Since
the total kerael is

0 = 0y % 0y * 03,

(29)

one can hope that o is not zero for ¢ < 0. Of course
this is not a proof.
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B. S-Matrix Factorization

We have proved that S,(w)e?*% is a function of H”.
We can thus apply the factorization theorem of
Sec. 1:

S (W) E = S E(w)SE(w)SF(w) (30)
with o > 0 and
1 wt+1 dt
SE(w) = ex —f log |S,(t)e**E ],
E(w) p[ﬂ | log s oL
(31)

k being in (31) the momentum corresponding to an
energy 1.

sPwy = TI2=L2 mp, >0, (32
n=1W — ﬁ"

SS(w) = exp [i f wEt ld (z)} (33)
W -

u has its support contained in the nonphysical
region. Otherwise S, would not be defined in some
points of the physical region.

The positive constant « represents a kind of over-all
retardation. It is zero for electromagnetic waves and
for nonrelativistic potential scattering. From the
point of view of causality, « may have any non-
negative value.

SE represents the inelasticity and is unity if the
scattering is elastic. It has a cut running along the
points of the real axis with |[.S;(w)] < 1. In fact from
the symmetry conditions |S,(w)} = S [,(—w)|, there
are two cuts symmetric with respect to the origin.

The Blaschke product SZ contains zero-pole pairs.
If they are not far from the real axis they can be
interpreted as resonances. They can be infinite in
number.

The factor S$¥(w) does not seem to have a simple
physical meaning. Toll® found an analogous factor
and interpreted it as the effect of infinitely narrow
absorption lines.

However, since the S matrix has to be well defined in
the physical region, these lines must be in the non-
physical interval (—m, +m) (or in w < 0 for non-
relativistic particles).

From (30) we conclude that

8,(w) = 3aw — Rk + 6E(w)
x r & A
arcta 2 2. (34
+n§1 e n2(Q,, — W) +§1B,, —-w 4)
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where 8, = Q, + %il,; 4, > 0; 3 |4,| < o, B, in
the nonphysical region, « > 0, and 6% is the contri-
bution of the outer factor.

If the strong condition holds we would write
HF(kR)/h; (kR) instead of ¢**% in (30) and } arg
[A;7(kR)/h(kR)] instead of (—kR) in (34). We
should obtain

h+(kR) iaw E B 8,
Suw )h ~0R) SrWIST(w)ST(w),  (35)
R
o (w) = - w + }arg ZJ“EI;R; + oF
@® Fn @® A"
+n§1arctan @ +n§=:1 B —w (36)

4. CONCLUSIONS

We have obtained in (30) an analytic expression for
the S matrix valid in the upper half-plane of the
energy. If we want to extend it to the lower one we
must choose the cut arising from the function w =
w(k) in such a way that the poles g} correspond to
Im k < 0. This is always possible. It must be stressed
that the outer factor can have poles in this lower half-
plane. We have then a analytic function in the energy
plane except for an essential singularity at infinity,
poles in the lower half-plane (some of them represent
resonances), two cuts representing the absorption
(they come from SF), some essential singularities in
the nonphysical region (from S%) and a kinematical
cut from the function w = w(k). It should be empha-
sized that this structure is the same for the strong
condition as for the weak one.
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It is shown that, for a certain model of many-channel potential scattering, there exists, under rather
general conditions, a single function from which both the potential matrix ¥ and the corresponding S
matrix can be constructed. This function is the Fredholm determinant of the Lippmann-Schwinger equa-
tion for the physical wavefunction of a system having a potential matrix which is identical with ¥ in the
interval from the origin out to a distance r, but which vanishes identically beyond this distance. A
one-channel and a two-channel example are discussed.

1. INTRODUCTION

OR the special case of a many-channel problem,

Le Couteur’ has shown that when the various
elements of the § matrix for elastic and inelastic
scattering are meromorphic functions of the energy,
there exists a single function from which all elements
of the S matrix may be obtained in a simple way.
Newton® has shown that this function of Le Couteur
might just as well be chosen to be the Fredholm
determinant of the Lippmann-Schwinger equation,
and that it is therefore, with the channel momenta
considered as independent variables, a regular
analytic function in the whole upper half of the
complex plane of each channel momentum under the
very general conditions that the potential matrix has
finite first and second absolute moments.?* Further-
more, its zeros give directly the bound states and
include the resonances. Thus the study of the S matrix
is reduced, in the above sense, to the study of a single
function of a single complex variable whose analytic
properties are rather well understood. This fact is
sometimes useful, for example, in the construction of
simple models.3® Other related work includes the
demonstration by Blankenbeclert that the S matrix
may also be constructed from the Fredholm deter-
minant considered as a function of the energy only by
taking functional derivatives with respect to the
Green’s function, and the generalization by Newton®
of the entire procedure of expressing the elements of
the S matrix in terms of the Fredholm determinant to

* Address for the 1967-68 academic year: Sterling Chemistry
Laboratory, Yale University, New Haven, Conn. 06520.

1K. J. Le Couteur, Proc. Roy. Soc. (London) A 256, 115 (1960).

22 R. G. Newton, J. Math. Phys. 2, 188 (1961).

2 For the corresponding statement which holds when the energy
conservation relation between the channel momenta is imposed, see
Ref. 3; see also Refs. 1, 4, and 7.

3J. R. Cox, J. Math. Phys. 5, 1065 (1964).

4 R. Blankenbecler, in Strong Interactions and High Energy Physics,
R. G. Moorehouse, Ed. (Oliver and Boyd, Edinburgh, 1964).

5 M. Kato, Ann. Phys. (N.Y.) 31, 130 (1965).

8 R. G. Newton, Bull. Am. Phys. Soc. 12, 49 (1967).

the case of “continuous channels,” which is intended
to be a preliminary step toward its generalization to
problems in which there are three or more particles
with an associated continuum due to the possibility of
dissociation of initially bound particles.

It is our purpose in this paper to show that, at
least in the case of a finite number of discrete channels,
a single function exists from which not only the S
matrix, but also the corresponding potential matrix
V(r') can be constructed in a straightforward way.
This function is the Fredholm determinant f(r) of the
Lippmann—Schwinger equation for the potential
matrix which is identical with ¥(r') from the origin
out to a distance r, but which vanishes identically
beyond this distance. As r, the point of truncation,
approaches infinity this function evidently approaches
f, the Fredholm determinant for V(r’) mentioned
above.

It should perhaps be pointed out that if f itself is
known in analytic form for a single partial wave, then
the bound states and the S matrix and hence, by
means of the many-channel Marchenko equations,’
the potential matrix V(r’) can in principle be con-
structed. However, just as would be expected from
an analogy with the single-channel case,® V{(r’) is not
in general uniquely determined from the bound states
and the S matrix; instead, if there are N bound states,
then an N matrix-parameter family of potential
matrices is obtained. In contrast, a knowledge of f(r)
(rather than f) in analytic form determines V(r’)
uniquely.

In Sec. 2, a function ¢ of the channel wavenumbers
and r is introduced and then the construction of V
from a knowledge of ¢ in analytic form is discussed
(we restrict ourselves for simplicity to s waves and
sufficiently well-behaved potentials). It is then noted

7J. R. Cox, Ph.D. thesis, Indiana University (1962).
8 R. G. Newton, Scattering Theory of Waves and Particles (McGraw-
Hill Book Company, Inc., New York, 1966).
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that ¢ is, apart from a known factor, f(r). Section 3
contains illustrative examples.

2. CONSTRUCTION OF V(r)

We start with the n-channel s-wave radial Schro-
dinger equation®

¥+ (K2 = V() =0, 2.1

where V(r) is a real symmetric n X n matrix which
depends on r only, K is the diagonal matrix of channel
wavenumbers k,,k,,"--,k,, and v is a n X n
matrix which consists of n column solutions of (2.1),
the solutions differing by their boundary conditions.
The k’s are connected by the relation
E=8w@+Ad, i=2,--,n, 2
#y
where u, is the reduced mass and A2A%/2u, is the
threshold energy of the ith channel.

Let us assume that all elements of V(r) possess
finite first absolute moments. Then there exists an
n X n matrix solution ¢ of (2.1} which vanishes at
r = 0 and whose derivative with respect to r reduces
to the unit matrix there®:

$=0,¢'=1; r=0.
Define g by

2.3)

g = det (¢’ — iK$). (2.4)

We now show that if the single function ¢ is known
in analytic form for all positive r, then it determines
each of the 1(n® + n) distinct elements of V(r).

Equation (2.4) may be expanded as follows:

q=(=1)"akky- -k,
+ 3 (=i takiky ki gk ok,
i=1

+33 o
j=1 k=2
i<k
X Agpkiks Rk ke aRen sk,
+2 z 2(—i)"“3a,,k’lk1k2 kg
=1 e=2i=8
F<k<1

X kj+1 .. kk—lk]c+1 PO k;—lki—(d PN
S o A12 ...,n3
where

k,

a=detd

and @, ;... denotes the determinant of the matrix
obtained from ¢ by differentiating all elements in the
Jjth, kth, Ith, - - - rows with respect to r, but leaving the
elements in all other rows of ¢ unchanged. This
expansion of ¢ consists of 2 terms. Since all elements

JOSEPH COX

of ¢ are, according to (2.1) and (2.3), even functions
of all the k’s, so are the a’s in each term of the expan-
sion. Hence, if we change the sign of one or more k’s
in g, any particular term in the expansion will either
remain unchanged or merely change sign. Thus, we
can readily solve for the &’s in terms of the 2" g’s
obtained by choosing all possible combinations of
plus and minus signs for the n k’s. We obtain, for
example,

a = b 4" E (_)mq(;o)’
»
a; = b1k z (...)mu)qm’
?

.5
s = b7k, 3 (— )R g9, (2.5)
]

Aspq = b_lin—sk,-kkkz Z (_)m(:‘.k.!)q(p)’
»
where
n
b = 2” H ki’
i=1

g'?’ is obtained from g by choosing some possible
combination of plus and minus signs to prefix the
nk’s (the sum is over all 2” possible combinations),
and m(j, k, - - -) denotes the number of minus signs
which remain after the signs of k;, k;, - - - have been
excluded from the combination. (In the case of m
occurring in g above, the minus signs of none of the
n k’s is excluded.) For example, if n = 2, then

a= (4kk) [—qgtt +qgt+qg —q],
ay = (k) [—g™t — gt + gt + 7],
a = (4ik) g + g —g— + 4],

Ga=@ g +gt+g—+q]

(2.6)

where the superscripts on the 7 ¢’s refer to the choice
of signs to prefix k, and k,, respectively.
Let us solve
—¢" + Vé = K%

for V. If det ¢ 3 0, then by Cramer’s rule, we have

@7

Vis = 8,k + a(i; ja™, i,j=1,2,"+,n, (28)

where a(i; ") denotes the determinant of the matrix
obtained from ¢ by replacing the ith row of ¢ by the
Jjthrow of ¢”. Consider first, the diagonal elements of
V. Using the identity

a(j;j”) = (af)’ _g.ai,i’ j = 1’ 2’ Tt n,
i#j
we may write (2.8) as

Vis =k} + l:(aj)' - gjai.{, a™
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which in turn may be written, according to (2.5), as
VH — kj{z [Z(_)m(t’,;ﬂ)kiq(m _ i(_)m(i)ql(p):]}
p |i=1
-1
x (Zre) @9
»

where m(j, j) = m.
For the off-diagonal elements of ¥, (2.8) yields

V= a(i;ja, i%j. (2.10)

Since V is symmetric,
a(i;j") = a(j;i").
In addition,

a(i;j) = a(j; i), 2.11)

and

a(i;j) = alj'; D), k#i,j, (2.12)
where in accordance with the notations established
above, a,(i;j’) denotes the determinant of the matrix
obtained from ¢ by replacing the ith and kth rows of
é by the jth and the kth rows of ¢’, respectively.
Equation (2.11) can be established as follows. From
Eq. (27) and V = ¥V, where “~ denotes matrix
transpose, we have

(#¢' — ¢y =0

which, together with (2.3), implies that §¢’ is sym-
metric:

n

¢kp ¢’kq
o Pra
Define 4,; by

Ay =a(i,j; k, k), i#],

k=1

=0, pgq=1,2,---,n (213)

k=1

(2.14)

where a(i, j; k, k') is the determinant of the matrix
obtained from ¢ by replacing the ith and jth rows of ¢
by the kth row of ¢ and the kth row of ¢', respectively.

Next, make a Laplace expansion of a(i,J; k, k')
according to its ith and jth rows. Then

no2 ¢kp ?Ska ;
a(i,j; k K)=2 2| " | M (215)
”=pl<”q=2 Pen ‘?Ska

where M is (—)**#*#+ times the determinant of the
matrix which remains after the ith and jth rows and
the pth and gqth columns have been suppressed.
Substitution of (2.15) into (2.14) and subsequent
comparison with (2.13) yields, after a change in order
of summation,

i # . (2.16)

However, a(i,j; k, k') = 0 if k 3 i, j, because then

4,;=0,
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the kth row of ¢ appears twice. Equations (2.14) and
(2.16) therefore imply (2.11). Equation (2.12) can be
established in a similar fashion. Instead of (2.14),
one must start with

A = Zlak(i,j; Ll), is#j#k,
1=

and one then concludes that 4, =0, i # j# k. In
parallel with the above case, ay(i,j;/,I')=0 if
k # i, j, because then either the /th row of ¢ appears
twice (k #1I) or the /th row of ¢’ appears twice
k=1D.

Next we note that for n = 2, there exists the
identity

EAIE m] REAA

¢21 9522 ¢é1 ¢;2 ¢;1 ¢;2 ¢21 ¢22
_ ¢11 ¢12 ¢;1 ¢é2
b dalldn bu

which, by making the appropriate extensionals,® leads
to the following two identities for n arbitrary:

aa; — a; ;a = a(j;iNa(i;j), i#j, (2.17)
and
Qi ; — G i 0 = G5 )a(isj), i#j#k.
(2.18)
Equations (2.11) and (2.17) imply
a(isj') = (a,8; — a0k, (2.19)
Similarly, (2.12) and (2.18) imply
a(i;j") = (@, a,; — ak.i,iak)é' (2.20)

With the aid of Eqs. (2.19) and (2.20), and the
identity

a3 ) = a'(31) — Jais i), 1%,
k#j
Eq. (2.10) may be written in the form
Vs = {[(aial - a,-,,a)*]’
—kgj(ak,iak.i = ak,i,iak)é:a_l’ i#j. (2.21)

Finally, Egs. (2.5) and (2.21) yield

v = [ ( mzﬁ,(—)'"“"’N:;"’)t]'

+iZh( Z(—)'""‘”'"""’N.-’;-”')*}

k#J 2,9’

X (g(—)’”q‘”’)_l, i), (222)

9 A. C. Aitken, Determinants and Matrices (Oliver and Boyd,
Edinburgh, 1956), 9th ed., p. 103.
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where
NI = 4kk,lg5 ;7™ — 7 q;7?), (2.23)

and where the subscripts 7 and j on the ¢’s mean that
in any summation over p, the signs which prefix k;
and k; are to be held fixed at the values indicated
directly above / and j, respectively, by superscripts.
For example, if n = 3, then the possible values of
g7 ® are ¢g~** and ¢g~+~. The question as to which
roots to take in the square roots in (2.22) naturally
arises. If the ¢’s are known, then presumably only one
choice of roots will yield V;;’s which are independent
of the k’s, and this will be the correct choice.

Writing ¥ out explicitly according to Egs. (2.9),
(2.22), and (2.23), we have forn =1,

V(r) = k[k + i(q+ + q—)/(q_ _

and for n = 2,
Vulr) = kiiky + lilg— + g~ — g — )
+h(qt g g+ gld Y,
sz(r) = k2{k2 + [l(q_"" + q__ — q++ — q.q—)l
+ kl(q++ + q‘f— + q—+ + q_.)] d__l}’
Vlz(") = VZl(r) = 2{ [klkz(q++q-—— _ qﬁ—q_.l_)]%}/ d__l,

qH™, (2.24)

(2.25)

where
d=qtt+qg— —qg*t —qg. (2.26)
The function ¢, as defined by (2.4), is related to
f(r), the Fredholm determinant associated with the
“truncated” potential matrix V,(r"), where

, Vi), r<r;
Vr) = ,
0, r'>r,
by
f(r) = eq, 2.27)
where
€ = exp [—i(}njk,) r:|. (2.28)
j=1

Thus, Eq. (2.27) may be used in (2.9), (2.22), and
(2.23) to express all elements of V in terms of f(r).
No particular simplification results when this is
done for the off-diagonal elements of . However, for
the diagonal elements we find

-1

Vi = =ik 3 (™ 173 (i)
(2.29)
Equations (2.24) and (2.25), when written in terms of

10 3, R. Cox, Nuovo Cimento 37, 482 (1965).
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f®Nr), become, respectively,

V(r) = ik(e™™f*(r) + e*7f~ (1)
X (e*f~(r) — e ¥f)N™ (2.30)
and
Vu(r) — ikl[ei(k1+k2)rf/——(r) + ei(kg—kl)rf/+—(r)
_ e—-i(kl+kz)rf/++(r) —_ ez‘(kl—kg)rf/—+(r)]D—l,
V22(7') — ikz[ei(kl'—-kg)rf/——k(r) + ei(k1+k2)1f/——(r)
_ ei(kz—kl)ffl-f-—(r) _ e—i(k1+kg)rfI++(r)]D—l, (2.31)
Via(r) = Vau(r)
= 2{[ksko F () — SO ENEY D
where
D= ez’(k1+k2)rf——(r) _ ei(kz—kl)rf+-(r)
+ e—i(k1+lcz)7f++(r) _ ei(kl-—kz)f:f—f—(r)' (232)

The Fredholm determinant f associated with V(r’)
is related to f(r) by'® '

f = lim f(r),

o

(2.33)

and f in turn is related to the elements S of the
S matrix by?8

Sy =L Sy =8uS;—fuft i#£), (234)
where, if f = f(ky, ks, -+ - , k,,), then
f;‘Ef(kl".',_kjs'.'akn)
and
fii Ef(kl’“" —k;, —ki""akn)~

Consequently, a knowledge of f(r) in analytic form for
all r not only determines ¥ via (2.22), (2.23), (2.27),
and (2.29), but also the corresponding S matrix via
(2.33) and (2.34). Again writing out the n =1 and
n = 2 cases explicitly, we have

S = lim f~()/f*(r), n=1, (2.35)
Sy =71;r;c FHOITHE), Sy = lLm (),
and o w
Sis = Su
= lim [(FH0)f () = £ W)
n=2 1(236)

Thus far we have been assuming that f(r) (or g) is
known in analytic form for all r. It is then possible to
change the sign of one or more k’s in f(r) [or f'(r)]
and so obtain f®)(r) (or f'®)(r)) as is needed, for ex-
ample, in (2.30)-(2.32). Actually, because of the energy
conservation relation (2.2), if we consider f(r) as a
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function of k,, then we are led to associate with f(r)
a k; Riemann surface consisting of 2* half planes,
each distinguished from the others by its particular
combination of signs of the imaginary parts of all the
n k’s, and having branch points at &y = £A,, -,
+A, which for positive (upper) sign correspond to
the threshold energies of the second through nth
channel, respectively.® If it is assumed that all elements
of V possess finite first absolute moments, then ¢ as
defined by (2.3) and (2.7) is an analytic function of k,
regular on the entire k; Riemann surface.® Conse-
quently, according to Eqs. (2.4) and (2.27), f(r) has
similar properties. Hence, the changing of signs of
one or more k’s in f(r) is equivalent to making an
analytic continuation along the appropriate path on
its k; Riemann surface.*” For example, if n =2,
then the analytic continuation of f+*(r), r held fixed,
along a path which circumscribes the threshold
branch point k; = A,, yields f~(r). Similarly, other
paths yield f—(r) and f+=(r).

3. EXAMPLES

Suppose

f(r) = det F(r), (3.1)

wherel!

F(r) =1 + ¢E"{R'(r) — iKR(r)(K® + %"
% (aK ~sin Kr cosh ar — cos Kr sinh «r)
+ R(K™'sin Kr sinh ar}, 3.2)
R(r) = —a !(sinh ar)C[1 + (4
x (sinh 2ar — 26A)CT %, (3.3)

Cisaconstant # X nreal symmetric matrix, and a« is a

diagonal n X n matrix such that
ay =00, of=oi—A} ij=1,--+,n

(3.4
Equations (2.30)-(2.32) must hold for all energies. In

11J, R. Cox, Ann. Phys. (N.Y.) 39, 235 (1966).
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computing V(r), it is useful to note that, as |k;| — o
with Im K > 0, the leading terms in (3.1)-(3.3) are

[H)—1, f(r)— Ur)@kd) e, n=1, (3.5
and, since k, —» k, = k,
=1, f—(@)—aeky™
X [Up(r)Uge(r) — Use(r)]e*™, 3.6)

S = — (43 U (r)e ™™,
ff— ‘_(4]‘2)_1[]22(" )e—w"s
where

n=2,

U@r) = Zdi [R(r)sinhar], n=1 or 2, (3.7)
r

and

1

2. (3.8)

U(r) = (Uu(r) Ulz(")),

Uya(r) Uss(r)

Use of Eqgs. (3.5) and (3.6) in Egs. (2.30), (2.31), and
(2.32) then implies that, for n =1 orn=2,

V(r) = U(r).

The Fredholm determinant associated with ¥(r)
is, by Egs. (2.33), (3.1), and (3.2),

f= K —i)(K + ia)1,

and consequently, the S matrix for n = 1 or 2 is, by
Eqgs. (2.35) and (2.36),

S = [(K + io)(K — io)71]2

In conclusion, it should be emphasized that al-
thoughasinglefunction f(r)underlies the discrete many-
channel problem in the sense which we have just
described, the necessary and sufficient conditions
which such an f(r) must satisfy have not been given.
Thus, a consideration of f(r) should mainly be of use
in the study of the relationships between and the
structure of the various elements of the potential
matrix and the S matrix.
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The partition function for the square lattice completely filled with dimers is analyzed for a finite
n x mrectangular lattice with edges and for the corresponding lattice with periodic boundary conditions.
The total free energy is calculated asymptotically for fixed & = nfm up to terms o(1/n*-%) for any
4 > 0. The bulk terms proportional to nm, the surface terms proportional to (# + m) which vanish
with periodic boundary conditions, and the constant terms which reveal a parity and shape dependence
are expressed explicitly using dilogarithms and elliptic theta functions.

i. INTRODUCTION

N the evaluation of the free energy of a lattice which
is partially filled with dimers, one considers N, rigid
dimers, i.e., figures consisting of two linked vertices,
each of which fills two nearest-neighbor sites of the
lattice of N sites, while the remaining N — 2N, sites
are regarded as occupied by monomers or holes. Such
a model is of general interest in the study of the theory
transitions and in the discussion of the thermodynamics
of adsorbed films. Combinational problems of this
nature are also encountered in the study of the cell
theory of the liquid state, where one divides the
volume of the liquid into a set of cells, the centers of
which form a regular lattice. To evaluate the free
energy, one then considers the number of ways of
dividing a given volume into a given number of
double, triple cells, etc. For these reasons, many
authors’~* have studied the problem using truncated
series expressions and other approximate methods.
The problem of evaluating the partition function of
a plane square lattice completely filled with dimers was
solved analytically by Kasteleyn,® Fisher,® and Tem-
perley and Fisher.” They considered an m X n lattice
filled with horizontal and vertical dimers of activities x
and y, respectively, and evaluated the limiting bulk
free energy per lattice site, ie.,

. 1
Fpue = Iim — Fm,n’
myn~e0 MA

(1.1)

where F,, , is the total free energy of the finite
m X n lattice. Fisher® also analyzed the free energy
F, , asymptotically to the extent of deriving the
“surface or boundary” terms, that is, those propor-

1J. F. Nagle, Phys. Rev. 152, 190 (1966).

2 R. H. Fowler and G. 8. Rushbrooke, Trans. Faraday Soc. 33,
1272 (1937).

2T, S, Chang, Proc. Roy. Soc. (London) A169, 512 (1939).

¢ W, J. C, Orr, Trans. Faraday Soc. 40, 306 (1944),

5 P. W, Kasteleyn, Physica 27, 1209 (1961).

8 M. E. Fisher, Phys. Rev. 124, 1664 (1961).

7 H. N. V. Temperley and M. E. Fisher, Phil. Mag. 6, (1961).

ZZ (%, y) = mnFpax + DX(r/&) + o(1/n*7)

tional to m + n for a lattice with edges. He gave an
expression of the form

F, mn ~ mnF, bulk + (2’” + zn)F;;uH&ce
+ D+ 0Q/n) (1.2)

and suggested that the third significant term would
be the constant D. He estimated its value numerically
in the symmetric case of a lattice in which m = nand
x =y

In this paper we extend this asymptotic analysis of
the partition function for the quadratic lattice com-
pletely filled with dimers—both when the lattice has
edges, and when it is a torus, i.e., when periodic
boundary conditions are imposed. Our primary
interest is in determining the shape dependence
(the dependence on n/m) of the partition function
and hence of the “so called” molecular freedom
exp [2F,, ,/mn]. We show how these functions approach
their thermodynamic limit as the lattice becomes
infinite. This work goes beyond that of Fisher,® since
we obtain explicit analytical expressions for the
constant D in terms of elliptic theta functions, and we
also consider the torus or periodic case.

To summarize our results, we define the ratios

(1.3)
(1.4)

v = xly
and

E=nim; & =@+ 1)/(m+ 1)

For the partition function Z%  (x, y) of a lattice with
edges, we find

In Zﬁ,n(x, V) = mnFoux + Cm + 2n)Fgyrpace
+ DE(r/€) + o(1/n*), (L.5)

while for the corresponding torus partition function
ZT . (x,y) we find that

(1.6)

with é > 0. The explicit values of the constant terms
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depend on whether n is even or odd, and are given by

DY oven(7/E) = % In 2 — $1In (80,05 + (1/m)Ax(7)
+3ln(l +) —3n{r+Q +72)‘3}
+In{l + (1 + 3, (L.7)
DX oaa(r/&) = %1n 2 — & In (6,6,05*) + (1/m)A(r)
+4In(l+ ) — 3l {r + 1+
+In{l +@+h, (1.8)
Drzt:even("'le) =—}ln2+1In (02 + 0§ + Gi)
— 2In(6,8,8), (1.9)

DT paq(7/€) = $In 2 + 3 In (6,0,65%), (1.10)
with
Ay(p) = Qi) Ly(ip) — La(—ig)], (1.11)
where

Liw) = — f dpptin(l~g)  (112)

is Euler’s dilogarithm. The theta functions in these
formulas are defined by
0, = 0,0, 9), (1.13)
where
g = exp (—7m[§) for the torus,
(1.14)
= exp(—rm/§’) for the lattice with edges.

If is interesting to note that the symmetry (n, m) —
(m, n), when both m and n are even, corresponds
precisely to a Jacobian imaginary transformation in
which the modulus ¢ of the elliptic theta functions is
transformed by Ing — 1/In g.

In collaboration with Fisher, the author has made
a similar study for the two-dimensional Ising model,®
and this will be published in due course.

Before commencing our detailed analysis, we state
the exact results of Kasteleyn® and Fisher® on which
the work is based. The partition function for an
m X n plane square lattice with edges completely
filled with dimers is given by the finite product

Sk tm [dn]
Zpax, y) = 2279 [T T
k=1 1=1
I km 1 x1 forneven
2 2 2 2
x2{x cos n+1+y cos ——m+1}x y*"‘ fornodd}’
(1.15)

it being assumed that m is even. If, however, the
lattice is wrapped on a torus, the partition function
ZT .(x,y) may be expressed® as the sum of four

8 B. Kaufman, Phys. Rev. 76, 1232 (1949).
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products in the form

Z’rTn,n(xay)=l(P1+P2+P3+P4)a
where

’H HZ[y sin {(2k — 1)"}
+ x* sin? {(—2’——‘"—1—)1}]* (1.172)

P, = ﬁ ﬁZ[y2 sin® {2:; } + x? {——————(21 — l)ﬂﬂ ,

(1.16)

k=1 11 n
(1.17b)
id 2k — D7 . g {27 i
2 - s
HH [y sm{ - } sm{n}]
(1.17¢)
}m n &
P,=-T11 ]'[2[y2 sin® E&} + x*sin® {-2—13}] ,
k=1 =1 m n
(1.17d)

where again m is supposed even. Note the minus sign
in (1.17d). Clearly if both m and » are odd,

zh, =2T =0

In Secs. 2-5, we present a systematic analysis of
the toroidal partition function (1.16) for large even
n, where & = n/m remains finite. In Sec. 6 we express
the results in terms of theta functions and discuss its
symmetry. In Sec. 7, Eq. (1.16) is analyzed for large
odd values of n. The remainder of the paper is then
devoted to a similar analysis of (1.15) for the lattice
with edges.

2. REDUCTION OF DOUBLE PRODUCTS

We begin with the analysis of ZZ ,(x, y) for m and
n both even, and discuss the case of odd » afterwards.
The product P, is zero for all #. The conversion of
double products to single products is made possible
by use of the identities®

3m 3
2w st (2] = 0l + (14 e
k=1 m
— [~ ] + (1 + w21
im — Dt
11 2|iu2 + sin® {Qk—mlﬂ = [lul + (1 + u?ipm

k=1
+ [~ Jul + (1 + ¥}, (2.2)
which are valid for even m.
With the definitions

T = X[y, (2.3a)
s =7sin {2 — Dm/n} (i=1,2), (2.3b)
= 7 8in {2m(n} (i=13), (2.3¢)
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P, can be written as

P, = ytmn g HsD + (L + sKDyHEm
F (=D —s () + (L + sXD) ¥ (2.4)

fori=1, 2, 3. The modulus bars in the product
arise from negative values of u = s,(/) and the
removal of the modulus bars in Eqs. (2.1) and (2.2).
Consider the product

D =II60+a+sohn @)
Since s,(/) is antisymmetric about / = }n, we can
express the product in (2.5) as the product of two
factors over the range 1 </ < $n by combining the
factor for / with the factor corresponding to [ — n.
In so doing the factor corresponding to / = 4n for
i = 3 is squared, but this makes no difference to the
argument since that factor is unity. Thus

IT= lI:—! {s(h+ 0+ sg(l))%}ém
x {=s() + (1 + SO 2.6)

By combining the two factors for each value of /,
we conclude immediately that

=1

i

Q.7)

We can therefore rewrite Eq. (2.4) as

F, = ywﬂ 11+ (=1

x {s(D) + (1 + 3O}, (2.8)
withi= 1,2, 3.

3. DECOMPOSITION OF P;

In this section we decompose P; into two simpler
products Q; and R, and evaluate the former. Evidently

s+ (1 +siD) 21 for1 <1< 4n,

<1 forin<I1<n 3.1

We therefore rewrite (2.8) in the form

P; = ytmmg.R?, (32)

where g, and R, are defined as

3n

=M+ 0+ ) (3.3)

and
i)

Ro=TT1+ (=1*s() + + s (34)

ARTHUR FERDINAND

With the limit [$#n], these definitions remain valid for
odd n.
To simplify notation, define

v =In{s)+ Q0+, 39
y(@) = In {rsin ¢ + (1 + 72sin2 ¢)}}, (3.6)

and
& =n/m. 3.7

We will consider only sequences of lattices in which
& remains positive and finite as the thermodynamic
limit #, m — oo is approached.

Taylor’s theorem with remainder is now used to

express (!} [= y:(1)] in terms of y4(!) [= y(2m/n)].
Thus we have
n() = v(@) — (#fn)yy (@) + (12D [n)%" (@)

— 3D (=/n)>y" (@) + (1/4)(m/n)*y* (@, + Om[n)

(3.8)
where 0 < 0 < 1, so that

30

In (g9 =27 3.5 —a—

{ U] + == 7 (9 — -—(—) 7"(%)} + O(1/n?),
(3.9)

where ¢; = 2lz/n, and the O(1/n?) term follows from
the boundedness of y% throughout the range. In
order to apply the Euler-Maclaurin theorem for
summation®

Sfa+ =1 f () dp + Hf(@) + fa+ qd)

+ (O12)[f(a + q0) — f'(@)] + O(5), (3.10)

we add and subtract the term / = 0 in Eq. (3.9) and
finally obtain

In (g1/95) = (77/2&) + O(1/n2). 3.11)
By also introducing an / = 0 term in (3.3) we have
Im\ ¥
(3.12)
Applying the Euler-Maclaurin formula afresh gives

in
lnq3=mzln{7singl—1-r+ |:1 + 7% sin® (
=0 n

Ingy = — 77+ 22 f W) dp + 0(1fn?).  (3.13)

This may be rewritten conveniently by introducing the

function
As(p) = Qi [Ly(ig) ~ Ly(—ig)], (3.14)

® A. D. Booth, Numerical Methods (Butterworths Scientific
Publications Ltd., London, 1957), p. 54.
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where
L =—[dgemd -9, 619
0
is Euler’s dilogarithm.® Finally we have

T

3¢

Ings = — 2% + PP A0 + o(#) (3.16)
w

and

1
Ing,=1Ingy="27 + ™" Ayr) + o(—z). (3.17)
6& T n

For the symmetric case x = y = v = 1, this reduces
to

1
Ing=—"+™g o(—) 3.18
q3 3§+ i + n2 ( )
and
1nq1=1nq2=-’i+ﬂ'16+o(l), (3.19)
65 k) n2

where G is Catalan’s constant, namely

G=12=32452 724 ... =0.915965 594.

(3.20)
4. ANALYSIS OF R,

The product R, will now be analyzed. The products
R, and R, may be discussed along quite similar
lines. Using (3.4), we express R; in the form

¢
Ry = E [1 + exp {—my,(D}],

t—1

=2 H [1 4 exp {—mys(D}], 4.1)

where

t = in. 4.2)
The function exp {ys(/)}, which is symmetric about
! = 31, is strictly monotonic increasing for 1 <7 < 4,
and is strictly monotonic decreasing for 4 <! <
(t — 1). We therefore write

R, =2X? for ¢ even, 43)
= 2X2{1 4 O(e™)}  for ¢ odd, ’
where
3t
X = E [1 + exp {—myy(D}], (4.4)
so that -
© it
InX = 21(—1)”“1)”1 E;exp {=mpys(D}. (4.5)
p= 1=
We analyze the sum
+t
S, =z§1 exp {—mpyy()} (4.6)

by breaking the range of summation into two regions
so that

S, =S, + S5, 4.7
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where

Sip=Zexp (—mpr}  49)

and

Se,p = exp {—mpyy(s + 1)}
3t
x > exp [=mp{ys(D) — vs(s + D}]. (4.9)

l=s+1
Now for (s + 1) < I < §t, we have p3()) > ys(s + 1),
and so

0< S, < (3 — s — 1) exp {—mpys(s + 1)}

(4.10)
To obtain an expression for S ,, define
u = T/ = ram/n, 4.11) "
and write
Sip= lzlexp {—2lpu}
+ 3, llexp (=mpys() + 2lpw) — 1}
1=
x exp (—2lpu)]. (4.12)

Now expanding y,(I) about / = 0, one sees that

0 < exp {—mpys()) + 2lpu} — 1 < Appe, ,,

(4.13)

where A is a suitable constant and
€, =DBt?

(4.14)

is less than, say, unity. On substituting (4.13) into
(4.12) and extending the first sum to infinity, we obtain

0L S, —gl exp (—2lpy),

< 3 exp (—2lpu) + Aput™® 3 IPexp (—2ipu).
I=s+1 1==1
(4.15)

On removing the maximum value of /2 from under the
sum and extending the range of summation to infinity,
we find that

0L S,, —lzlexp (—2lpy), -
< {1 —exp(—2pw)}™

x {Apue, ,exp (—2pu) + exp (—2pus)}. (4.16)

Finally, on summing over p to calculate In X in (4.5),
we have

0

Ape, > (— 1" exp (—2pu){1 — exp (—2pu)}™

=1
S K("l’)et,sa (417)
where K(u) is a constant depending on g, the series
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being convergent and therefore bounded, and

0

Y (—1)""'ptexp (—2pus){1 — exp (—2pu)} ™

p=1

< {1 —exp(—2w)} ' In {1 + exp (—2us)}. (4.18)
Similarly, from (4.10) the sum over S, , satisfies the
inequality

0< 2 (— 1)"+1P_152,p
=1

< (3t — s — 1) In {1 + exp (—mys(s + 1))}. (4.19)

We now choose s(f) =¥ with 0 < § < 2. Then
€, , = s%(t)t~2 vanishes as t>-2 when ¢, m, s(¢) — oo.
With this choice of s(¢), the right-hand side of Eq.
(4.18) goes to zero exponentially fast, and that of
(4.19) goes to zero as ¢ exp (—¢¥’). Thus we now have

InX — 3 S(=1)"p" exp (~2lpu)
i=1p=1
< K(&)[n*°, (4.20)

so that finally
= 1

Ry =2T[ {1 + exp (—21,4)}2{1 + O(F)} (4.21)
=1

By performing a similar analysis of R, and R,, we
obtain

R, = L]j {1 + exp [—u(2] — 1)]}2{1 + 0(;213)}

4.22)
and
R, = fl[j {1 — exp [—u(2l — 1)]}2{1 + "(;;3)}
(4.23)
with é > 0.

5. INTRODUCTION OF THETA FUNCTIONS

For the theta functions, we adopt the notation of
Whittaker and Watson,'® where the four theta func-
tions are defined as

0y(z, q) = 2G’q% sin z ﬁ (1 — 2¢%cos 2z + g%,

. (5.1a)
8.z, q) = 2G'q* cos z ﬁ (1 + 2¢%cos 2z + q*),

. (5.1b)
Oz, ) = G’ lﬁ (1 +2¢" " cos 2z + ¢*2), (5.1¢)

04z, 9) = G' TT (1 — 2¢* " cos 2z + q*%), (5.1d)
=1

10 E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis
(Cambridge University Press, Cambridge, England, 1902), 4th ed.,
Chap. 21.
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with
1
7lng

G = G’(— ) =TI =g, (5.1
=1
We shall also adopt the convenient notation
6; = 6,0, g). The product G’ is expressible in terms of
theta functions by virtue of the relations

0, = 0,056, (5.2)
and
0, = 24%G". (5.3)
With the function ¢ given by
q = e™* = exp (—xmm/[yn), (5.9
we can write
G'(r/€) = {24*/(6:0:8)} . (5.9

From Egs. (1.16), (3.16), and (3.17), and (4.21)-(4.23),
we thus obtain the final result that

InZ7 (x, y) = mn[(1/m)Ay(r) + Iny]

+ Dy even(t/€) + 0(1/112_6), (5.6)
where
Dy even(T/6) = —%In2 +1n (02 + 62 + 02)

— 31In(6:048y). (5.7)

We note the special value

D, eyen(1) = In (V2 + 1) = 0.881 373 587.
(5.8)

We expect symmetry under the interchanges
x<>y, m«>n, v/« &fr. To verify this we use
Jacobi’s imaginary transformation,'® namely,

(1/8)¥0,(0 | ir/&) = 0,(0 | i&]),
(1/6)20,(0 | ir[€) = 6,(0 | i&/),

(/©)20,(0 | ir/€) = 0,(0 | i&[7), (5.9
from which the result
DY even(7/§) = DT oven(é/7) (5.10)

is evident. Similarly one easily sees® that
tiny + (1/mAy(x[y) = 3 In x + (1/m)As(y/x),
(5.11)
which establishes the symmetry of the complete
asymptotic partition function.

Finally, for the symmetric case x = y = 7 = 1, we
have

In Zg’"(l’ 1) = mnG[= + Dr{:even(f) + o(1/n*7%).
(5.12)
6. ODD VALUES OF n

The study of the partition function for odd values of
n is interesting both mathematically [for the change in



DIMER MECHANICS

the explicit expression for ZT , (x, y)], and physically
[because of the numerical changes which indicate the
long-range correlations between dimers].

When n is odd (= 2¢ + 1), the factor in Eq. (1.17b)
corresponding to / = 7 4+ 1 and k = 4m vanishes so
that P, = 0. Thus, for odd n and even m, the partition
function reduces to

Zrln',n(x, y) = ¥Py + Py). (6.1)

To analyze P, in Eq. (2.8), we now write n = 2t + 1

and split the range of the product from /=1 to

2t + 1 into two ranges which can be combined in
pairs to yield

P, =2qR? fori=1,3. (6.2)

Since the graph of sin {2/7/(2¢ + 1)} reflects about
{=4(t 4+ 1) into sin {2 — Dn[(2t + 1)}, we have

Pl = Ps . (6.2&)

Now taking into consideration the asymmetry of

sin {2/7/(2¢ + 1)} with respect to the two ends of the

range / = 0 and / = ¢, the analysis of Sec. 4 yields
Py= Py =24, IT {1 + exp (—210)}"

x [1 + exp {—p(2l — D}F{1 + o(1/n*?)}. (6.3)

The Euler-Maclaurin analysis of Sec. 3 now gives

In g, = (mnjm)Ay(7) — Tsu + O(1/n?),
so that

(6.4)

In Py = (mn[m)Ay(r) — fp

+1In {2 ;lj (1 + exp (—2Ip)}*

x [1 + exp {—u(2l — 1)}12} + o(1/n*?),

(6.5)
or in terms of theta functions,

In Py =1In Py = (mn[/mAy(r) + §In2
+ 3 In (6,0,07%) + o(1/n*7%). (6.6)

Finally we get the same result (5.6) as before, but
with D, . ..(7/£) replaced by

DT qa(7/®) = 31n2 + 1 In (00,07,  (6.7)
We note the special value
DT jqa(1) = $In2 = 0.5198603855.  (6.8)

To check the symmetry of Eq. (6.6) under ne— m,
we would have to retrace our steps, but starting with
the initial assumption that m is odd.

From Eqgs. (5.8), (5.12), and (6.8) we find form = n,
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where # is large and even, that

InZ7 (1, 1) — $ln ZZ . (1, 1) + In Z7 . ,,(1, 1)]
=In(v2+1)—$In2 =0.3615132015. (6.9)

This indicates that the free energy is always greater
for # odd than for n even (m being even in both cases).
This presumably is because some types of configura-
tions which are available for n even do not exist for
n odd.

7. DIMERS ON A SQUARE
LATTICE WITH EDGES

As in the previous sections, we choose m to be
even so that » can be either odd or even. Then with
the aid of the identity®

im ke
2 2
’CI=]1'4[u + cos {m n lﬂ
IR s o el VRt I o ) i
- 21 + ud)?

which holds for even m, the product over k in (1.15)
can be performed, with the result

R

P 3 (3n]
Zm,n(x, y) =Yy " E

e +a+t ST — {e(l) — (1 + D™

21+ ()}
(7.2)
where
e() = 7 cos {lnf(n + 1)}. (7.3
With the definitions
[$.20]
a0=IT{e + (L + O™, (7.4)
€20 3
qs = ;[;1[ H1 + )3, (1.5)

and
3n
Po=TL 1+ {e() + (L + "), (7.6)
i=1
the partition function (7.2) can be written in the form

ZE (%, y) = yi™"q.q5P, . (1.7

To analyze the product P,, we transform the cosine
functions in (7.6) to sine functions by setting n =2¢
and writing

Infn + 1) =47 — 72t — 21 + 1){(n + 1).

As | assumes the values from ¢ to 1, the term
(2t — 2/ 4+ 1) assumes odd-integer values, so that

Po=TI L+ (s() + (1 + SOH20], (7.8)

i=1
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where
s() = »sin {{2 — D=f2(n 4+ D} (7.9

On performing an analysis quite similar to that of
Sec. 4, we readily find that

In Py = £ In {202/6,0,} — /248’ + o(1/n*™%), (7.10)

where

6; = 6,01 ir/&) (7.1D

and
F={un4+m+1}

The sum In g, is analyzed with the aid of the Euler~
Maclaurin’s theorem as before. We state the results:

Ing, = (m + D(n + D(A/m)A(7)
— ¥m + Din{r + (1 + ™} + 77/24¢
+o(/m), (7.12)
Ingg=4In2+ }In (14 7%
— 3+ DIn{l + (1 + D (7.13)

Substitution of (7.10), (7.12), and (7.13) intc (7.7)
readily yields the final result:

In ZE, (x, y)
= mn{}In y + (1/m)AL()}
—m3In {r + (1 + ) — (A
— ntIn{l + (1 + 2} — A/mAL)]
+ le;:even('r/ 3 ’) + 9(1/ nz—-a)’ (714)
where

b f:even(’r/ & ’)
=$In2 + (ImAfr) + tIn(1 4+
—ln{r+ @+ A+ {10+
+ 310 {2646,0,). (7.15)

The bulk term proportional to mn is the same as for
the torus. The surface terms which are proportional
to m + n were found by Fisher,® who also obtained
the first four terms of the expression for DY, ...(7/&).

For the symmetric case x = y = r = 1, Eq. (7.14)
simplifies to

InZy (1,1
= (mn|mG — (m + m{3 In (V2 + 1) — (I/mG}
+ Dy even(1/8) + 0(1fn*?).  (7.16)
The symmetry of the bulk term has already been
tested. For the surface terms and the term D, (+/£)
it is again readily established by means of Jacobi’s

imaginary transformation (5.9) and the relation (5.11)
satisfied by Euler’s dilogarithm.
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We note the special value for the symmetric case
x=yp=r=]and § = I:
DEeven(l) = 32+ (1/mG —In (2 + 1) + ¢,
(7.17)
with
€= 1}In2 =0.173 286 795, (7.18)
which may be compared with Fisher’s® numerical
estimate for the case m = n which he investigated,
and whose value he gives as e =~ 0.170.

8. THE ODD-EVEM EFFECT

To analyze the product P, for odd values of n =
2t + 1 we transform the cosines as before by writing

it + 1) = 3w — d(t — I + DJ(t + 1).

As I goes from fto 1, the term (r — I + 1) assumes all
integer values from 1 to 7. The analysis of Sec. 4 then
gives
63 Tt 1
InPy=3In!{—=2+—(= —1, (81
o=t o)+ ale) + () @

and the now-familiar analysis of ¢, and ¢, readily
yields the results
Ing, = (m 4+ D)(n + Dr Ay (7)

—¥m + Din{r + (1 + D} — Fg=(7/¥)

+ o(1/n%) (8.2
and

Ingg=m2+$in(l + %
—3n+DIn{l + 1 + 2. (83)
On substituting (8.1), (8.2), and (8.3) into (7.7), one

finds the same result as for even values of », except
that DF ... (/£€) is replaced by

Diodd("'/g)
=3In2 4 (1/mAr) + 3 In {262/6,6,}
+ FIn(l 4+ % — 3In {r + (1 +
+n{l+ 1+ 84

It is interesting to note that, for large m and n,

nZo (LD — H{inZZ, (1, )+ InZ% .1, D}
= }In2 = 0.086 6433976, (8.5)

which again illustrates the relatively far-reaching
effects of the parity of n.

9. CONCLUSIONS

The expressions (5.7), (6.7), (7.15), and (8.4) repre-
sent the final results of our analysis of the torus and
the lattice with edges. It is interesting to note how
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well these asymptotic expressions work even for the
smallest lattices. For example, the truncated formulas
(7.16), (7.17), and (8.4) give the number of dimer
configurations for the plane 2 X 2,2 x 3,3 x 4, and
4 x 4 lattices with edges as 1.96, 2.98, 11.07, and
35.71, respectively. To the nearest whole number,
these are precisely the exact values 2, 3, 11, and 36,
respectively. However, for the 8 x 8 chessboard,
the truncated expression gives to the nearest integer
12 957 925, compared with the exact value 12 988 816
given by Fisher® for the number of dimer configura-
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tions. Despite this numerical difference, the fractional
error is only 0.249;.
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It is shown how the monomer-dimer problem can be formulated in terms of a transfer matrix, and
hence in terms of simple spin operators as was originally done for the Ising problem. Thus, we rederive
the solution to the pure dimer problem without using Pfaffians. The solution is extremely simple once one

sees how to formulate the transfer matrix.

1. INTRODUCTION

INCE Onsager’s solution! of the two-dimensional
Ising model in 1944, there has been a great deal of
activity in the general area of nearest neighbor planar
lattice problems. Basically, two approaches have been
used.? One is the “algebraic” or ‘“transfer matrix”
method (used by Onsager) which focuses attention on
the manner in which two neighboring rows are
connected to each other. The second is the so-called
“combinatorial method” whereby one studies graphs
on the lattice as a whole. This was first used by Kac
and Ward? for the Ising problem.

The most recent and concise formulation of the
combinatorial method reduces the various problems
to the evaluation of a Pfaffian. This method had its
first ““original” success in the solution to the dimer
problem by Kasteleyn,® and for this reason is also
referred to as the dimer method.
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While Pfaffians have been used to rederive the
solution to the Ising problem,® no one has yet taken
the complementary step of solving the dimer problem
by the transfer matrix method. The purpose of this
note is to eliminate this gap. Elsewhere,® it has been
shown how the transfer matrix method for Ising-like
problems can be reduced to a few simple steps involv-
ing only fermion creation and annihilation operators.
The dimer problem is likewise simple, using the
transfer matrix. We also show how the more difficult
and unsolved monomer-dimer problem can be
formulated this way. The analogy with the problem
of the Ising model in a magnetic field is very trans-
parent, but the monomer—-dimer problem is somewhat
simpler and therefore there is considerable hope that
this new formulation of the problem may ultimately
lead to its solution.

2. FORMULATION OF THE TRANSFER
MATRIX

We have a square planar lattice of M rows and N
columns and hence MN vertices. A dimer is a rigid
rod just long enough to cover two neighboring

5 C. A. Hurst and H. S. Green, J. Chem. Phys. 33, 1059 (1960).
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vertices (either horizontally or vertically), while a
monomer covers just one vertex. An allowed con-
figuration of the lattice is one in which every vertex is
covered by a monomer or a dimer such that no
vertex is covered by more than one object. If 4, v, and
m, are, respectively, the numbers of horizontal dimers,
vertical dimers, and monomers in a configuration
(with 2k + 2v + m = MN), then the partition func-
tion Z is

zZ=3 (ALLOWED

xh yv 7
CONFIGURATIONS

@.1)

= Ny ALLOWED ahgm
CONFIGURATIONS

where x, y, and z are the appropriate ‘“activities and
a = xly, f = Zl(P}.

Beginning at the “bottom” of the lattice, we have a
row of N vertical bonds (¥ bonds) followed by a row
of N horizontal bonds (H bonds), and so on alter-
nately. There are M bond rows of each type. On each
¥ bond of the first row, we place an arrow (or spin):
an up arrow (spin +) signifies the presence of a
vertical dimer on that bond, while a down arrow
(spin —) signifies the absence of a dimer. The next
row consists of NH bonds alternating with N vertices.
If an arrow points into one of these vertices (i.e.,
spin + on the previous V' bond) that vertexissaturated
and only a down arrow must be allowed to propagate
out of that vertex along the next ¥ bond. If, however,
a down arrow (spin —) comes into a vertex from
below, one of three things are allowed to happen:
(1) an up arrow (= dimer = spin +) can propagate
along the next ¥ bond; (2) two neighboring down
arrows can cooperate to form a horizontal dimer on
the intervening H bond, which means that down
arrows must propagate upwards from those two
vertices; (3) a down arrow can propagate upwards
from the vertex in question, signifying that a monomer
has been placed on that vertex.

These rules seem complicated but they can be
simply formulated if one decomposes the activity on
the row of vertices into two simple steps.

Step 1: Reverse all the incoming arrows. The
operator that accomplishes this is simply

N
V=TI 47,

=1

2.2)

where o® is the Pauli spin matrix ¢® = (%}). The
operator V; guarantees that an incoming up arrow
(spin +) will go out as a down arrow, as required.
Contrariwise, an incoming down arrow (no dimer)
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will propagate upwards as a ¥ dimer (spin 4). To
create monomers or H dimers on the row of H bonds
under consideration, it is necessary to convert some of
these up arrows to down arrows and this is accom-
plished by the second step.

Step 2: To create a monomer at the jth vertex of the
row, we multiply by o7, where 0= = (). To create a
borizontal dimer at the adjacent sites j and j + 1, we
multiply by o} 67, . Note that after multiplication by
these operators, we are insured that only down
arrows (i.e., no vertical dimers) propagate onto the
next row of ¥ bonds.

The operator which generates exactly m monomers
on the row is (m!) (Y, a;)™ because (o7)? = 0.
Thus, to generate an arbitrary number of monomers
with the factor 8™, we multiply by the operator

N
V, = exp (ﬂz of). (2.3)
i=1
Likewise, to generate H dimers, we multiply by
N
Vs = exp (az o7 0,11). 24
i=1

In Eq. (2.4), we have used cyclic boundary conditions
with oy, = o7 . If free ends are desired, then omit
the term o707 .
Thus, our transfer matrix is
V = VaV,Vy, 2.5
and
Z = yMN T M (2.6)
where we have used cyclic boundary conditions in the
vertical direction. We note that free edge (noncyclic)
boundary conditions can be used in either or both
directions with no great complication, although we
shall confine ourselves here to cyclic boundary
conditions.
The problem is thus reduced to computing the
eigenvalues of V.

3. DIAGONALIZATION OF THE TRANSFER
MATRIX

It is convenient, although not essential, to eliminate
V1. To do so, we consider V2 = V¥V, V, V¥,V and
make use of the fact that ¢% is a unitary operator with
otorof = of = (3. Thus,

V2 = V3V2 173172 (3.1)

with

N
Po=exp (83,07},
i=1
) N 32)
Vs = exp (a > o';"a;':,,l).

i=1
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Thus,
z = yhvy b, (3.3)
K
where 4;(N) (forj = 1, 2, - - -, 2¥) are the eigenvalues
of V2% (we have assumed M is even).

The operator ¥ contains two kinds of operators:
quadratic forms (as in V3 and V) and linear forms
(as in V, and ¥,). It is similar to, but simpler than,
the problem of the Ising model in a magnetic field,
because ¥V, and V; commute and because V, is the
adjoint of ¥, and ¥V, is the adjoint of V5. Nevertheless,
we still are unable to handle the linear forms and
henceforth we shall set g = 0 (i.e., we consider only
the pure dimer problem).

The appropriate steps to diagonalize V,V, are
well known. The details are in Ref. 6 and it suffices
to outline the steps here. First, we transform from
paulions to fermions:

=1
C; = (=1 (T o)
1

i=

1 34
= (~1y (H c:) ot
i=1
with ¢ = ({2)).
This results in
0;6;,,=—C.,C,.,,
i i+1 . iT i+1 (35)
i 07071 = CiCia»
while
oroy = (—VCxCy,
ofoly = —(=DNCyCi,
where N = YV C!C, is the number operator.
Since (—1) commutes with a quadratic form in
fermions (or paulions), it is a constant of the motion =
+1 for states of even N” and —1 for states of odd N
The latter case is cyclic while the former is anticyclic.
Next we go to running waves:

C,= N-te—in/A S efiy,,
q

(3.6)

3.7
with
g = xn|N, 37N, -+, £ (N —~ D)n/N (3.8a)
for N’ even, and
g =0, £27/N, +4x/N, -, +(N — 2n/N, =
(3.8b)

for N odd. (We have assumed that N is even.) In
terms of these running waves, we have

Vi =TI 4,

0<g¢=<gn

(3.9)
with
A, = exp (2 sin g n_,) exp (2« sin gn_ ). (3.10)

Obviously, 4, and 4, commute with each other. An
eigenvalue of ¥%is thus the product of eigenvalues of
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each 4,, but we must remember to use the appro-
priate ¢ values {(3.8a) or (3.8b)] according to whether
the total N’ value of a state is even or odd.

To diagonalize 4, (for g # 0 and g % =), we first
list the four basis states,

@y =10), ®,=n/|0), D_,=n,|0),
@_gy =41 10).
The states @, and ®_, are pure odd states and are

eigenvectors of A, with eigenvalue unity. The other
two states are pure even and

4,0y = (1 + 4a2 sin? g)D, + 2a sin gP

(3.11)

. Y (3.12)
AD_,, = 2o sing®y + D_,.
The two even eigenvalues of A4, are thus
Aoven = [asing + (1 4 o2sinzg)¥]2.  (3.13)

For g = 0 or = there are only two states: @, = |0)

(even) and @, = 7} |0) (odd). Both have eigenvalue

unity. These values of ¢ are effective only for N° odd

and these pairs of states may be used to insure that

N’ is always odd without affecting the total eigenvalue.
Thus, from (3.3),

y Nz = 2 TT {[(1 + o®sin® @)t + o sin q1¥

0<g<7m
@€(3.8b)

+ [(1 + o?sin® )t — asin g]™ + (1 + 1)}
+ 3 TT {[(1 + o sin? @) + o sin q1¥

0<g<mw
ge(3.8a)

+ 1 + o?sin® g)} — asin g]¥ + (1 + 1)}
+3 TT {IA + o®sin® g)* + asin g™

0<g<mw
ge(3.8a)

+ [(1 + o2sinq)* — asing]® — (1 + D}

(3.14)

The first product in (3.14) gives the contribution of the

N’ odd eigenvalues while the sum of the second and

third products gives the contribution of the N even

eigenvalues. [Eq. (3.14) agrees exactly with Kasteleyn’s

result (Ref. 4, Eq. (25), as may- be seen using
Kasteleyn’s identity (Ref. 4, Eq. (26)).]

For a large lattice (MN — o), we need consider
only the largest eigenvalue of V%, which means the
product on all ¢ of Eq. (3.13), using the plus sign. In
this limit, it clearly is immaterial which set we use,
(3.8a) or (3.8b). Thus,

lim (MNY*InZz
M,N-w®

_ 1 f “dgin [asin g + (1 + o2 sin® )}
27 Jo

+3kny, (3.15)

which agrees with previous results? for the pure dimer
problem.
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More general functional derivatives for vector mesons are introduced. As ah application, a finite
theory is formulated for neutral vector fields based on the “strong” Lorentz condition together with
the other usual assumptions of asymptotic quantum field theory.

I. INTRODUCTION

UNCTIONAL derivatives have been useful in

treating the complicated problem of quantum field
theory.* In particular, functional derivatives with
respect to fields have played a part in many interesting
formulations with considerable success.>™* Perhaps
the most important feature of this functional deriva-
tive is that it enables us to treat on- and off-mass-shell
properties simultaneously. For the scalar and spinor
fields, the functional derivatives have been discussed
in many places.*~® For higher-spin fields, because of
the complexity caused by subsidiary conditions, there
are some difficulties in defining functional derivatives.®
Later, Rohrlich and Wilner® were able to overcome
these difficulties for a spin-1 field by writing down
the Proca equation instead of the Klein-Gordon
equation,

In this work, we give a more general definition for a
vector field, treating the Klein-Gordon equation and
the subsidiary condition independently. The definition
of Rohrlich and Wilner is a particular case of our
definition. More interestingly, we can treat the Klein-
Gordon . equation and the subsidiary condition
separately, such that the former holds only weakly
while the latter holds strongly.” This proves to be a
powerful tool for developing a neutral vector meson
theory.

The well-known property of gauge invariance for
a photon field also exists in a massive neutral vector
field. This was explored in great detail by Feldman

* Supported by the National Research Council of Canada,

1], S. Schwinger, Proc. Natl. Acad. Sci. U.S. 37, 452 (1951); K
Symanzik, Z. Naturforsch. 10, 809 (1954); N. N. Bogoliubov and
D. C. Shirkov, Introduction to the Theory of Quantized Fields
(Interscience Publishers, Inc., New York, 1959).

2 R. E. Pugh, Ann. Phys. (N.Y.) 23, 335 (1963); R. E. Pugh, J.
Math. Phys. 6, 750 (1965); 7, 482 (1966).
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1365 (1966).
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3 F. Rohrlich, J. Math. Phys. 5, 324 (1964).
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7 For the meaning of strong and weak equalities, see the remark
following (2.3). Also see Refs..2 and 4.

and Matthews.® The present formulation, which
assumes the Lorentz condition on and off mass-shell,
displays this property in a natural way.

In the next section, our definition of the functional
derivative for a vector field is given. The subsidiary
condition is then discussed in Sec. III. In Secs., IV
and V, we have formulated a neutral vector field
theory based on the functional derivatives. Finally,
a brief discussion is given in Sec. VI.

II. FUNCTIONAL DERIVATIVES FOR A
NEUTRAL VECTOR FIELD

As for scalar or spinor fields, we define formaily
the functional derivatives for a vector field as follows:
Assuming that the free vector fields ¢* form a com-
plete set so that any operator F can be expanded in
terms of normal products of the free fields,”

201
£ — e PP S
F=3 ‘ Jay oo can(X1s , X,) 1 a® a
n=0 1
sdixy - d%,, (2.1)
where x, are four-vector coordinates, a* = a*(x;)

and foy, - - - o, (xy, * -+, x,,) are c-number distributions.
Then the functional derivative with respect to a*(x),
in general, can be defined by

6F

mifnaq au(x X157 " -n)

n—ﬂ n‘
cateca®dix, - d%,, (2.2)

where I'** is an arbitrary second-rank c-number
tensor which can be written as

T# = ¢ g% 4 c,0%0%,
or, using the more convenient notations d**, e**,’ one

8 G. Feldman and P. T. Matthews, Phys. Rev. 130, 1633 (1963).
8 4uv and erv are defined as follows (see Ref. 8): duv = giv —
(p#p¥[p®), et = pbp¥/p® in the momentum space. In x space, e#¥ is

given by eH¥VF (x) = — kg j' Dy(x — y)F(y) d*y or simply
drY = ghv — (PV/[T), ewv = (H0¥/D).

Note the relations. e#ey = ey, die dy =
d%eqp = 0p, 9% dyp == 0), and et? 4 dAY =

dwv, emr 47 =0 (also
g,
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can write
DH* = gk 4 Aeh*
with an arbitrary parameter A.
Using the same notation, =, as a previous
work,* we say that two operators F and G are strongly
equal

(2.3)

F£G
if and only if

8"F > _ < "G >
6a5‘1 e aal‘n o dakr - - - Safnr "

for all n > 0. We shall see many equalities which hold
only weakly in that the functional derivatives of each
side are unequal. This weak equality will be denoted
by “g”‘

Making use of the definition (2.2), we can easily

relate the coefficient functions f, ... ,.(x1, ", xp,)
to the derivatives of F. We have, obviously,
"F
<6a”1 .. éaan> =Ly Ty
X fal‘“%(xla T, xn)' (2'4)

For a finite A % 0, we can also write

15 ‘I‘n(x, T, x") = I‘[“lalplu"m"<"ﬂ—“”‘> s
da™ -« - dg™ o
2.5)
where
Tt = e 4 (1/}‘)e“i“i. (2.6)

In particular, as 4 = 1, ie., I'" = I'"* = g, our
derivative is back to the one given by Rohrlich and
Wilner.®

It must be noted that our definition of functional
derivatives is independent of the Lorentz condition;
it can be applied to any four-vector field (not neces-
sarily a pure spin-1 field). But, for a pure spin-1
field, it is important to note that our definition is
consistent with

[F, @*(x)] & —i f Asa(x, — y)

dty @7
,()y()

for all A, where A**(x — y) = d**A(x — y). This
follows immediately from the fact that

f A(x — y)e,

”6"() &y

= feﬁa au(x - y) ( )
ﬁ

since (2.7) is assumed to be a well-defined convolution
and ep, d** = 0. However, in the next section we
see how our definition affects the Lorentz condition
for all 4, including, 4 = 0.

d'y £ 0,

2343

III. SUBSIDIARY CONDITION AND
FUNCTIONAL DERIVATIVES

The way we define the functional derivatives for a
vector field leads to a weak Klein-Gordon equation
just as for a scalar field,* i.e.,

Ka*(x) £ 0 3.D
This is because
dKa*(x) 5 ., 0a"(x)
—eal & K KTP(x — y) £ 0. (3.2)
da (y) da(y)

Since (3.2) holds for all 4, Eq. (3.1) is a weak
equation independent of I'**. Now let us consider the
Lorentz condition. For a spin-1 field, we know

o"a, =0, (33)

and we would like to know if this equality can hold
strongly. Consider its functional derivative

60%a,(x) L 3T

da*(y)

In (3.4), we have made use of the equality 0%,, = 0.
1t is obvious that, for all A # 0, (3.4) does not vanish.
We conclude that the Lorentz condition can only be
weak for 4 # 0. For 4 = 0, (3.4) vanishes and the
Lorentz condition becomes a strong equation. In the

following we shall treat this case in more detail.
When A = 0, I'* becomes

wd(x — y) = 29,0(x — y). (3.4)

F = d[tv = g”v —_ a_a_ (3'5)
The relation (2.4) is still valid, i.e.,
<——(§1P-:—> = M . .. Jiindn
5‘1;&1 e aaﬂ,ﬂ 5
X fayeoaXis s %) (3.6)

Now since 4 = 0, the inverse of I'*”, i.e., (2.6), is not
defined, and the expression (2.5) cannot hold. We
have, rather, the following expression for the func-
tions f:

6"F
JugoomlXs %) = <m>o + Xps- e pao
3.7

where y, ..., are arbitrary functions satisfying

A"y, ... (3.8)
The expression (3.7) is obviously the most general
solution of (3.6). We see that, as 2 = 0, the way we
define the functional derivatives can only determine
the coefficient functions (e.g., the f’s) of an operator
(e.g., F) up to an arbitrary function g, ..., . Since
a physical quantity is determined uniquely by the
derivatives of the S operator, we can already foresee
certain invariant properties from (3.7). We study

oy =0 foraniofl---n.
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these properties in the following sections. Here we

merely point out that
s o"F _ o"F

1 ... uy e
da da*  da,, ‘- da,,

dll1¢1 e

» (3.9)

and so
n
o __(S_E__ 20
dakt - - - dak»

- n. In particular, the current j*(x),

(3.10)

for any i of 1
defined to be

o = ist 3
da,
will always satisfy
0%,(x) = 0. (3.11)

The strong equalities = here, of course, are with
respect to the functional derivatives of g* with 4 = 0.

We conclude this section with the following remarks.
The functional derivative defined in Eq. (2.2) with
2 = 0, as we have seen above, naturally leads to the
strong Lorentz condition. Conversely, if the free
field is assumed to satisfy the strong Lorentz condition
in addition to the weak Klein—Gordon equation, then,
as it is obvious from (3.4), the functional derivative
is necessarily defined as (2.2) with 1 = 0. The in-field
in this case is of the form

a(x) & f dnd(x — xp)ia,: dix,.  (3.12)

IV. NEUTRAL VECTOR MESON THEORY

As an application we consider a neutral vector
meson with mass m. All the usual assumptions of an
asymptotic quantum field theory?~* are assumed to be
true. In addition, the free fields ¢*, which span a
Hilbert space H,, are assumed to satisfy

Ka"(x) £ 0,
0%a,(x) = 0,

(4.1)

“4.2)
and

[a“(x), @*()] = —i d"A(x — ). (4.3)
The functional derivative is defined by (2.2) with
2 = 0. In particular, we have

da* (x) L d"8(x — y)

4.4
da(y) “4

and
*(x), F —1i| d**A(x — -——-d4 4.5
[a"(x), F] £ zf (= Ny 4 49

The S operator related the out-field to the in-field in
the usual fashion:

= S*q.S, S*S 1, (4.6)

abut =

TUAN WU CHEN

where the S operator defined in the Hilbert space H,
is of the form (¢* = af.)

n—o n! f
d,. (4.7)

The functions @ are the coefficient functions of the
S operator.

Now, because of (4.1)-(4.3), one can express a*
in the following way:

aﬂ(xl 2 ’ xn)

cea dh%, -
My, G d Xy

a* £ d*¢,, 4.8)
where ¢* satisfies
Kd*¢$, = Q “4.9)
and
[$4(x), #"(x)] = —iA*(x — y). (4.10)

The A#¥ are given by

A(x — y) = d"A(x — y, m?)
+ 7%e”A(x — y, &m?) (4.11)

with parameters # and £. Our purpose here is to
formulate the theory for a* in terms of ¢#, since the
renormalizability and gauge-invariance properties of
our theory can then become explicit. One notes that
¢* so defined is, in fact, the four-vector field discussed
by Feldman and Matthews.® Naturally the field ¢#
contains a scalar field with mass um in addition to
the spin-1 field with mass m. More explicitly, ¢* can
be written as

#) 2 aa, + 120,

where the b field satisfies

[6(x), b()] = iA(x — y, (Em)?).

The b field is the scalar field and has the familiar
troublesome nature as a timelike photon field. One
can overcome this difficulty by various ways—for
example, by introducing an indefinite metric as was
done by Feldman and Matthews.® At any rate, here it is
enough merely to point out that an Hilbert space H,
can be constructed from ¢#, the ¢#(x)’s form a com-
plete set in H,, and H, contains H,. Therefore, our
functional derivatives with respect to ¢* can be defined.
Since

[$(x), F] & —i f A(x — y)

dy, (4.12)

5¢"( )

and since we have introduced the arbitrary parameter
7 in A#, it will be no loss of generality to take A = 1
for the definition (2.2). Thus, in particular, we have

6¢ (x) L ghd(x — ),

4.13
303) 413
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and
da*(x) i
5¢,(»)

Now let us come back to the S operator defined in
(4.6), which has the expression (4.7) in H, < H,.
Noting that, from (4.10),

[a*(x), b(»)] = (um)~[d2$,(x), B bs(»)]
= (num)™" d05[$.(x), $5(»)]
=0,
we can already see that

[S, b] = [S, 9°¢,] = 0. (4.15)
The S operator can also be written in terms of normal
products of ¢#. In order to do so, it is most convenient
to make use of functional derivatives. Since
3

da*(x) 20 oS < 0,

ob(y) 3b(y)
we immediately have

LAY 8S  da(y) gt

¢“‘ da,(y) ¢

—fdulaé(x ) dy
8 d 8 aS

s 6a dam’
Similarly, we have in general
8"S

Bt~ - - Spin

d**6(x — y). (4.14)

and

(4.16)

. dﬂnan 6”5
da* -+ - da*

£ gma .

s 8"S

- dakr - -

yy (4.17)

foralln > 0.
The above results can be summarized as follows:
Using the S operator of (4.6), we can now write

out = S*@inS,
and the S operator is of the form

f< ) e
T x_z J'dhal..du..a,.

n=o n!

Xn)? By "

(4.18)

X wal.. ¢l‘n' d4x1

~d*,,
(4.19)

x,) are the coefficient func-

NIRRT

where o, .. (X1t

tions given in (4.7).
Therefore, we can now formulate the theory for a*

in terms of ¢* since the matrix elements between
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a”’s are the same as those between ¢#’s. The fact that
the matrix elements are independent of the parameters
7, &, as was also thoroughly discussed by Feldman
and Matthews,® can be seen to be the gauge-invariance
property of our theory

In the next section, we confine ourselves to the
most convenient gauge, ie., n =1, £ = 1, and for-
mulate our theory in the framework of the previous
approach.24

V. FINITE TFHEORY OF NEUTRAL
VECTOR MESON

The current j*(x) and the interpolating field are
defined by

H(x) = is* :% = iS* gﬁ (5.1)

a

and the field equation * *
K®* = ji(x) + K¢*(x). (5.2)

Since we choose # = & = 1, i.e., Fermi-Stuckelberg
gauge, the in-field ¢*(x) satisfies

K¢*(x) £ 0, (5.3)

[(x), $'(»)] = —ig"A(x ~ y). (54

Making use of the asymptotic condition, we can
rewrite Eq. (5.2):

V) & #0) — [Anlx = POy (59

Exactly analogous to a previous work,*4 the following
equation can be derived from the assumption of
Bogoliubov causality:

l:{ﬁv((X)) £ K,K,0,,[04(x), D*(y)] — ig" K, o(x —(;;)6)

One must recall that the S operator in the present
formulation is always restricted by the condition
(4.17). It is quite obvious that the current satisfies

0%*(x) 0%*(x)
8y, -+ O, 8%t - -+ 8
A more useful equation can be obtained by eliminating

®H(x) from (5.1), (5.4), and (5.5). In analogy to the
scalar case,>* we have

= gme. .. gintn

6.7

85 85* oS
(1 — B,y)S* 2 _p (—— ——)
® 6¢F1¢m " 6¢ﬂ1 6¢#2
35* 88
— P (2222 (58
(3,540 Y

where By, Py, are projection operators and are given
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by
Pyo(F(x1%0)) = (K1K2)012fAA(x1 - )

X Ap(xz — y)F(y1y2) dy: dy, (5.9)

and 1 — B,, = Py, + P, . Again because of the con-
ditions (4.17), (5.8) can also be rewritten as

8°S 38* 85 )
Obuy Bus o™ 5

* *
— dma duzaaplz( ) _(5_5_) (5.10)

6¢ag 6¢a1

The solutions to (5.10) are, in general, of the form
&S

6¢I‘16¢ua

05* 88
X [P ——
{ 12(5¢“‘ 6¢¢a) +

where p#v(12) is an homogeneous solution to (5.10).
The same arguments as given in a previous work®—
follow from Eq. (5.11). Since the integral equation
(5.11) is the same as the one for the photon, we shall
not go into the details of this argument. We merely
point out here that, from Eq. (5.11), it is very con-
venient to obtain perturbative solutions and that,
because of (gr1dr2), = —igr2A (x; — x;), Eq. (5.11)
gives the finite results, as is the case for scalar or
photon fields.

(1 - B12)S*

= gma d”um(

*

= dma dﬂzﬂzﬂalaa (xl — x2) — gt dﬂzaa

M)} o

VI. DISCUSSION

We have formulated a vector meson theory using
a new definition of the functional derivative. It is
seen to be applicable to interactions with currents
satisfying 9%j,(x) =0. In the present work, we have
only treated a neutral vector meson, but extensions
to a charged vector meson or to interactions of a
vector field and other fields are quite straightforward.
It should be noted that all the notations of strong
and weak equalities in previous sections are only
with respect to vector fields. Consequently, the present
formulation is applicable to, for example, an inter-
action like Py*yd, .

The present formulation reduces to a photon
theory as m'= 0. In particular, if we introduce
J*(x) = i: P(x)y*p(x), it becomes quantum electro-
dynamics. This follows immediately from the fact
that our basic equation (5.11) is valid for both m # 0
and m = 0. For m =0, Eq. (5.11) is the same as
Pugh’s equation for quantum electrodynamics? except
that we have d**’s explicitly in our equation. As an
example, for the two-point functions, Eq. (5.11)

TUAN WU CHEN

becomes

/8 N\ _ < i) >
\\5‘1#16“#2/ Y 6?5#1695#2 0
= —dh d“”“”{Pm(jﬂjaz)o
+ PZI(jagj«u)o}'
Because this is a function of x; — x, and only the

transversal part of {Py5(Jy, ju,)o + Por{Ja,Ja, o} Will con-
tribute, we have

628 \ [ 2] j% 5 H R
/ = —3d {P12<]1lza>o + P21<12]1a>0}~
da, da,,/,
Substituting j, = i: $;,¥,¥;,: for quantum electro-
dynamics (the photon with mass m and the electron
with mass M), we have the second-order two-point
function

/ (st \(2)
\5a“16au2/ °

= _%dﬂ1#2{3plz[fw dK2(K2 + 2M2)
aM?

2 _ 2%
x () A~ v, ] + 102)
K
i0(x; — x) [© di®
= drm K K A 2
! 2{ 3272 Jam? (K — mP?
2 2%
X (E_K_;‘%) (K2 + 2M2)Ac(x1 — X2, Kz)}
— (Dl — m2)2{ l fdtlpeip(wl—wz)(p“lpua _ g“l"ﬂ)
3(2m)° p*

xfw di® (K2 — 4M2)%
am® k2 — m® x?

x® + 2M? 1 }
X .
kt—m? k®+ p? — ic

We see that this is the renormalized photon propaga-
tor? when m = 0.

In conclusion, we have introduced a new definition
of functional derivatives for vector fields. As an
application, a finite, gauge-invariant formulation for
neutral vector fields is developed based on free fields
satisfying the Klein-Gordon equation weakly but
the Lorentz condition strongly. It produces the
renormalized results of the conventional neutral
vector meson theory and photon theory. The most
important feature of the strong Lorentz condition
is that it leads to gauge-invariant matrix elements.
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Generalization of the Determinantal Method to Continuous Channels*
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The procedure by which all elements of the .S matrix in multichannel scattering problems are expressed
in terms of the Fredholm determinant of the Lippmann-Schwinger equation, is generalized to the case of
*‘continuous channels.” This is a preliminary step toward its generalization to three (or more)-particle
problems, in which the possibility of “‘ionizing” an initial bound state always introduces such a contin-
uum. It is found that, whereas in the case of discrete channels the necessary functions can be obtained
from the Fredholm determinant either by analytic continuation in the total energy, or by a ““substitution
rule,” for continuous channels only the latter procedure works, and it is not equivalent to an analytic

continuation.

N the many-channel problem the various elements
of the § matrix for elastic and inelastic scattering
can be obtained directly from the Fredholm deter-
minant D(E) of the Lippmann-Schwinger equation.
Let Dy;...(E) be the analytic continuation of D(E)
along a contour that circumscribes the thresholds of
the «, §, -+ channels, and no others. Then the S
matrix element for elastic scattering in the « channel

is given by*
Su(E) = D;(E)/ D(E) 0

and the element for inelastic scattering from the « to
the § channel, by!
Sap = (D7 D3| D*) — (D) D). @)

It has been a tantalizing problem for some time to
generalize these relations to the case of *“continuum
channels” which arise whenever more than two
particles are possible as final products of a reaction.
Only after such a generalization can one proceed to
transfer these determinantal techniques to realistic
problems involving more than two particles. In the
present paper we give such a generalization.

An alternative way of defining the functions
Dy is to consider the Fredhoim determinant D as a
function of all the channel momenta separately:

D = .D(kl, kg, . ').
We then say

Dap.--(kn ky, Y= D(*+,—kg, ", —-kﬁ, c),
©)]
that is, the momenta —k,, —kg, * - - are substituted
fork,, kg, -+ .If Eqs. (1) and (2) were to be used for
numerical calculations, that would in fact be the
practical manner of calculating D,,.... It would be
quite unnecessary to perform an actual analytical
continuation. The kernel K of the Lippmann~
* Supported in part by the National Science Foundation and the
Army Research Office (Durham)
t A condensed version of this paper was presented at the Annual

Meeting of the American Physical Society, New York, January 1967,
1 R. G. Newton, J. Math. Phys. 2, 188 (1961).

Schwinger equation

K=GV @)

contains the channel momenta explicitly. Each
element of the diagonal matrix Green’s function G
depends on its own channel momentum only. Re-
placing k, by —k, means simply replacing G} by G,
but leaving all other elements of G as G*. We may call
this definition of D,... the substitution rule.

The two alternative ways of defining Dj;... are, of
course, identical. Each k, may be regarded as a
function of the total energy F,

ka = (E - Ea)%s

where E, is the threshold of the « channel. The
substitutions are then accomplished by analytic
continuation in E around the branch points at the
relevant thresholds.

Now even in the conventional many-channel
problem, there are occasions when the substitution
method can be used, yet it is not an analytic continua-
tion. That happens when there is coupling between
different angular momenta. Neutron-proton scattering
in the triplet state of parity (—)'** is the simplest such
example. We may treat it as a two-channel problem
in which the two-channel momenta are equal. Equa-
tions (1) to (3) are then applicable, with k2 = kZ. But
if we consider D(k; , k) as a function of E = k2 = k2,
then there is no way of getting from D(ky, k) to
D(k,, —k,) by analytic continuation in E.

Consider now a problem with a “continuity of
channels.” That is, some of the matrix summations
in the many-channel problem are replaced by inte-
grals. (This is intended purely as a mathematical
model and is not meant to imply that any physical
reaction problem should in fact be treated that way.)
In that case one cannot meaningfully speak of
separate-channel momenta, and Eq. (3) becomes
meaningless. There is then also no sensible way of
making an analytic continuation in E in order to get
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from D(E)to an analog of D, .. (E). Butit is neverthe-
less meaningful to generalize the substitution rule in
the following way.

When the channel index contains a continuum, then
K in Eq. (4) is an integral operator in the additional
sense of channel integration, with the structure

K(x, p) = G(E — E)V(«, ).

We may now specify that in a certain given region, say
EY < E, < E!?, the outgoing-wave Green’s function
is to be replaced by an incoming-wave Green’s
function. This will lead to a new operator K~ and a
new Fredholm determinant D— (which, of course,
depends on E* and E!®, as well as on E). The idea
then is to make the interval E®-E!V very small. We
see that in the limit in which it shrinks to zero we get a
sensible analog of Eqs. (1) and (2).

Before proceeding to the proof of these statements,
let us discuss their implications. In the conventional
multichannel problem in which each channel has-a
different threshold, it was sufficient to consider the
Fredholm determinant D simply as a function of the
total energy E. In that limited context the substitution
rule is equivalent to the result of an analytic continua-
tion in E. When we go beyond this region we find that
the substitution rule has a relatively simple generaliza-
tion. It is then, however, not equivalent to an analytic
continuation in the energy. In fact, there is no way of
getting the result of the substitution rule by consider-
ing D as a function of the energy alone (and possibly,
of other conserved quantities). The manipulations that
lead from D to D~ must be performed in the course of
its construction as a Fredholm determinant of 1 —
GV; they cannot be performed on the resulting func-
tion once it has been constructed. We may therefore
conclude that while the equivalence of substitution
rule and analytic continuation in the “two-particle
sector” is an interesting and useful fact, since it has no
analog in the much larger more-than-two-particle
region, it should not be regarded as very fundamental.
In a certain sense it may be said to be accidental.?

2 The reason why I am stressing this point so explicitly is that there
may possibly be a lesson to be learned here whose importance
transcends the many-channel problem and nonrelativistic quantum
mechanics. With all due caution necessary when drawing analogies
among different parts of physics, it is, I believe, worthwhile never-
theless to point to a possible parallel in field theory. There too we
have a substitution rule that connects collisions or reaction processes
of different particles or channels. In the realm of two-particle to two-
particle collisions, this substitution rule has been recognized as
being equivalent to an analytic continuation. This recognition was
then exploited for many fruitful dispersion theoretical techniques
and finally attempts were, and are, made to put the entire analytic
continuation apparatus at the very basis of the field theoretical
dynamics. It is not inconceivable that here too we are victims of an
“accident.” Some of the analytic continuation procedures may
have no meaningful generalization to the much richer area of
particle production. One may then have to conclude that analyticity

considerations, though useful and interesting, are not as funda-
mental as we thought.

ROGER NEWTON

Another way of stating this result succinctly is the
following. In the (discrete) many-channel problem,
all elements of the S matrix can in principle be deter-
mined from a knowledge of the sum of the eigenphase
shifts for all energies. [We can calculate D(E) from
det S and then the S,; by analytic continuation of
D(E) to its various sheets.] For continuous channels
this is not true.

We now turn to the details of the substitution rule.
As a preparation we outline first a convenient tech-
nique of deriving Egs. (1) and (2) due to Sugar and
Blankenbecler.? It obviates the necessity of introducing
generalized Jost solutions and is much more direct
than that of Ref. 1.

Let us first consider a simple one-channel problem
of fixed angular momentum. Then K = GV is the
kernel of the radial Lippmann-Schwinger equation,
G being the outgoing-wave Green’s function

G(E) = (E + ie — Hy) ™. &)
The Fredholm determinant is given by
D(E) = det [1 — K(E)]. ©)
Let D—(E) be the Fredholm determinant of K~ =
GV,
G~(E) = (E — ie — Hy)™. (5"
Now, if AK = K — K-, then
D~ =det(1 — K)=det (1 — K + AK)
=det (1 — K)det [1 + AK(1 — K)™],
or
D|D = det [1 + AK(1 — K)™]. ©)
But

AG = (E + iE - Ho)—l - (E - i€ - Ho)—l
= —2mid(E — H,) = —2miP(E),

where P(E) is the projection onto the unique? eigen-
state of H, with eigenvalue E. In Dirac’s notation

P(E) = |[EXE|,
if
H,|E) = E|E).
Hence
AK = —2#iP(E)V. ®
Therefore,

D~|D = det[1 — 27iP(E)V(1 — K)™1],
=1-—27i{E|V(1 — K)'|E),
=1—2nmi (E{V + V(E — H 'V |E),
=1 — 2#iT(E) = S(E). ¢)]

Remembering that the Fredholm determinant equals
the Jost function,® we have therefore found Jost’s

3 R. Sugar and R. Blankenbecler, Phys. Rev. 136, B472 (1965).

4 The angular momentum being fixed, there can be no degeneracy.

5 If the latter is defined as in my book Scattering Theory of Waves
and Particles (McGraw-Hill Book Co., New York, 1966), and not in
the more usual fashion.
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decomposition of the § matrix without using any of
his apparatus.

The foregoing technique may now be applied in the
full three-dimensional Schrodinger equation. To do
that we consider the Fredholm determinant of the full
Lippmann-Schwinger equation as a function of the
wavenumber for each angular momentum state
separately, with k% = k%,, and we write

,___k“ .. )

The corresponding AK then picks out the projection
onto the /th angular momentum eigenstate of H,
and we get

Di(E)= Dlky, - -,

D;/D = Sz‘

In this case the result, of course, is just Eq. (9) again,
because, / being conserved, the full Fredholm deter-
minant is just the product of all the radial ones.

We now turn to the multichannel problem, where
K is a matrix with channel indices «, §, of the structure

K4(E) = G(E — E)Vo, (10)
E, being the threshold of the « channel. Then
D;z D(kl’...,__ka,...)

is the Fredholm determinant of the operator obtained
by changing G, to G, but leaving all G;, § # «,
alone. This means

AK = —2niP(E)V,
where P,(E) is the projection on the eigenstate of H,
in the o channel:
P(E) = |E), (El.
Consequently, we get
D7 =1 = 27i (E| V(A ~ K} |B), = S,,,

which is Eq. (1).
For inelastic collisions we write

;ﬁ=D(kla"“’—kaﬁ'..’——kﬁ9'.')

and get

AK = —2miP,(E)Y, (11)

if P,4(E) is the projection on the eigenstates of H, in
the « and § channels,

Now if Py is any orthogonal projection on a sub-
space &, then

det (1 — Pypd) = detye (1 — Ax), (12)

where
Az = PyAPy,

and dety, is the determinant of the operator on the
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subspace J. Consequently, we get

D/ D = det,g {1 — 27i[(E} V(1 — K) ™ |E)],5}
Sm Saﬁ

Pa Sﬂﬁ

Because of the symmetry of § and (1), this equation is
identical with (2).

Now this procedure is readily extended to the
reversal of more than two signs. Forming

e = D(kxa"'s”‘ka>"',‘kﬁs“‘)

we need

= det [S],; =

AK = —2niP,,.. (E), (13)

where P,;...(E) is the projection on the eigenstates of
Hy in the «, §, - - - channels. The result is evidently

Saa Sa.'ﬂ

D;... _ det 5]
= det [S)... =
D ﬁ

S S (14

the right-hand side being the determinant of the
«, f, - - - submatrix of the § matrix. Since Egs. (1)
and (2) express each element on the right of Eq. (14)
in terms of D, Eq. (14) is an equation between values
of D with various sign reversals. The special case of
three such sign changes is given by Eq. (4.4) of Ref. 1.

We now want to generalize these results to the case
of continuum channels. Let us suppose that -the
channel indices form partly a continuum and partly a
discrete set. When matrix multiplication calls for index
summation, we may combine both into Stieltjes
integrals. Therefore, K is now an integral operator not
only in the sense of coordinate or momentum vari-
ables, but in the additional sense of Stieltjes channel
integration with a given weight function. Its structure
is (10). Let us then replace G by G~ in the region R of
channel integration, and.call the corresponding value
of D, Dz. We then get

D7/D = det Sg, (15)

where Sy, is the submatrix of S that corresponds to the
region R. We must now look at this in more détail.

Equation (15) is an exact relation, no matter how
large the region Ris. If R comprises all open channels,
then Dy is obtained by replacing all positive-energy
Green’s functions G* by G™, and leaving the negative-
energy (closed-channel) Green’s functions exponen-
tially decreasing. Let us call the Dy, so defined, simply
D~. Because of the reality of the closed-channel
Green’s functions, we have

D~ = D*,
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The right-hand side of (15) now is the product of all
the eigenvalues of §; that is,
D / D= ezié’

where ¢ is the sum of all the eigenphase shifts. Of
course, there is a continuity of the latter. The spectrum
of §is, at least partly, continuous in the present case.

We now want to let the extension of R shrink to
zero. Let us first suppose R contains no discrete
points. The range C of energies for which G is replaced
by G~ is made small and we are interested in the
leading terms in its extension only. The integral
operator Sg will then differ only infinitesimally from
the unit operator,

So(E; k, k') = 8k — k') — T(E; k, k') (16)

and we get
DoB) _ ¢ _ [ ak1(E: k, 17
D(E) fo (Es k. do an

with k = (E — E)}. The amplitude T(E; k, k') is,
of course, of no direct physical interest, because it
leads from the continuum to the continuum and
hence is the analog of three-particle to three-particle
scattering, for example. But we need Eq. (17) in the
next step.

Suppose now that R contains one discrete point o
and a continuum C of small extension. Then

Tr Ty = Ty, + f dkT(k, k),
C

Tr Ty = T2, + 2f k[T () + - - -, (18)
c

TeTL =T +n f AKT(RPTE? 4 - -,
C

where T,(k) is the off-diagonal element connecting
the discrete « channel and the continuum k channel,
and we have used the symmetry of T (assuming time
reversal invariance). Because

det(1 — T)=-exp[Trin(1 — T)]

= exp {—-3;: ;1; tr T"}, 19

ROGER NEWTON

we therefore get
det(?! — Tp) =aexp{[l — b+ (c/@)]) + -+ }
=ab—c+---, (20)
where

a=1—"T,, b=1—fdkT(k,k),
C

¢= fcdkm(k)l

and the result is exact to first order in the range of the
continuum integration. Because of (17) and (1) we
therefore find that

D;D; D
dka2=_z__C__a_C,
| awmaor = =2

D (21)

which is the analog of (2). It is an exact relation in the
limit in which the range C of the integral on the left
shrinks to zero. Since then Dg — D and D, — D,
the right-hand side also vanishes and we may write

(T.00) = lim (’1}5 - —;—C) / c, (@

D

if by Dg we mean, “Between k& and k + C replace
G by G

In Eq. (22) the continuum analog of Eq. (2) is
exhibited in the form of a certain type of derivative.
In this way itis related to the method of Blankenbecler®
which uses variational derivatives with respect to the
Green’s function. Perhaps one should say that this is
the underlying reason why that variational procedure
works when it does.

It should be stressed that in the present paper the
determinantal method has been generalized to sche-
matic continuous channel problems only. Its use in an
actual three (or more)-particle problem is still another
matter. That will be pursued in a future publication.

$ R. Blankenbecler, in Strong Interaction and High Energy Physics,
R. G. Moorehouse, Ed. (Oliver and Boyd, Edinburgh, 1964), p. 411.
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The second-order transition of a superconducting material from normal to superconducting state
according to the Ginzburg-Landau theory is rigorously discussed. The bifurcation of a superconducting
state is proved for both the Abrikosov mixed state and the case of a film in a parallel magnetic field when
the flux or external field is slightly less than critical. The existence of a mixed state for all values of flux

below the critical value is also proved.

INTRODUCTION

HE Ginzburg-Landau (GL) equations are a set of

nonlinear partial differential equations which
describe, within certain limitations on the temperature
and impurity content, the behavior of superconducting
materials in external magnetic fields. Although they
were originally derived! via a phenomenological
approach, they may be regarded as fundamental
equations since Gor’kov® and others showed how to
derive them from a microscopic theory of super-
conductivity under the assumption that the tempera-
ture is close to the transition temperature. Moreover,
there is good agreement between the predictions of
the GL equations and the experimental properties of
both type-1 and type-II superconductors.> However,
except for approximate and numerical calculations,
there seems to exist only one rigorous mathematical
treatment of these interesting equations, by Carrol
and Glick.* An existence and uniqueness theorem for
the GL equations is given in Ref. 4 under the rather
restrictive assumptions that the external magnetic
field, as well as the parameter k in the GL equations
(see Secs. 1, 2 below), are small. Of course, since the
GL equations always possess a “trivial” solution
corresponding to the normal state—in which the
“order-parameter” function (see Sec. 1) vanishes
identically—the solution referred to above is a
“nontrivial” solution describing the superconducting
state.

In this paper we rigorously discuss (i) the bifurcation
of the nontrivial (superconducting) solution to the
GL equations from the normal state as the external
field, or the flux, becomes slightly less than its
critical value which is determined by the linearized
equations; and (ii) the existence of nontrivial solutions

* Present Address: Mathematics Department, American Univer-
sity of Beirut, Beirut, Lebanon.

1 V. Ginzburg and L. Landau, Zh. Eksperim. i Teor. Fiz. 20, 1064
(1950).

2 L. Gor’kov, Zh. Eksperim. i Teor. Fiz. 36, 1918 (1959) [English
Transl.: Soviet Phys.—JETP 9, 1364 (1959)].

3 See, for example, A. M. Toxen and M. Burns, Phys. Rev. 130,
1808 (1963), where other references are given.

4 R, Carrol and A. Glick, Arch. Ratl. Mech. Anal. 16, 373 (1964).

for all vaiues of flux or field less than critical. We
restrict the discussion to the two cases of a plane film
in a parallel magnetic field and the Abrikosov mixed
state® because of their physical significance, although
the methods used are also applicable to an arbitrary
smooth superconducting body in an external magnetic
field. The following is an outline of the paper. In
Sec. 1 we consider the ordinary differential equations
form of the GL equations and give a simple proof of
the existence of nontrivial solutions for values of the
field near—and slightly below—the “second” critical
field. The so-called “‘unsymmetric” or *“‘surface-state”
solutions of Saint James and De Gennes,® associated
with the “third” critical field, are also discussed. In
Sec. 2 a similar, but more complicated, proof is given
to demonstrate the existence of the Abrikosov mixed
state for values of flux slightly lower than the critical
flux. The proofs in these two sections amount to
proving the convergence of a perturbation procedure.
In Sec. 3, we use the direct methods of calculus of
variations to prove the existence of an Abrikosov
state which minimizes the free energy for all values of
flux less than critical.

1. BIFURCATION PHENOMENA FOR A FILM
IN A PARALLEL MAGNETIC FIELD

Consider a superconducting slab of thickness din a
parallel magnetic field. In normalized units (see
Marcus?) the GL equations are equivalent to

Bpldx? = k2$[$2 — 1 + 4B} (—d < x < d),

1.1
d?Bldx* = ¢*B, (—d < x < d), (1.2)
dpldx =0, dBldx=1 (x= 4d), (1.3)

where A = h® is the square of external field, and
hB = magnetic potential. It is clear that ¢ =0,

5 A. Abrikosov, Zh. Eksperim. i Teor. Fiz. 32, 1442 (1957)
[English Transl.: Soviet Phys.—JETP 5, 1174 (1957)).

8 D. Saint-James and P. DeGennes, Phys. Letters 7, 306 (1963).

7 P. Marcus, Research Note NC-489, T. J. Watson Research
Center, Yorktown Heights, N.Y. (1964). Also in Proceedings of the
Conference on the Physics of Type II Superconductivity (Western
Reserve University Press, Cleveland, Ohio, 1964), Vol. 3.

2351



2352

B = (x + ¢), where ¢ is an arbitrary constant, is a
solution to (1.1)—(1.3). This solution corresponds to
the normal state and will be referred to as the ““trivial”
solution. As in classical bifurcation theory, one seeks
nontrivial solutions which “split off” this normal
solution and hence are close enough to it. We therefore
select a convenient parameter, call it €, which measures
the deviation of the nontrivial solution from the normal
one; for example, we may choose ¢ to be proportional
to

1= g

Introducing the functions y = %4,
A = e*[B~ (x4 )],
and substituting in Eqs. (1.1)~(1.3), we obtain

Ly =k + {1 — Me)x + c(@P}y
= cfily, 4, 4, ] (1.4)

(1.5)

with the boundary conditions " = 4" = 0 at +d.
Here, N = (x + c)y?;
L=+ Wpl2(x + 04 + 42];

fo = y*4; and the primes denote differentiation with
respect to x. It is clear that there is no loss of generality
in restricting 4 to be orthogonal to constants, i.e.,
J A dx = 0,since the mean value of 4 may be absorbed
into the constant ¢. To discuss the existence of non-
trivial solutions to Eqs. (1.1)—(1.3) it is sufficient to
consider the equivalent equations (1.4)-(1.5). In the
limit € = 0, (1.4) becomes a linear equation which has,
for any fixed ¢, nonzero solutions for a discrete set of
values 2,(c), of the eigenvalue parameter A = A2 It is
easy to check that 4, — — oo as n — oo, but that there
exists at least one positive eigenvalue. Let 4, = /2
denote the largest positive eigenvalue and y,(x) the
associated normalized eigenfunction which is clearly
unique because it has no nodes. We can, at this stage,
put € = 0 and g = v, in (1.5) and solve for the first
approximations A,, ¢, of 4, ¢, but it will prove more
convenient not to do so. Instead, we argue as follows:
if the right side of (1.5) were orthogonal to 1, i.e., if

and
MA = 4" = Nix, p, c] + €f;ly, 4],

fdwz(c)[(x +c)+ ed] =0, (1.6)

then one can invert (1.5) by means of a generalized
Green’s function for the operator M to get

A— f_ddc;(x, HIE + Oy + ept4] dE = 0. (1.7)

We now discuss first the existence of solutions to the

F. ODEH

slightly different problem defined by (1.4) and (1.7)
and then arrange for the constant ¢ to satisfy (1.6),
thus obtaining a solution to the original problem. If
we set

Ay = f G(x, E)yi(E)E de,

then the vector function #, = (44, ¥y, 4,) is a solution
to Eqs. (1.4)-(1.7) when ¢ = 0, and hence it corre-
sponds to a trivial solution to the nonlinear problem.
Following a standard argument we look, for small
enough €, for a solution wu(e) = [, + eii(e),
Yo + y1(€), A(e)), where v, is orthogonal to .
Substituting in (1.5) we find that y,, 4, must satisfy

Loy, = e[Ai()(x + )*(wo + 1) + filu(e), ). (1.8)
Since L, is self-adjoint, the right side of (1.8) must be
orthogonal to y,, which leads to the bifurcation
equation

[ 10+ Pmtro + w0 + wofitut9,9 = 0

(1.9)
Inverting the left side of (1.8), we obtain

vi—e f K(x, O + 9(ve + p0) + fily, A] =0,
- (1.10)

where K, the generalized Green’s function for L,, is a
continuous function which may be expressed in terms
of the eigenfunctions of L,. Consider now the system
of equations (1.9), (1.10), and (1.7). The left sides of
these equations define a nonlinear map N(u) =
N[44, w1, 4; €] in the Banach space B=1@ C® C
where I denotes the real numbers and C the space of
continuous functions on [—d, d] with the maximum
norm. The map N is bounded and continuously
differentiable in B and e. This follows from the
continuity of the kernels X and G and the differenti-
ability of the nonlinear perturbations f;, f; in the
space B. For € = 0, the equation N(x) = 0 has the
solution ¢, = 0, 4 = A,, and

= [ [ 50 o 2w [ [+ 7]

To prove the existence of a unique solution of
N(u, €) =0 for small enough ¢, we calculate the
Frechet derivative (Jacobian) of the map N at this
particular solution. This is obtained by functionally
differentiating N with respect to 4,, y,, 4 and is
given by the matrix of linear operators

o R, R,
0 I 0],
0o P I

J = (1.11)
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where

d
a4y =f wi(x + c)® dx,
-

d
R = [ (uOitr + o
+ wol3%5 + 2044(x + o)} dx,
4
R, = 2lof (x + )i dx,
—d

and. P is the integral operator defined for any con-
tinuous function f(x) by

Pf(x) = —2 f G(x, O + Iwd)/(E) dE,

and I is the identity operator. From the form of J and
the fact that P is a bounded operator, J is clearly
nonsingular. In fact, the form of J indicates the
correct perturbation procedure. One solves for the
second component y of u, then the third, 4, then
the first component, 4, . Now we turn to the bifurcation
equation (1.6) which is an algebraic equation in c, €.
For ¢ = 0 it reduces to

[ e+ =0

which is a rather complicated equation involving
hypergeometric functions. By inspection, ¢, = 0 is a
solution. A calculation by Saint James and De Gennes®
shows that it has other solutions ¢, ;. Moreover, for
¢, = 0, (1.6) is solvable, for small e, since its derivative
r with respect to ¢ at € = 0 is given by

d d a
r(eo) = f wﬁ(co)+2cof W, (L12)
—d -4 dc

which is nonzero if ¢, = 0. We assume that r(c, ;) also
does not vanish; then we have the following:

Theorem 1: There exists an €, > 0 such that if
0 < € < ¢, there exist nontrivial solutions of Egs.

(1.4)~(1.5).

Proof: Since J is nonsingular, the soft implicit
function theorem in Banach spaces (see Ebrmann?®)
proves that the system (1.7), (1.9), (1.10) has a
solution for small enough e. This solution defines a
nontrivial function u(c, €). Since the orthogonality
relation (1.6) is also solvable for ¢ when e is small, the
function u(c(e), €) provides a nontrivial solution to
(1.4)-(1.5) which proves the theorem.

Remarks: (i) From the bifurcation equation (1.9),
we notice that 4,(0) is negative, at least for ¢, = 0.

8 H. Ehrmann, Enseignement Math. (2) 9, 129 (1963).
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Since A is proportional to the square of the external
field, the above theorem proves the existence of
superconducting solutions of Egs. (1.1)-(1.3) for fields
slightly lower than the “critical field” & = A%,

(ii) If ¢ =0, one gets the “symmetric states”
(Marcus”) associated with the second critical field
}% = hy. The other constants c, ; clearly give “un-
symmetric” states which may be associated with
higher critical fields. The calculations of Ref. 6 show
that for some optimal ¢, one gets “‘surface states”
where p, is concentrated near the boundary and a
“third” critical field kg > h,,.

(ii)) The equations (1.1)-(1.3) have nontrivial
solutions for all external fields & < Ah,. This fact can
be proved by the variational methods of Sec. 3.
Since we prove the analogous theorem for the more
complicated situation of Sec. 3, we give no proof here.

2. BIFURCATION OF ABRIKOSOV’S
MIXED STATE

We consider now the partial differential equation
form of the GL equations in the special “quasi-
periodic” case discussed by Abrikosov.? The physical
situation corresponds to a ‘“‘vortex” structure in the
x-y plane in which both the magnitude of the complex
order parameter ¢(x, y) as well as the magnetic field
are periodic functions which do not depend on z. The
magnetic field is taken to have one component, in the
z direction, say. The equations, in appropriate units®
are

[V + £ = (1 — |9 @D
—V x V x# = Re {$*[(i[k)V + £1$}. (2.2)

We seek solutions to (2.1), (2.2) such that both the
magnetic field B = (0, 0, B) and |¢|* are periodic with
periods defined by lattice vectors t;, j = 1, 2. If such
a solution exists, then (2.2) leads to the flux quanti-
zation condition®

kBF = 2mn, 2.3)

where F is the area of a primitive cell, B is the average
flux density, and # is an integer. Let t denote either of
the lattice vectors t;, then to insure (2.3), one has to
impose the “boundary” conditions

$(r + t) = exp {ikg(r, O}(r), (2.4)
A + t) =AF) + Vg(r, ), 2.9

where g is a smooth, single-valued, real function.’®
An elementary calculation shows that (2.4), (2.5) imply
(2.3) for any “gauge” g. We now fix the gauge as
follows. Since the problem (2.1)-(2.5) is invariant

? G, Lasher, Phys. Rev. 140, A523 (1965).
10 G. Eilenberger, Z. Physik 180, 32 (1964).
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under the transformation A’ =A + V7, ¢’ = ¢e',
we may first choose 7 so that divs& = 0. Now define
A by £ =13 xB)+ A Then [fcurlA=0. An
elementary calculation shows that by adding a vector
V#, where 7 is an appropriate harmonic function, to
the potential £ we make A a periodic vector. Then
is defined up to an arbitrary constant; hence we may
further assume that f§ 4 dx dy = 0. A possible shift
in the origin of coordinates then reduces # to the form

A =11 xB)+ A,

where div A = 0; A is periodic and with mean zero.
The boundary* conditions (2.4)-(2.5) are now fixed
completely, with the gauge g given by g = 4(t x B) - r.
It is convenient at this point to change variables in the
GL equations as in Lasher.® Let

(', )') = (kB[2m}(x, y); ¢ = (B[2mk)i4;
&' = (B2nk)i.

Then a unit cell in the (x’, y) system containing one
guantum of flux [namely, when n=1 in (2.3)]
occupies a unit area. The period of the order param-
eter no longer depends on B. Dropping the primes in
the new coordinate system, we define A by
& =A,+ A, where A,==rxh with h a unit
vector in the z direction. Notice then that curl A, = 27
and that A is periodic with zero mean. The gauge in
the new coordinates is given by g(r,t) = #(t x h) - r,
and the GL equations reduce to

—[GV + Ap)? — 114
= ¢ P2 + 2A - (iV + Ay)d + A% (2.6)
~V x V x A = 32 Re [$*(V +#)$], (2.7)

where 1 = 27k(B)! plays the role of an eigenvalue
parameter. It is clear that ¢ = 0, A = 0 is a solution
to (2.6)—(2.7) for any value of A. This is the “trivial”
solution corresponding to the normal state. To prove
the existence of nontrivial small solutions, we define
é=ey, a=eA=e(#—Ay) and substitute in
(2.6)—(2.7) to get

(L — Ay ={(V + A — By = —¢fi(y, p*, 2),

(2.8)
Ma = —V X V xa =f;(1/1: w*’ a), (2‘9)

where
fi=vwlyl® + 2a-GV + Ay + ea’y, (2.10)

Ja= k2 Re [p*(V + Ag)y]l + k2 Re [y* ay].
2.11)

The boundary conditions on ¥, a, derived from Egs.
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(2.4)-(2.5), are
(@) p(@r + t) = exp [iz(t x h) - rlp(r) (2.12)
(ii) a is periodic with zero mean and divergence.
(2.13)

For € = 0, (2.8) is solvable for a discrete set of
positive values for A (see, for example, Brown,!
Sec. 4). The smallest possible 4, corresponding to
greatest flux, is A, = 2=, which is associated with one
or more eigenfunctions v, depending on lattice
symmetry. For the important cases of square and
triangular lattices there exists only one eigenfunc-
tion!*!2 and we assume this in what follows. With y,
given, Eq. (2.9) defines a unique vector function a,.
The triple (4, ¥y, a,) is a solution to (2.8)-(2.13) for
the case € = 0 and hence still corresponds to a trivial
solution. We now seek solutions to (2.8)-(2.13) for
small enough ¢ in the form

Lo + €Ay(9), wo + vi(€), ap + a,(¢)

where ¥, is orthogonal to y,. Projecting (2.8) on the
subspace E generated by w, and its orthogonal
complement E’, we obtain

(Wo> M)y — fily, y*, a)) =0, (2.14)
P, — eR[Ap, +f1] =0, (2.15)

where ( , ) denotes the scalar product and R is the
pseudoinverse of (L — 2,). Equation (2.14) is the
bifurcation equation and determines 4,(0) which may
be seen to be positive. Inverting (2.9), we get

a-— K‘f2(1/)1 '/)*, a) =0, (2'16)

where K is the inverse of M. In order to discuss the
properties of these inverses (which may be written
explicitly in terms of eigenfunction expansions
connected with L, M), we introduce the Sobolev
spaces W,(L2) where Q is the primitive cell. The space
W, is the space of scalar or vector distributions whose
derivatives up to the nth order belong to Ly(£2), and
thus is a Hilbert space with a natural scalar product.
Let |lu],, denote the norm of u in W, ; then we have

Lemma 1: The operators R and K are compact
operators in W, which satisfy the estimates

1R lnre < Cullf Nl
1Kall,.e < C; llaff,.

(2.17)
(2.18)

where C;, C, are constants which depend only on Q
and a,.

11 E, Brown, Phys. Rev. 133, A1038 (1964).
12 W. Kleiner, L. Roth, and S. Autler, Phys. Rev. 133, A1226
1964).



GINZBURG-LANDAU EQUATIONS

Proof: Consider the equation (L — Ap)u = f, where
L is defined by (2.8), (2.12), and u and fare orthogonal
to ,. To prove (2.17) we have to estimate u in terms of
f- Let v = exp iQ(r)u(r) where Q may be chosen to
make o(r) periodic. Then v satisfies (L' — Ay =
[/ = fexp (i0), where L' = (iV 4+ VQ + A4,)%. Since
v is the solution to a uniquely invertible, uniformly
elliptic equation with regular boundary conditions,
the inequality [|v]] .42 < C || f'|, follows from standard
estimates (see, for example, Agmon, Douglis, and
Nirenberg!®). The same inequality, with a different
constant depending on @, holds therefore for u,
which proves (2.17). A similar, but simpler, argument
proves (2.18).

Now we consider the system of equations (2.14)-
(2.16) for the unknown (4, v, , a) where both y; and
a belong to W5(Q). Then we have

Theorem 2: There exists an ¢, > 0 such that for
€ < ¢ the system (2.8)-(2.13) has a unique non-
trivial solution.

Proof: From the discussion preceding Lemma 1, it
is sufficient to discuss the system (2.14)-(2.16). Let u
denote the vector u = (4, y,, a) and consider the left
side of (2.14)-(2.16) as a nonlinear map N(u, €) of the
space B =1® W3(Q) ® Wy(Q), where I denotes the
real numbers, into itself. Since the norm in W,
dominates the maximum norm by Sobolev’s im-
bedding lemma* and the nonlinear functions f, f,
are smooth—in fact, analytic—in the maximum
norm, it follows that the map N is bounded and
continuously differentiable in B and e. Since u, =
(4:(0), 0, a,) is the unique solution of N[u,0] =0,
the above theorem becomes a consequence of the
implicit function theorem if the Frechet derivative D
of N at u, is nonsingular. A simple calculation shows
that D has the same form as Jin Sec. 1 [Eq. (1.11)] and
therefore is invertible, which proves the theorem.

Remarks: (i) The standard methods for proving the
implicit function theorem in Banach spaces (see
Ehrmann® or Schwartz!5) may be used to give different
perturbation procedures for calculating the solution
(A, ¢, A) in terms of the parameter e. The Newton
method (Schwartz!%), for example, gives a quadrati-
cally convergent procedure.

13§, Agmon, A. Douglis, and L. Nirenberg, Commun. Pure
Appl. Math. 17, 35 (1964).

18 N, Dunford and J. T. Schwartz, Linear Operators, Part II
(Interscience Publishers, Inc., New York, 1963), Chap. X1V, p.
1686.

15 J, T. Schwartz, ‘“Nonlinear Functional Analysis,” Courant
Institute of Mathematical Sciences Lecture Notes, New York
(1965).
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(i) The method used in Lasher? is based on a
formal expansion in terms of a = (2m)1(A — Ay).
This procedure may be justified as follows: for small
enough ¢, A is an increasing function of e since
2:1(0) > 0. Hence, for some é > 0 and for € < 4,
we may consider e as a unique function of e. Then
¥, a become functions of « also, and any convergent
procedure in terms of e produces a similar one in
terms of «. However, the « region of convergence may
be smaller than the « region.

(iii) Equation (2.8), for € = 0, has solutions for a
discrete set of eigenvalues A, — co. Using the same
method of Theorem 2, it is possible to prove the
existence of nontrivial solutions to the GL equations
for values of A near (and slightly higher than) these
eigenvalues.

3. EXISTENCE OF THE MIXED
STATE FOR 1 >},

In this section we use the direct methods of calculus
of variations to prove the existence of nontrivial
solutions to the GL equations (2.6)-(2.7) for all
A > Ay = 27. This means that the mixed vortex state
exists for all values of the flux below the critical
flux B = k. As is well-known,® Eqs. (2.6)~(2.7) are
the Euler equations for the energy

E =f{(iV + &)y - (—iV + A)p*
+ f(y, v*, 2) + 2k* |V x £°} dx dy, (3.1)

where f= % |y|* — 4 |y[%. The integration in (3.1) is
over a fixed unit cell independent of A because of the
normalizations given in Sec. 2. To define the variational
problem precisely we have to specify the admissible
functions. As in Sec. 2 we first define A =& — #r x h.
Consider then smooth functions u = (yp, A) satisfying
conditions (2.12)—(2.13). By completing these functions
with respect to the norm

ul? = f {ul* + |Vul?} dx dy,

where Vu denotes all the first-order derivatives of
v, A, we get a closed subspace H of the Hilbert space
W,(Q). The variational problem E is then defined in
H, and our object is to prove that if 2 > 2=, there
exists a nontrivial vector v(A) € H which lies in the
interior of some bounded region of H and minimizes
E. Then v will be a variational solution to the GL
equations corresponding to the mixed state. First we
prove

Lemma 2: The free energy E(u) — oo as Jjuj| —
for all admissible u.
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Proof: Using V.A =0, we rewrite (3.1) in the
form

E — 8k*n°F = f (IVp? — 2 Im (p*A - Vi) + [pAP?
£ 1o D) + 2KV x AP} dxdy, (32)

where F is the area of the unit cell and where we have
used the fact that the average of V x A is zero. If
|la]j — oo, then at least one of the L, norms of ¢, A,
Vy or VA, which we denote by || |,, must approach
infinity. We check the behavior of E in all possible
cases. First, if ||y}, — oo, then, for any fixed 1,
| f(, )], — oo by the Schwarz inequality and hence,
using (3.1), £— . We may henceforth assume
llpll; bounded. Using Green’s formula, the periodicity
of A and divA =0, we find |V x Alj; = |VA],.
Hence, if |VA|,; — oo, the last term in (3.1) tends to
infinity by the Schwarz inequality. Since the first two
terms are bounded from below, because |yl; is
bounded, £ must approach infinity. Therefore, we
may assume now that {| VA|[, is bounded also. Because
of the periodicity conditions (2.13), [Al. is also
bounded. By Sobolev’s imbedding lemma, A € L, for
allp < co. We now discuss the case when || Vyl|, — co.
It is clearly sufficient to restrict attention to the case
when y € L, for otherwise (3.1) shows that E = oo.
Then, using the Schwarz inequality twice on the
second term in (3.2), we find

E > [[Vyllz — c1 Vol — cs, (3.3)

where ¢, ¢, are some finite constants. Hence, £ — o0
in this case also, and the lemma is proved.

Let B, denote the ball of radius » around the origin
in H. Then, for a given r, we have

Lemma 3: The functional E is lower semicon-
tinuous on B, with respect to weak convergence in H.

Proof: Consider the form (3.2) for E. The third and
fourth terms are continuous in the weak topology.
Consider, for example, the fourth term. Let ¢,
converge weakly to . Then the A norms of y, y, are
bounded. Hence, a subsequence of the y,, call it ¢,
again, converges to u in L, by Rellich’s lemma.!

16 See, for example, Ref. 14, pp. 1692-1693.
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Hence, if ¢,, = [¢,|, we have

f 6% — ¢4 dx dy = f ($n — $)Ps(bn> $)l dx dy,
(3.4)

where Pg is a cubic in ¢, ¢. By Schwarz, the right
side of (3.4) tends to zero if the L, norm of P, is
bounded. But this is an immediate consequence of the
boundedness of the H norm of y and Sobolev’s
imbedding lemma. A similar argument applies to the
third term. The remaining terms in the integrand of
(3.2) are, for fixed v, A, convex in the first derivatives
of the vector u = (g, A). By a theorem of Morrey*’
the integrals of these terms are then lower semi-
continuous, which completes the proof. Now we
state the main result.

Theorem 3: There exists at least one nontrivial
variational solution of the GL equations (2.6)-(2.7)
forall 1 > A,

Proof: In view of Lemma 3, E(u) achieves its
minimum on every ball B, because such a ball is
weakly compact. By Lemma 2 we can choose r large
enough so that this minimum, call it v, does not occur
on the boundary of B, . Then is a variational solution
of the GL equations. It is then sufficient to check that
v % 0. We calculate the second variation of E at
u=0; ie, at y =0, £ = 4,, in the “direction”
du = (dy, 6A). If L denotes the operator

GV + Ap) - (—iV + Ay,
this variation is
O*E = (dy, (L — A)oy) + 2k¥0A, —ASA). (3.5)

Choosing 6A = 0 and dy to be the eigenfunction of L
corresponding to the lowest eigenvalue 4 = 4,, we
find that the second variation in this direction is
negative for all A > 4,. Hence, u = 0 is not even a
local minimum for E and the theorem is proved.
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For potentials more singular than the inverse square at the origin and with complex strength, the
nature of the solutions to the Schrodinger equation is investigated. The difficulties occurring with
attractive real potentials in the three-dimensional equation are discussed, and it is shown that no solu-
tions exist in a domain including the origin. For complex or repulsive singular potentials with radial
form varying as the inverse fourth or sixth power, a relatively simple series solution exists. This is also
true for the singular Yukawa with inverse fourth power. These series are shown to be asymptotic by
means of general theorems from the theory of ordinary differential equations. Other inverse powers have
much more complicated solutions. In the Dirac case, all inverse powers and singular Yukawa forms
have asymptotic series solutions, and the series is given explicitly for the singular powers. A form of the
S-wave scattering length for the singular inverse fourth-power Yukawa V = gle~*Ae-#r[rt is derived

which is valid for small values of ug.

1. INTRODUCTION
INCE the pioneering paper of Case! many years
ago, an extensive literature has developed on the
subject of singular potentials. By singular potentials
it is meant those potentials which have the property

ey

lim r?V(r) — oo,
r—=0
although sometimes the inverse-square potential ‘is
also regarded as singular. This particular potential?
has a number of properties which set it apart from
those characterized by Eq. (1), but nevertheless it does
behave abnormally in enough ways to exclude it from
being classified as a regular potential. All singular
potentials are assumed to vanish at infinity fast enough
to cause no trouble with ordinary scattering theory.
This usually means they vanish faster than r—2 at
infinity.3
The investigation of singular potentials covers a
number of areas of both physical and mathematical
interest. The literature in the last few years is too
voluminous to reference here completely, but some of
the important papers in each area can be mentioned.
Vogt and Wannier* made early use of the singular
potential behaving as r—* in the study of gaseous ions
moving through a gas whose molecules are not too
large.
Tiktopoulous® and Kouris® have used the r—2 and
r~* potentials, respectively, with energy-dependent

1 K. M. Case, Phys. Rev. 80, 797 (1950).

2 P. M. Morse and H. Feshbach, Methods of Theoretical Physics
(McGraw-Hill Book Co., Inc., New York, 1953), Chap. 5.

3 We want the scattering lengths, forward scattering amplitude,
and total cross section to exist. See, for example, L. Landau and
E. Lifshitz, Quantum Mechanics (Pergamon Press, Inc., London,
1958), Chap. 14. See also Ref. 21.

4 E. Vogt and G. Wannier, Phys. Rev, 95, 1190 (1954)

5 G. Tiktopoulous, Phys. Rev. 138, B1550 (1965).

8 C. B. Kouris, Nuovo Cimento 44, 598 (1966).

complex strengths to investigate the elastic differential
cross sections for high energy p—p and p—= scattering.
Their models, patterned somewhat after the optical
model of Serber,” give reasonable results. Quite
recently, Spector and Chand® have used the general
form r— (n > 3) with complex energy-independent
strength to describe the KN and KN low-energy
scattering lengths. Again the results are satis-
factory.

On the theoretical side, early work was stimulated
by a paper of Predazzi and Regge® and by the weak
field theory papers of Feinberg and Pais.? The former
authors conjectured that, inasmuch as the real world
probably involved rather singular interactions, the
best way to investigate Regge poles in field theory
(assuming that it describes the real world) was to
investigate the appearance of Regge poles in the
scattering amplitudes of singular potentials. Work by
Jaksi¢ and Limi¢!* and by Aly and Miiller’? was car-
ried out along this line.

The Feinberg and Pais papers introduced the idea

~of peratization, which is a rather complicated pro-

cedure for summing divergent terms in weak field
theory. Tiktopoulous and Treiman'® and Khuri and
Pais' shortly thereafter applied similar procedures to
nonrelativistic singular potential theory in order to
calculate the scattering lengths for singular potentials.
These scattering lengths cannot be calculated in the
usual Born series, since every term diverges, so that a

7 R. Serber, Phys. Rev. Letters 10, 357 (1963).

® R. Spector and Ramesh Chand (to be published).

? E. Predazzi and T. Regge, Nuovo Cimento 24, 518 (1962).

10 G. Feinberg and A. Pais, Phys. Rev. 131, 724 (1963); 133,
B477 (1964).

11 B. Jak$i¢ and N. Limi¢, J. Math. Phys. 7, 88 (1966).

12 H. Aly and H. Miiller, J. Math. Phys. 7, 1 (1966).

13 G. Tiktopoulous and 8. Treiman, Phys. Rev. 134, B844 (1964).

14N, Khuri and A. Pais, Rev. Mod. Phys. 36, 590 (1964).
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special technique, called peratization, is utilized. A
great number of workers have investigated peratiza-
tion for particular potentials. Among these are
Aly et al.,’® Spector,’®* Wu,'” and Calogero.!8

Other workers, and in particular Cornille,*® have
been concerned with more general properties of
singular potentials: such as when the peratization
procedure can be expected to work in the general case;
how the asymptotic high-energy scattering amplitudes
behave?; what the effective range low-energy approxi-
matjons look like*; what the formal expressions for
the S matrix are®?, and the determination of various
approximations to the scattering amplitudes.?

Despite the extensive literature on singular poten-
tials, extremely few papers have been devoted to the
actual solution of the nonrelativistic Schridinger
equation or the Dirac equation for singular potentials.
Wannier,2 Spector,?® and Aly and Miller'? are
among the very few papers devoted to this subject,
and they all deal with solutions to the radial Schré-
dinger equation for r—* at arbitrary energy and angular
momentum. The reason for this is that the r—* potential
is the only one that can be solved in terms of known
functions for nonzero energy. Surprisingly, Plesset?®
did make a cursory study of singular potentials in the
Dirac equation 35 years ago.

In this paper we intend to present an investigation
and discussion of the solutions to the three-dimen-
sional Schrodinger equation, the radial Schrédinger
equation, and the Dirac equation. In Sec. II the diffi-
culties caused by attractive real singular potentials are
investigated in the three-dimensional equation. In
- Sec, III the general properties of the radial equation
solutions are determined. In Sec. IV a more general
class of singular potentials, namely the singular
Yukawa forms, are discussed; and in Sec. V formal
solutions ‘are given to the Dirac equation. In the
Appendix we derive an approximate form for the
S-wave scattering length resulting from the singular
Yukawa potential which varies as e#"/r4.

( 18 I;I Aly, Riazuddin, and A. Zimerman, Phys. Rev. 136, B1174
1964),

18 R. Spector, J. Math. Phys, 7, 2103 (1966).

17 T.T. Wu, Phys. Rev. 136, B1176 (1964).

18 ¥, Calogero, Phys. Rev. 139, B602 (1965). )

1? H. Cornille, Nuovo Cimento 38, 1243 (1965); 39, 557 (1965);
43, 786 (1966).

20 B, Del Giudice and E. Galzenati, Nuovo Cimento 38, 443
(1965); N. Dombey, ibid. 37, 1741 (1965).

21T, O’Malley, L. Spruch, and L. Rosenberg, J. Math. Phys. 2,
491 {1961).

22 R, Spector, Nuovo Cimento 45, 924 (1966).

28 F. Calogero, Nuovoe Cimento 27, 261 (1963). See also
Ref. 27.

24 (G, Wannier, Quart. Appl. Math. 11, 33 (1953).

25 R. Spector, J. Math. Phys. 5, 1185 (1965).

28 M, Plesset, Phys. Rev. 41, 278 (1932),
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II. THREE-DIMENSIONAL NONRELATIVISTIC
SCHRODINGER EQUATION

In nonrelativistic quantum mechanics, a spinless
particle of energy k% moving in a potential ¥(r) has a
wavefunction satisfying

Vip(r) + [k* — V(©)lp(r) = 0, @

where V2 is the Laplacian operator in three dimen-
sions and our units are such that i = 2m = 1. The
conventional separation into partial waves (for a
spherically symmetric potential) produces a one-
dimensional radial equation for the /th partial wave of

&b (M1 _ -
=t [k 0 V(r)]qS 0,

where ¢ = ry. Since singular potentials have stronger
behavior at the origin than the angular momentum, it
is easily seen from Eq. (3) that for many purposes it is
sufficient to discuss only the zero-energy S-wave
wavefunction. We now fix the form of out potential,
in this part of the paper, to be

3

2 ,—iA
V) =85—g>0, 0SA<T n>2 (@)
r
Notice that when A = 0, the potential is repulsive,
and when A = , it is attractive. The restricted range
on A is necessary to keep Im V' < 0in accordance with
the usual need of scattering theory to ensure that the
scattering causes a loss of flux in the elastic channel
rather than an increase. Although we admit n > 2
mathematically, we usually require n > 3 for the
physical reasons mentioned earlier.
The solutions to Eq. (3), with potential Eq. (4)
and for k* =1/=0, are easily obtained from the
known solutions?® for A = 0. We have

#() = riK,(2pge w0 p= 1

n—2

Hd (5)

where K,(x) is the modified Bessel function of the
third kind with complex argument.?®

The behavior near r = 0 for any k® and /is given by
Eq. (5), as we mentioned above. Thus we obtain

lim ¢(r) ~ pnit exp (___ 2g e—-wzrx—tn;z))
r=+0 n—2

(6)
There is, of course, a second solution to Eq. (3)

which exhibits a plus sign in the exponential in Eq.
(6); but as r— 0, only the form Eq. (6) makes ¢

any k% 1.

27 F. Calogero, Phys. Rev. 135, B693 (1964).
28 G, N, Watson, Theory of Bessel Functions (Cambridge Uni-
versity Press, London, 1958), 2nd ed.
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vanish if A < 7. When A = 7, ¢ does not vanish
exponentially fast, but rather much more slowly, as
some positive power of . In this case the second
solution also vanishes, causing a long recognized
quandry, first observed by Case,® concerning the
choice of the correct linear combination of wave-
functions at the origin. As we shall see below, this
quandry in fact has no meaning.

In order to investigate the case of A = = (attractive
potential) more closely, we restrict ourselves for the
present to n = 4 for k2 = [ = 0, where the two exact
solutions for ¢ are

¢ = rej:iqr—l’ )
and Eq. (2) becomes

2

Vip+ Ly =0 ®)

Before looking at Eqs. (7) and (8), we recall that
Laplace’s equation
Vip =0 ®

is not satisfied by the spherically symmetric ¢ = 1/r
because V2(r—1) = —4#d(r), where 4(r) is the three-
dimensional Dirac delta function. Yet the associated
radial function ¢(r) =1 does satisfy the radial
equation ¢" = 0.

In fact, p = 1/r even appears to satisfy the three-
dimensional equation when written out in spherically
symmetric form

2 _ Oy 20y
v or? T ror 0
Equation (10) is satisfied by y = 1/r at all points
except r = 0, and it is tempting to say that 1/r is a
solution there, too, in the sense of taking some suit-
ably defined smooth limit as r — 0.

Precisely what, then, is meant by saying that 9(r)
is a solution to Eq. (8) or Eq. (9)?7 A function y(r) is
said to be a solution to Eq. (8) [or Eq. (9) in an
obvious simplification of what follows below] if the
following expression is valid:

ﬁg ﬁﬂw%ﬁ%+§umwﬁ]m/=m (11)

ALL SPACE

(10)

where u(r) is any continuous function with compact
support and continuous first and second derivatives.2®
Any y which satisfies the condition of Eq. (11) is said
to be a solution in the weak sense,* although it may

2% Roughly, a function with compact support must vanish outside
of some bounded domain. The classic example of an infinitely
differentiable function with compact support is f(r) = exp[—1/
1=N,0LrL1;f()=0,r>1.

30 See L. Hormander, Linear Partial Differential Operators
(Springer-Verlag, Berlin, 1963), especially Chap. IV.
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(but not necessarily) be a solution in the strong sense
as well, ie., satisfying Eq. (8) at all points in the
domain 0 < r < oo with the conventional differential
form for V2, the radial part of which is given in Eq.
10).

The expression Eq. (11) is obtained from

[[] oo+ ‘) vo) av

ALL SPACE

(12)

by integration by parts, utilizing the properties of
u(r), or just by recalling directly that the V2 operator is
self-adjoint. This conversion from Eq. (12) to Eq. (11)
is necessary in order to allow V2 to operate on u(r)
where V2 may be expressed in its conventional differen-
tial operator form because u(r) is well-behaved every-
where. On the other hand, when V2 operates on y(r),
as it does in Eq. (12), its properties are uncertain if
w(r) or if its derivatives fail to exist anywhere. For
instance, this occurs at the origin for v = 1/r.

If now we look at the spherically symmetric solu-
tions given in Eq. (7) and use Eq. (11) [after integrating
out the angles in Eq. (12) first], we require that the
integral

© a 2
f gtior (rzu” + 2ru’ + -g—-2 u) dr (13)
0 r

be zero if Eq. (7) is to be a solution to Eq. (8). The u
in Eq. (13) is now a radial function only, and differenti-
ation is with respect to r. Rewriting Eq. (13) we have

0 —1 " 2
f l:(r2eﬂ" u')' + igei“" u’ + %u] dar
0 r

.~
—_ r2etwr u’

+ig f (e uy dr
0 0
= lim + igu(er™ 0 (fu(0) % 0), (14)

r—+0
where both integrated terms vanish at infinity because
u has compact support. Thus even though

95 — reiiqr_l

satisfies the radial equation, the three-dimensional
wavefunction y = ¢/r does not satisfy the three-
dimensional equation. Such a state of affairs is noted
briefly by Newton,3! although he uses the less rigorous
plausibility argument that V2, operating on certain
general functions of r—1, produces delta-function
terms. It is necessary, however, to show (as we have
done above) that not only are these terms present but
that they actually affect the solution. This must also
be done in such a way as to bypass the actual use of the

8t R. G. Newton, Scattering Theory of Waves and Particle
(McGraw-Hill Book Co., Inc., New York, 1966), p. 390 ff.
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delta function. In fact, it can be shown with a little
effort that, by using a particular representation of the
delta function, the integral

f 00e:“'”"—lu(r)é(r) dr

must vanish, which would lead to a result inconsistent
with Eq. (14). This may also be seen less rigorously by
using the property of d(r) that

fwﬂwlmanm_Jmumfm‘¢a
0

(See the remarks below about the correct form of V2.)

Since any solution of Eq. (8) must be equal to ¢/r
with ¢ given by Eq. (7) when r > 0, this means that
there are no (continuous) solutions to Eq. (8) at all.?
The quandry first mentioned by Case, and referred to
earlier, has no meaning,.

A number of comments are in order about this
result. First, the limit in expression (14) failed to exist
because we took A = m. By repeating the process
leading to Eq. (14) with A < =, it is easily seen that
the limit is zero. Thus, so long as A < =, there is a
three-dimensional solution in the weak sense—which
is also a strong solution, of course.

Second, since the dangerous behavior of V2 occurs
only at the origin, our results obviously hold even if
k* and [ are not zero. The proof, analogous to that
above, would no longer be so simple, but fortunately
it is not necessary.

Third, the same results would also hold for n > 4,
as can be seen by using the expression (6) and making
use of the fact that, when operating on a radial
function containing r~!, we may write the Laplacian
operator as*

s 0% 20
V:— ~oats a+()

Thus, we are left with a sound mathematical
solution over all space if A <=, but also with
solutions for A = » under certain circumstances.
For instance, in a problem where the singular potential
is cut off at some point R > 0, the problem is well-
defined, and by matching interior (r < R) and exterior
(r > R) solutions, consistent results may be obtained.

A simple example might be the problem of finding

32 Though some form of distribution might be a solution, it is
unlikely because, in the similar case of Laplace’s equation, it is
known that no such solutions exist. This is essentially the import of
Hérmander’s Theorems 4.1.4 and 4.1.5, which are extensions of
Weyl’s lemma. See Ref. 30, p. 96, 100, 101. In any case, in
quantum mechanics we accept only continuous wavefunctions.

33 T am indebted to Professor L. D. Favro for pointing this out to
me.
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the S-wave scattering length for

V(r) =0, r <R,

2
vy =—-%&, r>R

r4

The interior solution is ¢ = r, and the exterior is
¢ = B,re" + B_re .

By continuity of ¢ and ¢’ at r = R, it is easy to
determine that the scattering length for S waves is

tim — %0 _ 4 — g tan (g/R,) (15)
k0 k
and at g/R = (2m + 1)}, bound states occur.

Another case where A = 7 solutions may be used
is in the one-dimensional problem since the radial
equation is then exact, and is not the reduction of a
three-dimensional equation. Finally, it is possible to
make these nonsolutions into correct three-dimen-
sional solutions if a term is added to the potential
which contains a d(r) multiplied by just the right
function to cancel out the delta-function term caused
by VZin Eq. (11). This integral would then be zero by
construction. This last point has been mentioned in
a footnote by Newton.*

III. RADIAL SCHRODINGER EQUATION

What can be said of the solutions to Eq. (3) now
that we know the circumstances under which it has
meaning? We have already seen that the case n = 4
is rather special in that it can be solved exactly (for
k? = [ = 0) with a very simple function, rather than
with the Bessel functions necessary for general n.
Even if k% and / do not vanish, this potential has an
exact solution while the other #’s do not.1*242 In this
special case, the solutions are the modified Mathieu
functions and are rather complicated due both to the
general nature of Mathieu functions and the need to
use complex parameters in some of the solutions.

The reasons for this unusual behavior, which is
special to n = 4, will be seen below to follow simply
from the general properties of the equation. We also
see that n = 6 has some properties that set it apart
from other values of . In the material that follows, we
follow closely the treatment of ordinary differential
equations as given by Coddington and Levinson,
hereafter referred to as CL.

It is convenient to put z = 1/r and transform the

34 E. A. Coddington and N. Levinson, Theory of Ordinary
Differential Equations (McGraw-Hill Book Co., Inc., New York,
1955), especially Chap. 5.
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singularity in Eq. (3) to infinity so that we have

&4  2d$ (l‘f (s 2V V(Z-l))qs = 0. (16)
24

dz2  zdz 4 2

z z
Then we write this as a second-order system:

1= Yas
, oI+ 1
y2=_[—4_( 2 )_

z V4

L any
z

V(Zz:l)] Yy~

where y, = ¢, y, = ¢’. Considering y; and y, as
components of a two-dimensional vector, we write

= z*A(2)y, (18)

where A(z)is a 2 X 2 matrix, each element of which is
analytical in the neighborhood of z = 00, A(w0) % 0
(meaning that not every element of A4 vanishes), and
a > 0.

In particular, for the potential Eq. (4) with integral

n,
«=n—4,
A(2)
LR 10+ D et 2]
(19)
[0 9y,
_gze—m 0
and
o =0,
AQ) [ 0 1 ]
Z)= >
| =Kz I+ 1)z 2 - gle 2t —2271
A(c0) 0 l] if 3
o) = if n=3.
10 O

Singularities of this type, with « > 0, are known as
singularities of the second kind and are enormously
more difficult to analyze theoretically than those of the
first kind. (Fuchian singularities, such as those that
develop in the radial Schrédinger equation for regular
potentials, are examples of singularities of the first
kind.)

The nature of the solutions to the original Eqgs.
(3) or (16) breaks into two types, depending on whether
the eigenvalues of 4(co) are degenerate or distinct.
When they are distinct, it is possible to express the
general solution to Eq. (3) as (we use here a special
case of Theorem 2.1, Chap. 5 in CL)

- [ S Pm

m=0

]r‘ @ (P, comst), (20)
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where M is a 2 x 2 diagonal matrix of complex
constants and Q is a 2 X 2 matrix polynomial

—oa—1

Q=’ &+—&

with the Q, complex 2 x 2 diagonal matrices and

M O
QO = [ ]9

0 4
with 4, and A, the distinct eigenvalues of A4(c0). In
Eq. (20) @ is the 2 X 2 solution matrix, the first
column being the first solution for the pair (y, , y,) and
the second column being the other independent solu-
tion for (y;, ya).

From Eq. (19) we see that only for n = 4 does

A(o0) have distinct eigenvalues and these are

}. = ge zA/2’

—iaf2 [ 0
ge
Q - [ }'
r 0 -1

The quantity r—2 in (20) is defined as

SR T_IQ,,,

12 = _ge_iAlz’

and we have

@
—M __

¥ —Mlnr

=0
so that for diagonal M,

for some two constants m, and m,. The quantity e?
behaves similarly since Q is diagonal. Our two
solutions are now

yi= ¢, =rexp(x ge‘iA/zr—l)[ > Pmrm], 2y
m=0

where we know from Eq. (6) that m; = m, = —1.
The interesting feature of the power series appearing
in Eq. (21) is that it does not converge for any r, but
is an asymptotic series. This is an unusual phenomenon
for physicists who normally associate asymptotic series
with behavior at infinity. However, as proved in
Theorem 4.1 of Chap. 5 of CL, there do exist actual
solutions to Eq. (3) for which the so-called formal
solutions of Eq. (21) are their asymptotic expansions
in the sense that

lim | ¢fitual — 7 exp (£ ge ™5 E P,

r—0
= Ofr exp (£ ge %)V,

It is possible to obtain the result (21) in a consider-
ably less sophisticated manner by putting

s = rexp (£ge ™ ry(r)
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and inserting this into Eq. (3) to obtain
—-zA/2 l
[ +E ] +[k2+ﬂ—;'§—1~)}x=0. (22)

It is easy to see that a trial function of the form

2(r) = i P, rm

m=0

will formally solve Eq. (22), but it is not at all apparent
that this series will be asymptotic rather than conver-
gent. We note here the interesting point that if one
equates the solution (21) with the solution given in
terms of the Mathieu function as specified in Ref. 25,
then one has automatically derived one of the lesser
known asymptotic series for the Mathieu function.?

The asymptotic nature of the solution causes
certain difficulties in any attempt to integrate the r—*
potential (or any other for that matter) by numerical
methods,3

We turn now to the case where the eigenvalues of
A(oo) are degenerate, or, in other words, n # 4.
Even though asymptotic solutions still exist and are
given in general form by Theorem 6.1 of Chap. 5
of CL, they are of greatly increased complexity
compared with Eq. (21). The solution matrix @
involves the matrix product of two factors. One of
these is the exponentiation of a nondiagonal matrix,
every element of which is a finite power series in a
negative fractional power of r. The other factor is
a matrix, every element of which is a product of a
power of r times a finite power series in In (r~%). In
this power series every coefficient of each power of
In (r~%) is itself an infinite power series in a fractional
power of r. Again a theorem exists relating this formal
asymptotic solution to an actual solution.

It might appear that the complexity here is so great
that nothing further can be done. However, n = 6
presents an interesting exception. The involved form
for @ just mentioned could simplify by accident in a
given instance and this is precisely what happens for
n = 6. By putting » = ¢} and z = -1, we may write
Eq. (18) as

(23)

yll = Y2,

’ k2 I(l + 1) —iA (n/2)—3 3
I e §e— o iy s e — R
Yz ( i m ig* ))’1 L

3% In particular, rather than the usual asymptotic series in inverse
powers of cosh x, for large x, which is commonly given in the
literature, the series derived is a power series in ¢* See N. W.
McLachlan, Theory and Applications of Mathieu Functions (Oxford
University Press, Oxford, 1947).

3¢ Near the origin, Eq. (22) involves large terms which diverge at
r = Q. These terms analytically cancel, but they cause great trouble
when numerical methods are used. Because the solution (21) is only
asymptotic, it cannot be used satisfactorily to obtain a numerical
start far enough away from the origin to render the divergent type
terms harmless.
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Thus, for n = 6,

a =0,
- 0 1
A(Z) = _%[k22~3 —- l(l + 1)2—2 — gze—t'A] —— ..é. ’
L 2z
(24)
o 1
A(OO) = —1g2e-z‘A 0 :

This is just the form of 4(o0) required for the simpler
type of solution in Eq. (20). However, in this case the
argument of the solution is not r, but r% The reason
we could not obtain this solution before is that
Theorem 2.1 in CL gives sufficient, but not necessary,
conditions on A(z) in order that the solution be of the
form of Eq. (20).
If we make the general substitution

¢i(r) = i exp [ 2g > e»iA/zrl—(nﬂ):}x(r)’ (25)

and then put r = ¢2/(*=3) we can obtain the general
equation corresponding to Eq. (22), which is

2 A
1" + | = e—zA/Zt—z] '
7 L +——¢ z
2
+ (—2—) [W - %]x =0, (26)
n— t
where
A=l D+ (——1) and 6=2=2"
n—2"
We see that ¢ is an integer only forn =4 or6,and a

trial solution of the form of Eq. (23) will produce a
formal solution which, in fact, is not convergent.

Even though for all other n awkward solutions
occur, it is always possible to obtain the first two
terms of x in Eq. (25). From Eq. (26) we easily find
that, as 1 —Q,

A
t) ~ 1 + - e‘Af2t
x g(n — 2)

~14 _ A anmar
gn—2)

Unfortunately, the next terms are likely to be exceed-

ingly complex, as indicated above. Equation (26)

indicates that no other n will produce a formal power

series solution.

IV. SINGULAR YUKAWA POTENTIALS

Potentials of the form
2 A -pr

Vo) =822~ rf 7
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present more difficult problems since even at zero
energy the solutions are not known. However,
by repeating the analysis in Sec. III, we see that
A(o) is unaltered by the presence of e~*". Hence it
is also possible to solve the singular fourth inverse-
power Yukawa by an asymptotic power series. Such
is not the case for n = 6, because the presence of
exp (—uz~%) in A(z) causes it to lose its analytic prop-
erties in the neighborhood of z = .

For any n, however, it is possible to see that the
behavior near the origin is

fim ¢, ~ V=) exp [:;; f V) dr]. (28)
r=0
Note that, because of the rapid oscillation of the
imaginary part of the exponent in Eq. (28), the radial
behavior of the integrand cannot be replaced by
r—"/2. As r—0, V-}(r) may be replaced by r*/%, For
small enough r, it might be supposed that V(r) could
be represented by
2 ,—1A 2 —tA
Vi)~ BE— _HEE

r -t

2

and then the r~"*1 term neglected in the limit r — 0.
This cannot be done for the reason just mentioned.
This nonanalytic type of behavior with respect to the
r~"1 term was first noted by Predazzi and Regge®
for n = 4,

For small enough values of ug and n =4, it is
possible to approximate the S-wave scattering length
by a Green’s function method and then find the correc-
tion due to u. We give the details in the Appendix
which lead to the result (for A < 7)

a = ge AL + 3e7*%(ug) In (ug)l.

V. THE DIRAC EQUATION

As mentioned in the Introduction, Plesset* long
ago sketched the solution for the radial Dirac equation
when the potential was of the form of Eq. (4). It
was not until some time later that Rose and Newton?
pointed out that, as in the Schrodinger case, the
wavefunctions were not usable for physical prob-
lems. This time both attractive and repulsive real poten-
tials are excluded and for the different reason that
unitarity is violated. We refer to their paper for the
detailed statement and proof.

For complex strengths, or for the other uses indi-
cated in Sec. IT, we give the power series solutions to
the two radial Dirac equations. (These were not given
by Plesset.) First we write the two equations for F = rf
and G =rg, where f and g are the two standard

(29)

37 M. E. Rose and R. R. Newton, Phys. Rev. 82, 470 (1951).
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radial Dirac functions for spherically symmetric
potentials®®:

G = —QG-{-((ZI'— V(r))F, a1=E+mcz5
r

(30)
F=2F — (0~ V)G, o5=E — mc.
r
Putting r = z71, we obtain
1
z z z
- Q1
1
F' = _ﬂF+[?_2_I_/(Z_):|G’
z 2% z*
or
. y = z°A(2)y,
with
a=n—2,

~n+1

—n41

A(z) = [ o

azz—n — gZe—iAe—u/z

A( ) [ 0 g2 e—iAi]
o) = .
- g2 e—iA 0

We easily see from the results quoted in Sec. III that,
for n > 2, power series solutions (multiplied by the
appropriate exponential function) result for all n,
even in the case of the Yukawa types.

With the aid of Eq. (31), we see that the solution to
Eq. (30) is of the form

—oyz" + g2 o—id e—ulzj'
2

G = exp [:ﬁ:i j rV(rr) drilH,(r), o
F=Fiexp [:}:i f V() dr]H,(r).

Forming S(r) = H, + H; and D(r) = H, — H, and
substituting Eq. (32) into Eq. (30), we obtain

S+ (g;{:i}.)D:j:i6S=0,
r

(33)
D+ (ﬂ F iz)s + 2V — 8)D = 0,
r

with A = —mc?, = E. Assuming a solution to Egq.
(33) of the form

© ®
S = z smrm’ D= Z dmr(n—1)+m’

m=0 m=0

38 1., I. Schiff, Quantum Mechanics (McGraw-Hill Book Co.
Inc., New York, 1955), Chap. 12.
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we may obtain, specializing to the non-Yukawa case
u=0form<n—2,
owm O
m = (£D)™ — 50,
m!
A
do = i:i g—e'; Sg5
2g
= (;Fl)m-lam—l e [qé ___A___
28 Lm!  (m— 1!
When m = n — 1, we have

Js.,, m>0.

2 iA
Spa = [(il)m*“' F fge :]So:

mg®

A 1gd A
. m——lém—le (q )
Gna = [(:F‘) 28\t T m = 1)t

am . gia
— e g®B g,
agt } o
For m > n, the recursion relations are
ié
i Sm+1 _ (qdm—rx—f-l + I}'dm-f-n)
ite

dm (qs :F lasm-—l)
+ 'itg_g (mdm——'n—H F iadm—n)'

We see that the functions H, and H, are of the form

n~—2 0

Zsmr +_ E Cul™s Cm = Sy + dpy,
2m===n——-1
n»z
—«-zsr + Eemr, €y = 8, — .
2m—-n-1

These series are, of course, asymptotic, not convergent.

We note the interesting feature of Eq. (32): that for
neither attractive nor repulsive potentials do the
solutions go to zero exponentially at the origin; but
rather, they oscillate wildly. This is similar to the
attractive potential case in the Schrédinger equation
and is related to the Klein paradox. This behavior
results from the fact that near the origin a Dirac
particle may have very large momentum and large
negative kinetic energy even when the potential is
strongly repulsive. As is well known, the physical
one-particle interpretation of the Dirac equation must
be altered in such situations.3®

VL. CONCLUSION

There are a number of cases where the use of
singular potentials is of interest physically. In addition,

# J, D. Bjorken and S. Drell, Relativistic Quantum Mechanics
(McGraw-Hill Book Co., Inc., New York, 1964).
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the mathematical behavior of the scattering by singular
potentials is of interest in helping to study the diver-
gences in field theory. In fact, the study of these sin-
gular systems sheds almost the only available light on
what physics could be like if field theory or S-matrix
theory do not have the nice analytic properties
usually conjectured.

For the Schrédinger equation, it was seen that only
r~% and r~® potentials lend themselves to simple
asymptotic representations, while only the singular
Yukawa behaving as e~ r~ has a simple type of
solution. The leading two terms are available in all
cases, but the general form of the solution is, usually,
extremely complicated.

In the Dirac equation, all the potentials considered
are amenable to an asymptotic series solution. In this
case the behavior of repulsive potentials near the
origin differs radically from the nonrelativistic
behavior.
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APPENDIX

For
V(r) = g’ *rt,
the S-wave scattering length is given simply by

a = ge 2 (A1)
To obtain a result for
2~ gt
V(r) = E—T’—*‘ y
¥
we write the radial Schrédinger equation as
" Ze--iA 2e--t‘A _
#-Eg=( -4 (4D

The Green’s function for this equation is made from
the solutions for x = 0, so that

1‘A

G(r,r') = — rr' exp (—ge~ %™
2g
% exp (ge —iA[2 r--l) r < }",
zA/z
G(r,r) = 5 rr’ exp (ge %) (AY)

X exp (—ge %Y, r>r.
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The solution to Eq. (A2) may now be written as

—iA/2

$(r) = o(r) — &2 >

x [ 7 e = 1 exp (g4 ar
0

g e—-iA/ 2

r exp (ge /%)

r exp (—ge A%

xf r=¥e™* — 1) exp (g™ () dr', (Ad)

T

where ¢, = r exp (—ge~**/2r~1) is the solution to the
Schrédinger equation for 4 = 0. The scattering length
is obtained from Eq. (A4) by taking the limit

—iA/2

lim ¢(r) ~ r — ge=id/z — B¢

roo

(r + ge %

X f r~3e™ —1) exp (—ge A N $(r) dr'
0

: ge_iA/z —iain [T s —ur
— lim 5 (r —ge™®| r7e* —1)

r—+o0

x exp (ge %" (') dr', (A5)

and retaining constant terms and terms linear in 7.

If ug is small enough, we may solve Eq. (A5) by
iteration and put ¢(r) = @y(r) inside of the integrals.
This gives us, for small ug, the first correction to
Eq. (Al). We have

—iA/2
lim ¢(r) ~F — ge_m/2 -G (r + ge—z’Alz)

roo 2
x J r~ e — 1) exp (—2ge %) dr
0
. ge—-iA/2 - TA/2 © 120 ~ur’ ’
—~ lim (r— gl r—(e 1dr'. (A6)

As r — o0, it is easy to see that the only term in the
second integral that causes a contribution to the
scattering length is

0
—-f rrdr= -1
r r

The other term falls off exponentially rapidly since it is
essentially the exponential integral. Thus the last
term in Eq. (A6) contributes a constant term §ge=*4/2,
Note that if 4 = 0, this term is not present since it is
cancelled by the first term in the integral. But as long
as u > 0, regardless of how small it is, we obtain this
term.

The first integral in Eq. (A6) has a second part which
is easily integrated:
iA/2

—fwr‘“ exp (—2ge ) dr=—5—, A<
0 2g
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The first part,
f r2exp (—2ge e dr, (A7)
0

is the Laplace transform of r—2exp (—2ge=#4/2p-2),
The result is available from the general result® that

O ptr i b 12 Reb >0
pt, + 1 _—b/(4¢) dt = 2| — K.I(b 3
[T ac=2[ 2 kiemige b 2 0

where K (x) is the modified Bessel function of the
third kind.
So Eq. (A7) becomes

W3 4 iA/4 —iA/4 )
2 €Ky (2¢7(2ug)®).

[\
—

Collecting terms, we have

r—+ o

: i ug J —iAfd —iA/8 3

lim () ~ r| 1 — (—2—)e K (2e- 8 2ug)t) + }]
—iA/2 24 ¥ —3:A/4 —~iA/4 3

- [ge + g(;) e VK (265 Qug))

- %ge—iA/z:(. (AS)

Thus the scattering length is

Lge 8 4 g %ﬂg)% MK (26782 g)&)
£ — (ug)le ™K, 2 (2pg)h)

a =

(A9)

Since for small x, K (x)— 1/x + }xInx 4+ O(x),
we may approximate (A9) by keeping only the first
two terms in the Bessel function expansion to obtain

_ 182 + g(ugle " In [2(2ug)!]
1 — (ug)e™"*In [22ug)})

or, for small enough ug,

a = ge [} + $(ug)e**In (ug)]l, (A10)

which is the expression given in Eq. (29). Due to the
extra term mentioned above, this expression does not
reduce to Eq. (Al) in the limit gg — 0. Thus the
dominant effect of the Yukawa exponential term is to
cut the scattering length in half. This type of behavior
was mentioned in Sec. IV, where it affected the
wavefunction itself.

40 Bateman Manuscript Project, Tables of Integral Transforms
A. Erdelyi, Ed. (McGraw-Hill Book Co., Inc., New York, 1954),
Vol. I,
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The Wick transformation in momentum space is modified to include all scattering energies by use of a
coordinate surface which possesses limited detours into the complex relative energy plane. This device
retains the simple form of the equation for the Bethe-Salpeter amplitude w(p, py). It is shown that the
transformation is valid if y(p, p,) has the cut structure indicated by field theory, and this structure is
shown to be consistent with the Bethe-Salpeter equation provided the interaction ¥(x) satisfies a simple
causality condition. It is further shown that the cut structure of a solution to the transformed equation
can be deduced from the causal structure of the interaction alone without reference to field theory.
Basic properties of the transformed equation are derived and a numerical treatment for purely elastic

scattering is presented.

1. INTRODUCTION

THIS paper will be concerned with the Bethe-
Salpeter equation' for two nonidentical spinless
mesons (“a@” and “b”) of equal mass m interacting
in the ladder diagram approximation via the field of a
third spinless meson of mass w. Principal attention
will be paid to the scattering case in which E, the total
center-of-mass frame emergy, is greater than 2m. In
relative momentum four-space in the center-of-mass
frame the equation will be taken as

1
= yo(p) — — | V(p — dy, (1.1
(@ = vo(p) 5 (p)f (> — My 1.y

where P= (p7 PO)’ n = (ll, 770), and with qz = q2 —_
gah = c =1).
The function of D(p) is

D(p) = [(p + 3E)* + m’ll(p — $E)* + m*] (1.2)

= (p* — K** — E*p}, (13)
k* = (E[2) — m?, (1.4)
Vip—n) =a"p—n®+pT" (15

and, for the scattering case, £ > 2m,
vo(p) = 0%(p — Pin)d(py) (1.6)

with incident center-of-mass momenta
Pin = (pa)in - (pb)in’ (1~7)
[pin] = £; (1.8)

(x), the configuration space amplitude, is to be
related to p(p) by

p(x) = f e Bx—mm gy p) dp, (1.9)

* Work supported in part by the U.S. Atomic Energy Commission.

t All the numerical work and most of the theoretical work in this
paper was performed while the author was a National Science
Foundation Fellow at Massachusetts Institute of Technology in
Cambridge, Mass.

1 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951);
M. Gell-Mann and F. Low, ibid. 84, 350 (1951); J. Schwinger, Proc.
Acad. Sci. U.S. 37, 455 (1951).

and the Feynman convention m —m — ie, yu — y —
i€’ is then understood as the proper way of handling
singularities in 1/[D(p)] and V(p — 7). For the case
of purely elastic scattering, 2m < E < 2m + p,
Schwartz and Zemach? have presented an analysis
of the Bethe-Salpeter equation in the circumstance
considered here and have produced numerical scatter-
ing results. Their approach is related to the previous
work on the bound-state case by Wick® in that, as
Wick, they use the device of rotation to imaginary
values of the relative time variable to produce a
transformed integral equation with the standard
Euclidean metric which is more susceptible to solution
than the nonrotated equation with its Lorentz
metric.2

The treatment of Schwartz and Zemach for elastic
scattering energies differs somewhat from the approach
of Wick in that the former authors perform the
sought-after rotation in configuration space, whereas
the rotation of Wick for the bound state case (E < 2m,
o(p) = 0) is performed primarily in momentum
space, i.e., is primarily concerned with rotation of the
variables p, and 7, in Eq. (1.1). For the scattering case,
the relationship between rotations in these two forms
of the equation is not trivial, as is apparent whenever
calculations in momentum space become a practical
necessity. Thus Schwartz and Zemach are forced to use
a distorted contour in momentum space when
evaluating certain integrals needed to obtain their
numerical results.

We present below a simple method for extending the
Wick rotation in momentum space to scattering
energies. In this modified procedure the necessary

2 C. Schwartz and C. Zemach, Phys. Rev. 141, 1454 (1966). (a)
Recent work on the momentum space aspects of the Bethe-Salpeter
equation appears in the following: A. Pagnamenta and J. G. Taylor,
Phys. Rev. Letters 17, 218 (1966); M. I. Levine, J. A. Wright, and
J. A. Tjon, University of California, preprint (September 1966).

3 G. C. Wick, Phys. Rev. 96, 1124 (1954).
 See Ref. 2, Fig. 2.
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contour distortion presented by Schwartz and
Zemach plays a fundamental role. Many features of the
Bethe-Salpeter equation can be easily demonstrated
for the resulting momentum space representation.
Also, a method of obtaining numerical results in the
elastic energy range from the equation in this form will
be discussed, and some computed values presented
which serve as a rough check on the Schwartz-Zemach
procedure and other more recent calculations.2

2. TRANSFORMATION IN MOMENTUM
SPACE

As an initial step toward transformation of the
Bethe-Salpeter equation in momentum space, one can
refer back to Wick’s analysis (based on the operators
and states of field theory) of the structure of y(p, py)
as a function of complex p,. For E > 2m, as for
E < 2m, the Wick analysis states that w(p, py) is
analytic in p, everywhere except along two cuts. One
cut lies just below the real p, axis extending from
Omin(p) — i€ to +o0 — ie, while the other lies just
above the real axis from wy,,(p) + ie to —o0 + ie,
where (for the mass equal case)

Omin(p) = —0max(p) = (P* + "12)é — EJ2. 2.1

Although this analysis depends on field theory, it can
be shown that the structure implied by Eq. (2.1) is
consistent with the structure of the equation itself, as
will be demonstrated later in this section. The location
of the cuts in y(p, py) is shown in Fig. 1.

For p® > k2, wy;n(p) is positive so that there is a
gap between the two cuts and one can analytically
continue y(p, p,) counterclockwise from the real axis
to the imaginary axis in complex p,, as is indicated in
Fig. 1(a). For p* < k% the two cuts in 9(p, p,) as a
function of p, overlap since then wy;,(p) is negative.
Thus for p? < k* one cannot analytically continue
counterclockwise from the real p, axis to the imaginary
Po axis without encountering singularities in y(p, py),
but one can continue from the real axis to a contour
which follows the imaginary axis except for two
detours around those portions of the cuts which
protrude below and above p, =0, continuing to
®wmin(p) — i€ and —wpy;,(p) + ie, respectively. The
suggested contour for p? < k% is shown in Fig. 1(b),
and will be recognized as the contour that was
introduced by Schwartz and Zemach. Since the
suggested p, contour for consideration of the analytic
continuation of y(p, p,) depends on p?, it is called
C,: . For p* > k2 the contour Cp, is just the imaginary
axis [see Fig. 1(a)]. (The pathology of p? = k? will be
considered in more detail below.)

IN MOMENTUM SPACE 2367
Im(po}
sz
~4_[i(p) _u(l) o)
__________________ Re (p,
a(?l /?(P) °

e e e e —s==Re (p,})

Blp)

{b)

FiG. 1. (a) Cuts in w(p, py) for p? > k? [cuts start at J-a(p) =
+{wmin(p) — ie); arrows indicate continuation in pgl. (b) Cuts in
(P, po) for p2 < k=,

One can now convert Eq. (1.1) into an integral
equation for the analytic continuation of y(p, p,) from
real four-space to a new coordinate surface which
consists of all real values of p, but only those complex
values of p, which lie on C,:. In order that this
conversion be accomplished, one must analytically
continue in p, all terms on the right-hand side of
Eq. (1.1),

1
o ) — — || V(p — dn,d®n (2.2
Yo(Ps Po) D(p)” (r — My dnedn (2.2)

from the real axis to C,., and also one must deform
the 7, contour in Eq. (2.2) from the real axis to the
contour C, for every n.

Consider the first term in Eq. (2.2),

Yo(Ps Po) = *(P — Pin)d(po)- (2.3)

To treat this term consistently, one needs a representa-
tion of d(p,) which exhibits the singular structure
indicated by the Wick analysis. Such a representation
is readily achieved by writing

1 1 1
8(py) = — — ,
(po) Qi (po —ie py+ ie)

where ¢ is positive real and arbitrarily small. With
d(py) in this form, y, has singularities in p, at p, =
+ie. But the points +ie fall in the cut region allowed
by Eq. (2.1) for p® < k%, and hence are avoided by
counterclockwise continuation to C,. for p? < k=2
Since the incident particles are strictly on the “mass
shell” p? = k%, yo(p, po) = 0, if p% # k%, and therefore
the singularities in y4(p, po) With 6(pe) in form Eq. (2.4)
conform to the Wick structure indicated by Eq. (2.1).

(2.4)
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Imip,)

2
Cp? for pi<k?
poles in 1/D{p)

for p2< K? l P
Re (p,)
\ Q poles in ¥, (p, b

Cp? for p2>k?

>0

FiG. 2. Location of poles in 1/D(p) relative to Cp2 (arrows indicate
relocation of poles under € = ¢; — ¢ + f¢,).

Further, if one lets € have an infinitesimal positive
imaginary part € — €; 4 ie,, then the points +/e are
also avoided by the contour rotation p? > k? and all
ambiguity in defining C,. for p? near k2 is eliminated.
With this convention for e, the poles in Eq. (2.4) at
+ /e remain on the same side of the p, contour through-
out and the right-hand side of Eq. (2.4) satisfies

fcf(po) [rhs. of 2.4)] dpy—f(0)  (2.5)

ROBERT M.

SAENGER

in the limit |¢| - 0 whether C is the real axis or C,,
for any p (provided f'is analytic at p, = 0). Note (see
Fig. 2) the convention € — €, + ie,, ic — fe; — €, is a
natural one for relocating poles relative to Cys. Thus,
with Eq. (2.4) and € — ¢ + ies, ¥o(P, o) can be
continued to Cy. for all p and the formal identification
o(P, Po) = 3*(p — Pin)d(p,) can be retained for the
analytically continued v, .
It remains to analytically continue

V(p — nw(n) dne d®n (2.6)

D( p)
in p, from the real axis to C,..
Continuation of the factor

1/D(p) = [(po — )(po + o)(po — B)(po + A, (2.7)

where

ap) = (p* + m2)t — (E[2) — ie, (2.8)

A) = (* + m®)} + (E[2) — ie, (2.9
(—ie is assigned by the Feynman convention and
€ = € + i¢, 18 understood to be available if needed)
is easy since the poles at +f(p) never obstruct
continuation [note Im (8) < 0, Re (f) > 0)] while
a(p) and —a(p) lie at wpy;n(p) — i and —wy(p) +

path of path of
poles at : path of poles ot
1 4 1
N (ST Imify,n) py+{(p- 0y’
! ;
] 1
1 ]
i :
: :
! !
! .
: 1 i
13
Lee, Cn2 Lo,
_—"'—lﬁ p =0 Tj
e e )
[(p nf+p ] [( -n)+p z
@
Cp Cnp
Im{py, 10 Imlpgimg)
poles in V(p-n) at
T . ]
p *[(p_n)zwz]!
Cp2 i
—&t by
= — - Relp,,n,)
] M e E A
—
€ $———-- '
Re (po.no)

©

FiG. 3 (a), (b), (c). (See legend opposite.)
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ie, respectively, and hence are specifically avoided by
C,: [see Fig. 1(b)}.

Finally, as we now show, simultaneous continua-
tion in p, and deformation of the 7, contour in the
term

f f V(p — )p(n,n0) dng dn = T(p)  (2.10)

can be accomplished in the manner presented by Wick
for the bound-state case.® In order to simplify the
discussion of this process, one may consider trans-
formation of the #, contour for the special value of
Po =0 which lies on both the real axis and Cp..
Subsequently, one can consider analytic continuation
of this transformed integral to all p, on Cp..

It is established by assumption of the Wick structure
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that singularities in y(n, 7,) will not interfere with 7,
contour deformation from the real axis (counter-
clockwise) to C,.. That the poles in V(p — n) at
+[(p — n)? + w2}} will not interfere with the desired
rotation is illustrated in Fig. 3(a). Hence, the %,
contour change is valid for p, = 0. Now one wants
to move p, from p, = 0 along C., thus analytically
continuing the transformed integral

f y(n, 1) drjo
Cy? (p—n)* + (p, — 770)2 + Ho

(2.11)

to all p, on C:. This process of analytic continuation
can be taken trivially under the integral sign provided
the poles at r, = py + [(p — m)® + u2]? never cross
the contour C,:. The two paths followed by these

Im(ﬁo,'qo)
poles at . poles in V{p-n} uit
3 1
wlotol o, ] et
~‘.- (] P b ‘§§~~
~\ \ = \
rd e? efemleardte .)-o- S - ) b Relp,, n,)
wick “cut In ¥i{p, p,) Wick cut in x}'(n,qo) o e
Y]
Cpz-B=Dz Cpa-A €2
Co? Cp2+A Cp2+24A
. i

oEe—te m2) +ie
et ali

X
: = E:!E—(psgfma)z =0

: SO |
Pere-i enti o,

; \£/2~(o§+m2}2 =-A-4,

®

Esp(tem-iere

~=z

12

SO .

M(p%)+i€ +A
T TNl

-~

: 1
| E/2-(p*+m?)Psicre,
M

: o S
(4]

Cpat+24 Co2+h

Fi1c. 3. (a) Continuation of T(p, po) by moving p, from pe = 0 along Cp2. All 73, contours have previously been deformed to Cp? after
using u — p — i€ to locate poles in W{p ~ #). (b) Continuation along Cp Arrows are of length M(n?) — M(p®). (In the lower half plane
the arrows would point in the opposite direction.) (¢) Separation between 7, on Ca? and poles in ¥ for E < 2m 4+ u. Arrow is of length
{lp — m)® + pF — M(p*) — M(n2)}. (d) Continuation of T(p, po) up to the Wick cuts in y(p, po). Arrow length is M(n?) — M(D?). (¢)
Shifting the p, contour for a specific p, p* < &2, in steps of size A through the first and third quadrants. Shaded area indicates initial strip of
analyticity in T(p, pg) for this p. [The validity of the procedure shown here is generally independent of small details in contour shape. How-
ever, two criteria must be satisfied: (1) The maximum horizontal separation between any two of the original or shifted contours, e.g., Cpz
and Cn2, must be given by the difference between their maximum real part extensions, |M(p?) — M(n®)|. (2) In shifting horizontally from
Cpt to Cp2 + A, some points on Cp? may be displaced less than A but none may be displaced more than A. These criteria are easy to meet,
as the above choice of linearly segmented contours demonstrates.] (f) Shifting the p, contour for a specific p, pi>p> pf, == k2, in steps of
size A, through the left-half plane. Shading indicates initial strip of analyticity in T(p, po). [The criteria mentioned under Fig. 3(e) are again

observed.]
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poles as p, moves along C,, are shown in Fig, 3(a).
Defining M(p?) to be the maximum real part extension
of C‘,z )

M@) =0 if p*> &,
2.12)

M@ = 3E— (B + md)t if p2 <K

it will be seen from Fig. 3(a) that the poles in question
always stay on the same respective sides of C
(although they may come infinitesimally close to it)
provided

(@ — 02 + w21 > [M@H — M@?)| (2.132)

for all p and n. If p* and n? are greater than k2, Eq.
(2.13a) holds trivially and rotation is possible as in
the bound-state case. Now consider n? < p?, n? < k?
(the case p> < n?, p* < k? will be covered by sym-
metry). Then, Eq. (2.132) becomes

[(@ — 0 + @21} > 3E — (0 + m?) — M(p?).
(2.14)
But M(p) > 0, so it suffices to show

[(p — m)2 + u2)t > E — (02 + m®)t.  (2.15)

Since
[0 —n)? + w2 > u (2.16)
and (n? + mz)i > m, it suffices that
u>32E—m or E<2m+2u. (217

Thus, Eq. (2.13) is easily verifiable if E is less than the
energy necessary to produce two real mesons of mass
4 by inelastic scattering. To show Eq. (2.14) holds
for arbitrary E, note

M) 2> E — (p* + md)t
for all p, so Eq. (2.14) follows if
[ — 0P + w2t > (GE — (02 + m?)?)

— 3E ~ (p* + md}), (2.19)

(2.18)

ie., if
[(p — )2 + p2lt > (p2 + m®F — (02 + m2)t, (2.19b)
for all n® < k% and p? > n?, and Eq. (2.14) certainly

follows if Eq. (2.19b) can be shown for arbitrary
n, p. Setting w = |p|, e = |n|, then

il [(p—n?+ > le—wl, (2200
wialiie
@ + mt — @ + mAt |6 + mA — (@ + mD)}
_ Iwz _— e2|
W+ m)E £ (¢ + mD)
2 _ 2
<M=, (2.20b)

wte
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verifying Eq. (2.19b). [Inequality (2.19b) has been
fully considered in the general context of Fourier
transforms and causality by Dyson.? The relationship
of causality to the Bethe-Salpeter equation will be
emphasized below.]

In a manner analogous to Wick’s rotation, one can
now continue 7(p) in Eq. (2.10) to any p, which lies
in the region swept by counterclockwise contour
deformation from the real p, axis to C,.: Call the
partially deformed contour C; [as shown in Fig. 3(b)].
For each n in Eq. (2.10), deform the %, contour from
the real axis to a contour C,, horizontally displaced
from C; by M(n) — M(p) as shown in Fig. 3(b).
Finally, Eq. (2.10) with this choice of 7, contours can
be continued in p, along C; in the manner just
considered for continuation, Eq. (2.11), along C,..
Thus the extension of the Wick rotation in momentum
space to all values of E greater than 2m is complete.

It is significant to note there are circumstances
under which C,; will never come infinitesimally close
to the poles in ¥{(p — #) for p, on C,.. As shown in
Fig. 3(c), such separation will occur if

[(p — ) + 41 > M(p®) + M(n®) (2.13b)

for all p, n, and thus will occur if 4 > (3E — m) +
(3E—m)=E — 2m, or E < 2m + u. This will be
recognized as the energy restriction for purely elastic
scattering and the momentum-space transformation
in this case corresponds to the transformation of
Schwartz and Zemach in configuration space.

The transformed equation reads

¥(p, po) = O°(p — Pin)d(py)

1
_— Vip — dn, d®n, (2.21
D(p) ffo ) (p — my(n) dno d'n, (2.21)

valid for all real p and all p, on C,;. for any value of
E>2m.

A. Singularities in the Transformed Equation

The advantage of transforming to the new coordi-
nate surface is that the singularities in 1/D(p) and
V(p — =) which occur in Eq. (1.1) over an unbounded
region of real four-space are now confined to a limited
region on the new coordinate surface. Singularities in
1/D(p) only occur when the contour C,s touches one
of the poles in 1/D(p, p,) at

Po = £((0* + mD}t — LE — i¢)
and
Po = £((0* + m)t + }E — ie).

But the latter set of poles are never touched by Cps

® F. J. Dyson, Phys. Rev. 110, 1470 (1958).
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(see Fig. 1), while the former are only touched for
p* < k% by the “detour” segments of C,. Thus,
outside the limited region of detour on the transformed
coordinate surface, 1/D(p) is free of singularity and
vanishes as (1/p)* as p* — 0.

Now consider singularities in 7, in V(p — ) for
fixed p, on C,.. As discussed above, poles occur at
i = po & [(p — n)% + 2. In order for these poles
to touch C,. at some 7, it must be that Im (5,) =
Im (p,) = 0, i.e., p, must be zero (p* > k%) or on a
detour section of C, with p* < k? and 7, must be
similarly restricted. Now for p? > k%, inequality
(2.13a) excludes the possibility of C,s touching a
pole. By symmetry, no poles can be touched if
n? > k2 Thus, singularities can only occur in V(p —
), when p? < k2, n? < k2, and p, and 7, are on the
detour portions of C, and C,., respectively. In the
limit p? — co outside the region of detour, ¥(p — )
vanishes as (4/#?)- (1/p)? for any fixed #. [It has
already been commented that for E < 2m 4 g,
V(p — ) is completely free of singularity on the whole
coordinate surface.] The regularity of 1/D(p) and
V(p' — ') away from p* < k%, Im (py) = Im (70) = 0
allows one to form an intuitive picture of the trans-
formed equation. Asymptotically, it is the same regular
equation considered by Wick for E < 2m.

Since for most of the coordinate surface, p, and 7,
are purely imaginary, it is useful to write the trans-
formed equation in terms of rotated coordinates

po=pli, P'=@®p) P*=p+p’ (222
with analogous definitions for g, 7', 7% Writing
¥'(p') = iy(p) and noting d(p,) = d(ipy) = —id(py),
Eq. (2.21) becomes
Y (') = &(p — puwd(pr)

]' 7 ! ! ! ?
+ = f f V(e =)' () dng d'n,  (2.23)
b JJ,, ,
n
with
D(p') = (p"* — K" + E"py’, (2.24)
V' —7) = A= (0" — ') + T (2.25)
Cj» is C,. rotated clockwise by 90°. The complex p’
coordinate surface on which Eq. (2.23) applies can be

sketched in terms of |p|, Re(py), and Im (p;) as
shown in Fig. 4.

B. The Wick Frequency Assumption—Causality

It should be noted that the ability to make the
contour transformations in complex p,, #,, demon-
strated above, only depends on the Wick frequency
analysis (based on field theory) through the assump-
tion that y(m, n,) in Eq. (1.1) has the structure
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Im(py)

REAL FOUR-SPACE

F1G. 4. Transformed coordinate surface.

indicated by Eq. (2.1). But the only assumption really
needed is that p(n, 7,) be analytic in the region swept
by counterclockwise deformation of the %, contour
from the real axis to C,:. The demonstrated ability to
continue the right-hand side of Eq. (1.1) in complex p,
throughout the region of contour distortion between
the real axis and C,., proves that this structure, which
was assumed for y(n, 7,), although suggested by field
theory, is fundamentaily consistent with the structure
of Eq. (L.1).

One may go further and ask whether the full Wick
structure implied by Eq. (2.1) can be shown consistent
with the structure of Eq. (1.1) in this way. The above
analysis has shown that y(p, p;) and 1/D(p) are
consistent with Eq. (2.1). It remains to show that

T(p) = f f V(p — nyp(n) dn

can be continued throughout the complex p, plane up
to the cuts described by Eq. (2.1), assuming that
y(n, 7,) has the cuts described by Eq. (2.1) in complex
No-

As illustrated in Fig. 3(d), the required continua-
tion, accompanied by the appropriate #, contour
distortion, can be accomplished if

[P — m)2 + p2t > [(p? + mD)t — (0% + m2)}|
(2.19)

for all p, n. (One first chooses the path of p, continua-
tion C;, then deforms the 7, path of integration to
C,p for each n, and finally continues p, along C,.)
But this inequality is equivalent to inequality (2.19b).
Thus, not surprisingly, ability to perform the p,, 7,
contour transformations in Eq. (1.1) for arbitrary E
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follows from the consistence of Eq. (1.1) with the
structural requirements of Eq. (2.1) for all p. It is
significant to note that in the above proof of this
consistency, as indicated by Eq. (2.20a), it suffices
that V satisfies a simple condition: ¥(q, ¢,) can only
have singularities in g, which are at (r — ie) and/or
—(r — i€’), where r is real and r > [q|. In configura-
tion space, r > q implies that V(x, x,) for x, > 0 and
x¢ < 0 is a superposition of waves which move with a
velocity less than or equal to 1, the velocity of light.
This inequality places a very strong restriction on V
since it must be satisfied for all q. On the other hand,
as indicated by Eq. (2.16), for the restricted range
E < 2m + 2u, the contour transformation to C,.
proposed here only requires r > u, i.e., that V(x, x,)
have x, frequencies greater than u for x, > 0, and less
than — u for x4 < 0 (“causality’” need only be obeyed
for |q] < w).

One naturally asks whether the cut structure of %
can be deduced from the Bethe-Salpeter equation
alone without reference to field theory. Toward this
end, note that if y is a solution to the transformed
Eq. (2.21), then the known separation of the poles in
V(p — n) from 7, on C,;: indicates that

T(p, po) = f f CngV(p — 1)) d'n,

appearing in Eq. (2.21) will be an analytic function
of p, at least within a strip about C,: [see Fig. 3(e)]
of half-width

A, = min (((p — 0)* + w71} — M@ — M@)))
> min_ (I(p ~ ) + 4P

n2 <k?2,p2 <k?
—10* + m) — @ + mA) =4 >0.
[A closer inspection shows that

A= (k2 + (m+ wt — (k2 + mL]

But noting the analytic structure of 1/D(p, p,), Eq.
(2.21) shows that y(p, p,) can be continued in p,
(for any p) to the right in the upper-half plane (and/or
left in the lower half) through a distance A from C,.
to “C,e + A,” where A is independent of p. Then
putting p, on C,s + A, and noting that the trans-
formed equation indicates u(p, p,) ~ O(1/p8) as
Poli & £ © on Cye, one can deform all the 7, contours
in Eq. (2.21) from C,. to C;s + A. Now one can
repeat the argument and continue (p, po) to C,s +
ZA, Cpa + 3A, ete.

If, however, one applies this procedure to the left
in both upper- and lower-half planes [see Fig. 3(f)],
one cannot continue y(p,p,) through the poles in
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1/D(p, py). For any p? such that these poles are
encountered, the shifted contour must detour around
them. One thus “discovers™ the Wick cuts in y(p, po).
As one shifts successively to the left, adding detours
at each step [Fig. 3(f)], the length A, through which
one can move the nonobstructed parts of all the p,
contours in the ith shift decreases as i increases. After
i — 1 shifts, the p, contours in the upper-half plane
must detour whenever p? < p?_,, where
i—1 2
Ba= (B2 +3A) —mt>pha> > g=k
Thus
A. =

=, min e~ n)? + 221
— | + m)t — @ + m)
<A< <A =A.
[More specifically,
A, = (02, + (m+ At — (02, + mA})

However, since A; is bounded away from zero for
any possible bound on

the process of continuation illustrated in Fig. 3(f) can
be extended throughout the left-half plane (and
similarly throughout the right one) despite the
decreases in A,. Thus, any solution of the transformed
equation which has the asymptotic behavior indicated
by the equation itself must have the analytic structure
indicated by field theory.

One notes again that the full Wick cut structure only
results if ¥ possesses the complete causal structure
indicated by Eq. (2.19¢).

C. Properties of 1/D(p")—Relationship to
Nonrelativistic Theory

As in the case of the nonrelativistic scattering equa-
tion, many important features of Eq. (2.23) are
determiined by properties of the factor 1/D(p’) [see
Egs. (2.7)-(2.9)] which can be written

1 1

D)  4EQF + m®)

1 ( 1 1 )
X | —=i -
[ﬂ(p) Py — if(®)  po + iB(p)
«(p) \po —ix(p) po+ ia(p))]' '
This expression corresponds to the nonrelativistic
term 1/(p? — k?), and noting that

a(p) - B(p) = p* — k*

(2.28)
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one can write Eq. (2.27) in analogy to the non-
relativistic factor:

[DE)HI™ = (p* — K»7* - d(0®, py),
where, with w(p) = (p? + m2)},

d®’, py) = (4E)"([«(p)/o(P)]i{[p; — BT

= [po + @I} — [BO)/e(p)]

x i{lpg — i@ [pg + ix@ID. (2.30)
Now note that at p? = k2, the following hold: & =
Ef2, a(p) = —ie—0, f(p) = E — ie — E, and thus

d(k*, pg) = (4EY{(—i€/E)2il(p; — €)™
— (ps + i)™= 2il(ps — ©)"
—(po + 71} (2.31a)
— —(i[2B)l(p; — & — (pg + &7']. (2:31b)
Setting € = ¢, + i¢,, ¢, — 0, and taking C;. as the
real axis (see Fig. 2),
d(k*, pg) > —G2E)[(py — iex)™ — (g + fea) "],
(2.32)

(2.29)

so that, with arbitrarily small |¢] understood,
d(k%, po) = (w|E)S(py).
Now using the familiar formula
P — Kt = P(p® — kB + ind(p® — k), (2.34)
one has®

L~ P agt o) + T o6 — k300
D(p’) p—k E (2.35)

It is easy to check that d(p?, p) is a real factor in the
sense that integrals of the sort § Cp. U(py) d(p?, p;) dp,
will be real if U*(p;) = U(p;*) and U is analytic on

»2. Thus Eq. (2.35) effectively splits [D(p")]! into
real and imaginary parts in analogy to Eq. (2.34) for
the nonrelativistic case.

Equations (2.29) and (2.30) can be used to obtain
the nonrelativistic limit of [D(p")]"t. Note one can
consider the nonrelativistic limit to correspond to the
limit m — E[2 — oo for fixed k, since this implies
mc D mv, i.e., ¢ > v where v is the incident particle
velocity. But then for any finite p?,

o(p) = [E[2* + (p* — kD]t — E[2
— (p* — KH/E—0,
B(p)—2m— E, w(p)—m— E|2,
so that, very much in the manner just considered,
i 1 1
d(pﬁp)—»i( e ) (2.36)
* 2E\py —ia(p)  pj + ix(p)

¢ This result corresponds to Schwartz and Zemach’s equation
(3.11) in Ref. 2.

(2.33)
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in the limit £ — o0, k fixed. Note that although «(p)
becomes a negative infinitesimal for p? < k%, the
contour Cj, specifically detours for p? < &2 so that the
poles in Eq. (2.36) at Lix(p) stay on the same side of

12 for p? < k? as for p* > k2 when a(p) > 0. Thus in
Eq. (2.36), a(p) can be treated as a positive (real)
infinitesimal for all finite p?, giving

d/(p*, po) — m/Ed(p;) (2.37)

and
n_,m_ 1 ,
1/D(p’) — Ep R o(p)
in the nonrelativistic limit E— oo, k fixed.?
Having analyzed the location of the poles in
d(p?, p,) in detail, note that Eq. (2.35) and Eq. (2.38)
can be derived simply by writing

1 __ 1
by  (* -

(2.38)

oy p(p"%, po)s
where

12y _1_ (p’2 - kz)/E
101 = ;[ = e+ 78)
and p(p'?, p;) — w|Ed(p,) for p'? — k? = ¢, — 0, or
E — oo by inspection.
Finally, Eqs. (1.1), (2.29), and (2.33) yield a simple
derivation of the scattering amplitude. Setting

p(x) = feﬂp'x”p"“"’w(p) d'p
and using Eq. (1.1),

. . 1
P(x, 0) = ePu™ — § f e | ——
D(p)
x f V(p — n) d' dpy d'p.
Rotating contours in the manner introduced above,
using '(n') = ip(n) and inserting Eq. (2.29) for
1/D(p"),

p(x, 0) = ¥ + f e

(2.39)

1
p2__k2

( L, a(®*, po)  T'(p> p5) dp{,) d’p (2.40)
p2

with
T'(p) = f f V' — 7)) dnydn = T(p).
't (2.41)

Now it is well known from studies of nonrelativistic
scattering that in the limit |x| — oo,

[T ewan @R, @4

? Again the result agrees with Schwartz and Zemach’s equations
(4.2) and (4.6).
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where R = |x|, frefers to the x direction, and f(£2,) =
272Q(p,) with p, = kX. But the second term on the
right of Eq. (2.40) is precisely of the form of the
term on the left in Eq. (2.42), so that the usual non-
relativistic analysis yields® for xy = 0, [x| - o

p(x, 0) — e 4 f (Qf)eikR/R, (2.43)
where
1@ = a0, 5Ty, 20 dri
¥
= f T (o) T' (B, PY) dpi (2.44)
o2 E

= (27°|E)T'(p;, 0) = 27°[E)T"(p,).

3. A METHOD OF APPROXIMATE SOLUTION

Since the method to be presented here does not
produce highly precise results but does serve as a
rough check on other methods, the following discus-
sion is brief.? Outside the restricted region of
detours in the coordinate surface, Eq. (2.23) indicates
that |y’(p")| will vanish rapidly as p” — oo. Specifically,
1/D(p") will vanish as |1/p’|*, while

't 4 — A
T = fo T

should vanish as 1/[p’|? (assuming the integral over #’
is amply convergent). Thus in the limit |p’| — oo one
expects |¢'(p')] to vanish as 1/]p'|® (reinforcing the
assumption that the integral for T” is amply conver-
gent). This fact suggests that one can obtain good
approximations to ¥'(p, p;) by solving a cutoff version
of Eq. (2.23), i.e., by considering the restriction of
Eq. (2.23) to a large sphere of radius A > k in p’,
%’ four-space. For E < 2m + u it has been com-
mented that V(p" — #’) is never singular for p’ and »’
on the coordinate surface. Then for p’ and % within a
finite cutoff sphere, ¥(p’ — #') can be well approxi-
mated by a finite sum of separable potentials. Thus in
the elastic scattering range one can take

S v () dy

V' —n) =~ E ; Z VigiIpl. po)giinl, no)P(B)P,(R),
(3.1)

where V), are real and g, are real for real p’ and
analytic on the whole coordinate surface. But with the
right-hand side of (3.1) substituted for ¥ in Eq. (2.23),
the new equation is as easy to solve as the non-

8 This result has been previously -obtained via analysis of the
Fourier transform of 1/D [see Ref. 2, and A. R. Swiftand B. W. Lee,
J. Math. Phys. 5, 908 (1964)). Momentum space arguments allow
particular rigor in the elastic range because of the known analyticity
of V(p’ — 1) and T'(p’) (see Ref. 9).

$ R. M. Saenger, Ph.D. thesis, Massachusetts Institute of
Technology (1966).
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relativistic equation with a finite sum of (three
dimensions) separable potentials. Using matrix algebra
analogous to the nonrelativistic case, setting

£©Q) = SHPG); fi=2 2l

and with Eq. (2.35) for Im [1/D(p’ )], one finds
tan 8, = {(2=°k)/[(21 + DERGV(I — UVHG,,
(3.2)
(with all factors real so elastic unitarity is valid)
where matrix notation is used; G is a column matrix:

(Gl)a‘,l = g;(k’ 0)’ Iu = 6

i

¢ sin §,

and

D()

The range of ¢’ integration in Eq. (3.3) is limited to the
interior of the cutoff sphere of radius A.

One method of getting an approximation to V of
form Eq. (3.1) inside a sphere of radius A, is to take a
least-square polynomial fit to (1 + x¥)7* on the
interval —2A, < x < 2A,, ie.,

1 2y¢
[1 +x _—tzC(x)

Then in units such that ,u =1,

V(' —7) =l E Gl — )

3.4)

for p', »’ inside a sphere of radius A,.
Now one can expand

@ —n)= EP iz’ 3 AL (0D (D0,
e 3.5)
§59=10,1,--, i —j],
yir=0,1,--,i—j—25;i—j—2s,
and since
E
2 = SaiP@) - 3 a,PHPW,
one has
Ny 1 Ny
= Z P(p)p'P,(B)n’ 2 2 Vigdpo's D' 1),
B (3.6)

where g.(¢'%,¢;’) belong to the set of functions
(9’2)’(982)t for r=0,1,---, [(M —Dj2] and s =
0,1,---, M — 1 — 2. The dimension of V?is Ny,_,,
where N, = ([g/2] + I)(g + 1 — [g/2].

The constants ¥}, can be expressed in terms of the
constants C;, 4} ., and a;; by simple arithmetic.
The requ1red operations for evaluating V! can be
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carried out rapidly by machine. Also, the integrals
U}, can be done in closed form and expression Eq.
(3.2) for tan 0, evaluated by machine.?

To investigate convergence as a function of the
cutoff A, the fit to ¥ was kept fixed with A, = 4.0 and
polynomial degree M = 10. The resulting tan ¢, was
evaluated for several values of A up to and including
A, . Convergence as a function of M was investigated
by setting A = A, = A, and varying M up to 10.
To standardize this procedure, A,;, was chosen to
satisfy (AZ;, — k?)? = E2A2, ,sincethen |p’| = Apiq
roughly marks the beginning of the asymptotic region
of 1/D(p").

From the results with variable A and fixed M,
an estimate was made of the error incurred by cutting
off the equation at A = A, . The results with A =
Apip and variable M were used to estimate the precise
cutoff result at A = Ap;,. Finally, the estimated
result at A = A,;, was combined with the estimated
error due to cutoff to give an estimate of the non-
approximated result. This scheme was only carried
out fully for m=u =1, /=0. The results for
A =1, k? = 0.4 are listed in Table I. The estimated
value of E[2k tan §, for Eq. (2.21) cutoff at A =
Apin = 2.52 is 3.4 £ 0.2. The estimated error due to
this cutoff is —0.2. Thus, with generous allowance
for possible error, one can set Ef2k tan §, = 3.6 £+

TasLe 1. Computed values of (Ef2k) tan 6, at
k=04,i=1,m=pu=1,

Values for variable M

Values for variable A with M = 10 at A = Apin
A

(E[2k) tan d, M (E|2k) tan 6,
Ampin = 2.52 3.133 7 3.149
3.0 3.219 8 3.208
35 3.266 9 3.268
3.75 3.280 10 3.312
4.0 3.290
Limit 332 £0.03 Limit 34 +£0.2
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0.4. Schwartz and Zemach find for this same case
E[2k tan ¢, = 3.5640 £ 0.0002.

The principal difficulty in the approach used here
in that polynomial fits to (1 4+ x%)~! are difficult to
handle numerically. Thus the degree of convergence
was not great, and in some cases it was nonexistent.
The method worked best at k* = 0 where for the
least positive bound state 4 it yielded 0.765 + 0.021,
whereas Schwartz and Zemach find a value of 0.76222.

4. CONCLUSION

The principal advantage of viewing the Bethe—
Salpeter equation in momentum space is that 1/D(p)
and V(p — 7) have a simple algebraic form, in sharp
contrast to the form of their transforms in configura-
tion space. The only difficulty with these functions in
momentum space is the abundance of poles they
possess due to the Lorentz metric. By making the
modified Wick rotation suggested here one does not
eliminate these singularities, but one does restrict
their occurrence in the equation to a bounded region.
All remaining singularities must be considered
carefully in order to arrive at meaningful results. This
has only been attempted here for purely elastic
scattering £ < 2m + u where only singularities in
1/D(p) must be considered. For higher values of E
the task of analysis is more complex. However, the
technique of modified rotation, in that it minimizes
the added complexity, and emphasizes the simple
analytic structure of the equation for all values of E,
should provide a useful point of view for further
analysis.
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A formulation of the notion of a Cartesian basis for a vector space suitably adapted to the local
differential vector space at a space-time point leads to this description of and derivation for the law of
motion of a mass point: There exists a class of equivalent 4-dimensional Cartesian frames in which the
trajectory is a straight line, the velocity being constant along the trajectory. The lived-in coordinate
system, in which the trajectory is in general not a straight line, is in general not a Cartesian coordinate
system. The equation for the motion of the point is purely a statement of differential geometry—an
integrability condition—and the forces which are responsible for the deviation from constant velocity are
immediately derivable from the metric tensor of the non-Cartesian system. The equation of motion and
the relations among dynamical variables are more relativistic than Newtonian, but the metric tensor is
positive definite; no indefinite metric is needed. A Newtonian equation of motion is an approximation
based on small velocity and it covers the general case of motion in a noninertial system in an external
field of force. Intrinsic mass is identified as a constant of the motion and, although the relevancy of mass
is somewhat limited in this description of the motion of a single point in an immutable force field, it is
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seen that the effective mass of the point contains a contribution by the potential energy.

HE mathematics of differential forms is well-
established in the expression of analytical me-
chanics. Aptly described as intrinsic tensor analysis, it
has been applied to relativity theory.! The connotation
intrinsic suggests the freedom and consequent inci-
siveness of the mathematical technique, by virtue of
which it has been used with great efficiency in the
presentation of Hamiltonian theory in mechanics
and in the restatement of electromagnetic and relativ-
istic equations. In this paper, the theory of differential
forms—exterior calculus—is used from the start in the
formulation of kinematics, which is the differential
geometry of space-time. The beginning is a trajectory
in 3-dimensional space. A trajectory is a flow line
through tangent vectors attached to each point of the
3-dimensional space. A tangent vector is a vector in a
tangent space attached to each point of the 3-dimen-
sional space. It is easy enough to recall how it has been
done. In 3-dimensional space, one sets up, following
Gibbs, three-unit orthogonal vectors (i, j, k) at each
point (x, y, z). A tangent vector is a linear combina-
tion (ai 4+ bj + ck). If the coefficients (a, b, ¢) are
functions of (x, y, z), then one has a vector field over
the 3-dimensional space.
Now it is a matter of experience that a richer treat-

1 C. W. Misnerand J. A. Wheeler, Ann. Phys. (N.Y.) 2, 525 (1957);
reprinted in J. A. Wheeler, Geometrodynamics (Academic Press Inc.,
New York, 1962). There are many references to the literature of
modern differential geometry and differential forms in the paper.
Later publications are: H. Flanders, Differential Forms (Academic
Press Inc., New York, 1963); and S. Sternberg, Lectures on Differ-
ential Geometry (Prentice-Hall, Inc., New York, 1964). A compre-
hensive treatment of classical mechanics in the framework of
differential forms without the explicit use of exterior calculus is
given in L. A. Pars, 4 Treatise on Analytical Dynamics (John Wiley
& Sons, Inc., New York, 1965).

ment of kinematics results from the introduction of
time as a fourth coordinate. (Originally, it was
simply the parameter to describe the 1-dimensional
trajectory.) Given, then, a 4-dimensional space, how
does one set up the tangent space? The answer to that
question is the theory of differential forms and the
development of exterior calculus. The (i, j, k) system
is then seen to be an abridged version of a more
general description of local structure. A naive exten-
sion of it would involve an overcommitment. It turns
out to be rather unappealing to establish a tangent
space at each space-time point based on a tetrad of
vectors (i, %, i,, i), orthogonal or oblique. It is
better to re-examine the notion of a Cartesian co-
ordinate system and then to show that there does
exist a 4-dimensional coordinate system, not (x,?),
which can be established as Cartesian. In the Cartesian
coordinate system, there is no dynamics beyond the kin-
ematics: the trajectory tangent vector has unchanged
components along the Cartesian axes from point to
point. In the 4-dimensional Cartesian system the
trajectory is a straight line. In the (x,¢) system, a
non-Cartesian system, the trajectory is described as
curved—the deviation from straightness being attrib-
uted to forces, the forces now clearly ascribable to
the geometry. It remains true that there is no dynamics
beyond the kinematics.

Since the notion of Cartesian equivalence is basic to
this theory, it seems best to review that part of the
theory of linear vector spaces which leads to the
notion. This is done in the first section. Following that,
the theory of differential forms and exterior calculus,
as used in this paper, is developed. By this means
the subject of kinematics is taken up.
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1. LINEAR VECTOR SPACES
A. Definitions, Bases

An element of a linear vector space? is denoted by
{x). Here the essential symbolism is the semibracket
| ). The letter inside is merely the tag, the name, for
the particular vector. No arithmetic is to be done
inside the semibracket.® The addition of two vectors
is a vector. Addition is commutative and associative.
There exists a unique vector, the identity element
under addition, called the null vector and denoted
simply by 0. To each vector there is associated a
unique vector—its negative—and the sum of a vector
and its negative is the null vector.

The vector space is defined over a field of scalars
which, for this paper, need be no more than the field
of real numbers. If « is a scalar, « |x) is a vector, and

«[B[x)] = («B) |x),
1]x) = |x),
af|x) + 1y)] = «|x) + «|y),
(@ + B 1x) = alx) + B |x).

A sum Y, a;|x;) with not all «; =0 is called a
linear combination of the set of vectors labeled as
{x,). A finite set of vectors is termed linearly dependent
if there exists a linear combination equal to the null
vector. If such a null linear combination does not
exist, the set is termed linearly independent.

If every vector of the space can be expressed as a
linear combination of a certain set, then that set is
said to span the space. A basis is a linearly independent
set of nonnull vectors which spans the space: If [ef)
is a typical member of a basis, then |x) = Y, |¢")a, for
every vector |x) and, by definition of a basis, the
(a;)’s are uniquely determined by |x). The scalar «, is
called a component of the vector |x) in the particular
basis.

Given one basis, other bases can be constructed.
In fact, every linearly independent set of vectors
may be extended into a basis by augmenting the set
with other vectors of the space. All bases, it then
follows, have the same number of elements. This
number is called the dimension of the space. In this
paper, the relevant vector spaces have finite dimension.

Let |¢%) be a member of a basis. Any vector |x) =
>:leha;. A notation is now introduced which
indicates explicitly that a component is a function
of the particular basis vector and the particular

2 The treatment here, as well as that of multilinear functions later
on, follows that of P. R. Halmos, Finite Dimensional Vector Spaces
(Princeton University Press, Princeton, New Jersey, 1942).

3 The notation is based on that of P. A. M. Dirac, The Principles
of Quantum Mechanics (Oxford University Press, London, 1947).
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vector |x):
o = (ei I JC),
so that

%) = 3 le')e; | %)-

Let the summation convention now be adopted
wherein each repeated index in an expression is to be
summed over the range of the index. Thus

1) = lef)(e; | ).
Now consider the case of an | f7) which is of another
basis:
1) = lef)(e: | f).
The bracket of two basis vectors is called a transforma-

tion amplitude. In the above equation, one may
expand |e’) in terms of | f¥):

1) =119 | e)e: | ), 1)
which forces the conclusion
(fi| M) | f) = o, (2

with 6/ =0 fori# jand 6/ = 1 fori = j.
The particularization of Eq. (1) to the statement

le) = le*)(e; | &)

reveals that
(e;] &) = d}. )]

The transformation amplitude (f; | e) serves to
connect the components of a vector in one basis to its
components in another:

(fi] ) = (fi] €)e; | ).

The assignment of the scalar (e, l x) to every vector
of the space is an example of a linear functional.
Instead of the common functional notation y(x), the
notation (y | x) is used to denote the value of the
functional at the vector |x). A linear functional on a
vector space is an assignment of a scalar to every
vector with the qualification that, if |z) = « |u) +
Blv), then (p|2z)=oa(y|uw + B(y|v). A linear
functional is completely determined by its values on a
basis. That is, if (y|e’) = o and |x) = |€*)g;, then
(y | x) = «';. Thus the linear functional (e, | x) is
completely determined by Eq. (3).

On the set of linear functionals on a vector space,
addition and scalar multiplication may be defined by
means of the condition that the value of a linear
combination of functional is the linear combination
of values. The null linear functional is the assignment
of zero to every vector of the space. In this way, the
set of linear functionals on a vector space itself
becomes a vector space. The elements of this vector
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space, called the dual vector space, are denoted by
(u|, where the value of the functional (x| at a point |x)
is (u [ x). A basis is evident as the set of (e,| for the
following.

(i) The set is linearly independent: if a'(e;|x) =0
for all [x), then, for |x) = |é%),
= a'(e; | ) = o',
(it) The set spans the space, for
0|0 =] e)e | x) = (e | ).

The two bases |¢) and (e] are called dual bases;
corresponding bdsis vectors are given the same letter
tag with superior indices for the one case and inferior
indices for the other. Any vector of the dual space can
be written as (x| = (x|e’)(e]. Here the bracket
notation has been extended to the dual space. The
extension of the bracket symbol allows the definition
of the bracket of two arbitrary vectors, one from each
space: .

[ = (x| e | ).
This definition is independent of the basis, for, by
Egs. (1) and (2),

x|y = (x] €)es | y),
= (x| ;| €)es | O | 9),
= (x| 5 | p)-

Duality is reciprocal. One may identify the dual of the
dual as the original space.
Previously, a theorem was quoted to the effect that

a linearly independent set could be extended into a
basis. - The realization of the dual space permits an
explicit algebraic procedure for this extension. In
fact, one can extend a set in an infinite variety of ways.
The idea is to extend the set while simultaneously con-
structing the dual basis. The sole condition is to ensure
that (f;| f?) = 6! on the new bases. For example,
let

) = le") — |e®)
and

[y®) = e%) + |€°)
in a 4-dimensional space with |e) as a basis. . Thus
|»Y) and |y?) are to be two basis vectors of a new
basis. Choose

1l = (el

and
(el = (eal

This choice guarantees that (y, | y) = 1, (31 | ?) = 0,
(y2| ¥ =0, and (y, | y?) = 1. Now choose

) = (€%
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and
(yal = (ol + (] — (esl.
A simple choice for |y*) is

yH) = leY),
and thus
(}"4| = (e,].

It is true that (y; | »%) = 6¢. The problem could have
been solved by setting (33| = (es] — (ez], (yo| = (eal,
and so on. Any choice would do, provided that
(y:|y?) = 6i. The procedure works because, if
(y: | y?) = 07, the set |y") is linearly independent as is
the set (y,[: if
|)’ j)‘xj = 0:
then
0=(y ,)’i)“i = ;.

For an n-dimensional space, the sets |y*) and (y,| need
to contain n vectors each to complete the conditions
for a basis.

B. The Cartesian Identification

A vector space and its dual are related to no more
nor no less an extent than that defined by the condition
(e; | ") = 67. No correspondence need be established
between vectors of the two spaces beyond (e; | ¢/) = &7.
However, there does exist a particular correspondence
which leads to the notion of an inner product and the
notion of a Cartesian set of axes.

One associates a vector of the space with a vector of
the dual in a one-to-one fashion in this manner: If
|x) = le’)(e; | x), the Cartesian adjoint of [x) is
defined to be the vector in the dual space (x| =
(e; | x)(e;. An angular semibracket is written to
indicate the special relationship. The process is termed
a Cartesian identification, and it is established on a
particular basis.

Given two vectors |x) and | y), there is the bracket

x|y)=x|»,
= (e | x)(e; I}’),
= (y|x),

which can be thought of as a bilinear function on the
vector space. The two properties

xln=|x
and

(x| x)y = (e;| x)(e; | x) >0
give rise to the Schwartz inequality:
x|y < x| 00|
The bracket (x| y) is called the inner product of the
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two vectors. The inner product, the Cartesian identi-
fication, permits the discussion of metric properties
of the vector space. The requirements of a distance
function are met by the inner product: if |z) = |x) —
|y), then the distance between |x) and |y) may be
defined as (z|z):. The length of a vector may be
defined as the distance between it and the null vector.

It is of interest to relate the components of a
Cartesian adjoint of a vector in an arbitrary basis to
the components of the vector in that basis. Let |g)
be a basis for a Cartesian identification. Let |¢) be any
basis. For any vector |x),

* = (gm | )(guml,

so that
(x| €)= (gu|)(En]| ),

= (gm I ej)(ei I x)(gm | ei)’

= g“(ej l x),
with

g7 = 8" = (gn|)en| o).

Similarly,

(e; I x) = (x | ej)g;,-
with

8 = 8ii = (& l g™)(e; l gm.

Note that g* and g;; are elements of inverse matrices:

gen = (gm| &) gm | &) | g")ex | &M,
= (gn| )ex| g™
= 6L.
The arrays |g”| and |ig;| are called the metric
tensors. They connect the components in a non-

Cartesian basis to the components of the adjoint.
To go further,

(€| ) = g'™(em ]| &) = g%,
and, if the Cartesian identification had been made out
of the dual space, then
e |e,) =g
Also
x|y =Xy ] egs.
Bases can be grouped into classes of Cartesian

equivalent bases. Let two bases be termed Cartesian
equivalent if

(e;| /)= ;]| &)
An equivalence relation is so defined for
0 (e|eh =48

= (e;] €). REFLEXIVITY
(ii) If (e; | /) = (f; | €), then
(fi| &) = (e; ] 1) SYMMETRY
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(i) If (e; | f) = (f;| ¢") and
(f:|18) = (g;| ), then
(e; ] g) = (e | (i | ),
= (g | M| e)s
= (g | €). TRANSITIVITY

If e} and [f) are Cartesian equivalent, then the
metric tensor of the [e) basis with |f) identified as
Cartesian is

g7 = (fu|)fn| e,
= (e[ /™) fm| €,

= §.

The metric tensor is unity. Conversely, if the metric
tensor is unity, then

(il &) = g™e| ) = (e;] 1.
The metric tensor of any other basis is independent

of the choice of Cartesian equivalent bases: If [¢) and
| f) are Cartesian equivalent, then

(em | B em | B) = (e | [ | H)(em | H)s
= (fi| e™)en | F)(fx | 1),
= (i | B S | B).
For an element of a Cartesian basis,
164 | = (gzl
and thus (g'| g’) = 6". The basis, identified with its
dual via the Cartesian identification, is the model of an
orthogonal system of unit vectors. Any Cartesian
equivalent basis forms a similar orthonormal frame-

work.
1. DIFFERENTIAL FORMS

A. Tangent and Cotangent Space

Coordinate space is simply the space of ordered
n-tuples (x!, x2,---,x"), where the x’ are real
numbers. Enough of a metric is introduced to allow
the definition of the derivative. Consider the set of all
real-valued functions of the » real variables, which are
as continuous and differentiable as are needed. (At any
particular point, each function considered shall have a
Taylor series convergent in some neighborhood of the
point.) Let two functions be termed equivalent at a
point in the coordinate space if their first-order
partial derivatives are equal, one for one, at that
point,

ofjox* = dg/ox’

at the point (x3, x3, - - -, x7). This condition certainly
defines an equivalence relation. Let the class of all
functions equivalent to the function f at a point be
labeled as |df). The set of equivalence classes can be
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made into a vector space: Let the sum of two classes
be the class of the sum of a function from one class
and a function from the other. More generally, let

« |df) + B ldg) = |d[ef + Bg)).

This definition of linear combination is independent
of the choice of functions taken from the classes.
The null class is the class of all functions whose
first-order partial derivatives vanish at the point. A
basis can be found, for, by Taylor’s theorem,

10 =560+ 3 Z| = wy+--,
so that
ldf) = 1dx?)(@f1ox,

where |dx") is the class of all functions for which the
ith derivative is unity and all others are zero at the
point—the class of the function x* — x;. This vector
space is called the cotangent space at the point and it
is n-dimensional in an #n-dimensional coordinate
space.

The basis dual to |dx) is written, in accord with the
convention of the previous section, as (dx|. That is,

(dx; | dx) = 61,

(dx; | df) = ofjox".

The dual space is called the tangent space at that point.
A vector of the cotangent space, a linear combination

) = |dx")u;,

Furthermore,

is called a linear differential form. A vector of the
tangent space retains the title of vector.

Consider now a coordinate transformation viewed
as either a mapping of the coordinate space onto
itself or a relabeling of the point via the n functions
u' = u'(x). The transformation is to be one-to-one:
no two distinguishable points are to be transformed
into a single point. This means that the set of |du?)
is not dependent. If it were, one could select an
independent subset, say (ldu'), - -, |du*)), and one
could certainly find a vector (dx| = dx? (dx,| such that

(0x|duy =0 for j=1,--- k.
It would then be true, because of the dependence, that

(8x | dw’) = 0 for j=1,- -, n. Thus, in a neighbor-
hood of the point,

du' = dxi(0uifox?) = 0,

contrary to the stipulation that the coordinate trans-
formation be one-to-one. Therefore, for a one-to-
one coordinate transformation, the set of |du®) is a
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linearly independent set and can be chosen as a basis.
The consequent expansion,

ldx') = |du')(du, | dx),

indicates the local behavior of the x® as functions of
the u:
Ox'[0w’ = (du; | dx?).

The transformation amplitude relations

(dx,-] du®)(du, ] dx’) = 6}
and
(dx; | df) = (dx; ] du’)(du; | df)

are seen to be the familiar statements

o _

ox, ou*
and

o _ow’of

dx'  ox'ou’’

B. Exterior Algebra

Although differential forms were introduced via the
classes

|df) = |dx*)(2f]ax"),

it is not true that every differential form |v) can be
expressed as |v) = |df) for some class of functions.
Alternatively, while it is true that

(dx,; | df) = ofjox,

it is not true that, for any basis (u|, (4; | dt) is the
partial derivative of f with respect to some variable.
The testing of either |v) = |df) or (u;|df) =0,f
would involve successive partial derivatives, a multi-
plicative process. To handle such questions it is
necessary to build a hierarchy of higher forms and
vectors. This can be done by the consideration of
multilinear functionals on a vector space.

A multilinear functional on a vector space of
degree k is a scalar-valued function of k vectors which
is linear in each of the arguments. A linear functional
is of degree one. As with linear functionals, the set of
all multilinear functionals of degree k can be made
into a vector space.

An alternating multilinear functional of degree k
has the added property that it vanishes if two of the
arguments are equal. It then follows that it changes
sign if two of the arguments are interchanged. It
follows also that it vanishes on a dependent set. The
alternating property does not affect either the linearity
or the feasibility of construction of a vector space of
alternating multilinear functionals.

Let |e) be a basis for the vector space. A selection of
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k basis vectors as arguments of a k-degree alternating
functional is nontrivial only if the vectors be different.
The order may as well be a standard one. A block
index notation can be used whereby |e4) indicates a
selection of the k basis vectors; the numerical word A
is formed of the k different single-index numerals
arranged in ascending order from left to right.
The manipulation of block indices is facilitated by the
use of the symbol €5, which is zero—unless the index
A, as a single properly ordered word, is equal to the
index B, a single properly ordered word. For equal
words, the symbol has the value unity. The symbol
€92 is zero—unless, while the letters in 4 and B are
distinct and the letters in C and D are distinct, the
single word 4B is equal to some permutation of the
word CD. For an even permutation, the value is +1

for an odd permutation the value is —1. The defini-
tions allow the theorems:

4 BC _ _BCO
€pE€4 = €pDE>

€§O€gE = GBDE.

An alternating multilinear functional of degree k is
defined everywhere if it is defined on the set |e4), for

(u| %% x% ) = (u]e)eld (e | x)(e; | ¥ - - -.

Therefore, a basis for the vector space of k-degree
alternating functionals is the set (e 4| where

(e4 I eB) = fi-

The space has the dimensionn!/k! (n — k)!, where nis
the dimension of the vector space. Clearly, a dual
basis is the set Je4).

Thus, from a vector space of dimension » with basis
of |e¥) and with dual basis of (¢, a ladder of vector
spaces can be constructed for 0 < k& < n, with each
being of dimension n!/k! (n — k)! and with bases and
duals represented by |e4) and (e ). (If k =0, the
vector space is the space of scalars. In no case is &
greater than n because no linearly independent set can
contain more than n vectors.) A total vector space can
be taken as the direct sum of all the vector spaces.

In the context of differential forms, the scalars,
I-forms, 2-forms, up to n-forms, are in correspond-
ence with scalars, l-vectors, 2-vectors, and so on.
The process of the creation of higher vectors and
forms can be thought of and handled as a process of
multiplication—exterior multiplication. The exterior
product of two basis 1-forms |dx?) and |dx’) is defined
by

|dxtdx?) = |dx4)el.
This being done, the exterior product of a p-form basis
vector and a g-form basis vector is defined as the
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(p + 9)-form
ldx4) |dx®) = |dx* dx®) = |dx)eE®.
The exterior product is to be linear in all the factors

so that the exterior product of a p-form and a ¢-form
is the (p + g)-form:

1) 16) = |uv) = |dx4)eE%dx | u)dxo | o).

Similarly, a p-vector and a g-vector can be multiplied
to give a (p + g)-vector:

(ul (0] = (uo| = (u | dx*)(v | dxP)elp(dxcl.

How do higher forms transform under a coordinate
transformation ? Let 4 = u*(x) be the new coordinates.
Then

|du’ du’) = [dx*)e}"(dx,, | du’)(dx,, | du’).
But
jdu’ du’) = |du?)et].
Therefore,
(dxp | dut)el] = f™(dx,, | du')(dx, | du’). (4)
Going up the ladder, for n-forms, therefore,
jdu) = {dx)(dx | du)
(where no index symbol is used to represent theword 1,
2,3, ,n). The transformation amplitude (dx | du)
is called the determinant of the matrix [{(dx, [ dud)|.

Now: higher forms can be built out of lower forms,
so that

|du? du®) = |du)e?®,
where A4 is a k-word, Bis an (n — k)-word. Therefore,

(dx | du)e*® = (dx | du* du®)
= ®Pdx | dut)(dxp | duB). (5)

The matrix || (dxg | du4)||, where A and B are k-words,
is called the kth compound of the matrix {|(dx, | du?)|.
Equations (4) and (5) indicate that the elements of the
kth compound are the determinants formed from
submatrices of order k. Equation (5) is an expression
of the Laplace expansion of a determinant.

C. Exterior Derivation

The 1-form |df) can be thought of as the creation of
a 1-form from a O-form f by a process of derivation.
Based on

df) = |dx)(9f]ox"), (6

the exterior derivative of a k-form can be defined
recursively as a linear operation which transforms a
k-form into a (k + 1)-form via

d |u dv) = |du dv).
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The definition implies that d |dv) = 0, setting u = 1.
Because of linearity and Eq. (6), it follows that, in any
coordinate system,

d |u) = |du) = dlldx*)(dx 4 | w)],
= |dx* dx4) _8_ (dx 4| w),
ox?

i4 O
= |dxB)es i (dx 4 | w).

If |w) is a p-form and |v) a g-form, then

[uv) = (—1)** [vu)
and .
d\uv) = {dwyv + (—1)* |dp) |u).

The exterior derivative of a O-form, a scalar function,
is a 1-form; but not every 1-form is the exterior
derivative of a function. If [4) = |df), then certainly
it is necessary that d [#) = 0. This is also a sufficient
condition: If, in the neighborhood of a point at which
it does not vanish identically, d [u) = 0 for a 1-form
{u), then there exists a function f such that-|u) = |df).
The proof presented here consists of the construction
of the Taylor series for the function f. Let the point in
question be taken as the origin and let

[u) = |dx*)u;.
The condition |du) = 0 becomes
0 = |dx' du;),
= |dx" dx!)(dx; | du,),
which implies that

(dx; ) du;) = (dx; | du,).
Let
u; = (dx; l au;) = uy;,
so that
|du,) = |dx"uy; .

Taking the derivative,

0 = |dx? dx*)(dx; | du;,).
This implies that

(dxg | du,) = (dx, | du,,),

which, when combined with the previously proven
symmetry, demands that

Uy = (dx; | dug)

be fully symmetric in all its indices. Clearly, one goes
on to construct

which is fully symmetric.

ALVIN MECKLER

Now, set

. iy g
f(x)=x1“i|o+£2’)‘:““ulo+"'

x‘x’-" n

+ -—‘—‘———u”...
n!

where u;;...,lo is u;;..., evaluated at the origin.
Taking the derivative, we find that

ldf) = ldxu; o + ldx)xtuylo + - -
[dxH)x? - - - x™
(n— 1!

The full symmetry of u,..., bas been of essential use.
Going on we find that

ui,‘.--”lo+ .'.'

|df) = ldxi)[ui '0 + x‘uﬁ '0 I

3 n

x5 x
(n — !
But the series in the bracket is u,(x). Therefore,

df) = ldxDu; = |u).

uij..-zﬂlo'l' "'].

Of course, fis indeterminate to an additional constant.

D. Surfaces

An m-dimensional surface in an n-dimensional
coordinate space, with m < #n, is the mapping of an
m-dimensional space into the n-dimensional space
via x* = x%(¢1, ¢, - - - , t™). The parameters (%, - -, t™)
are the coordinate variables on the surface. Associated
with this mapping is the mapping of the differential
forms:

|dx) = |dr')(dt | dx), .
== |dti)(dx*[0F). @)

The use of the equality sign in the above relation
requires some explanation or qualification. Clearly,
in the m-dimensional cotangent space spanned by
the |dt?), the full set of n |dx?) cannot be independent.
There must be (n — m) independent combinations of
the |dx*) which vanish, and this contradicts the funda-
mental fact that the |dx?)’s form an independent set.
The matter can be resolved by the concept of a
quotient space.

Let |z) be a vector in a vector space. Two vectors of
the space are defined to be equivalent if their difference
is a multiple of |z). The set of classes resulting from
this equivalence relation can easily be made into a
vector space. So easily can this be done that it is not
worth while to change the notation; thus the new
vectors are usually represented by the same symbols
as the vectors of the original space. The original
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vector space has been reduced by the imposition of
addition modulo |z). In effect, [z) = 0. The new vector
space is called the quotient space of the original with
respect to |z). The procedure can be generalized for
the case of a quotient space with respect to the vector
space spanned by a set of vectors. Addition is modulo
any linear combination of the selected vectors. In
effect, each vector selected is equal to the null vector.

A more cautious way, then, of defining a surface
would be to have a proper coordinate transformation
X' = x(¢', - -+ ,1t"), and then to define the surface
cotangent space as the quotient space with respect
to the set |dt™*Y), - - -, |dt™). Equation (7) would be
written as

(dx?) = |df’)(dr; | dx’) and mod [dt™+Y), - - -, |dt™).
The apparent linear dependence would be resolved by
statements such as

jdxNa; = 0 mod |dt™+Y), - - -, |dt™).
This is the same as saying that

|dx)a; = |dt™ )b, + - - - + |dt™b,,.

One need not take so cautious an approach. Given
only the limited coordinate transformation x*=
xi(tt, - -+, t™), one can find the unmentioned func-
tions ¢™¥L, - .- ("

The n — m differential forms which vanish in the
quotient space lie in the extension of the set of |dt?),
i=1,---,m. That is, if [#*) be such a form, then

(dt;|u)=0 and i=1,"--,m, €]
where (dt,| is calculable as
(dt,) = (dt, | dx’)(dx,|.
Now,

(dt; dt; | du¥) = (dt, | d(dt; | w¥)) — (dt; | d(dt; | uP)),
with both i and j in the range (1, - - - , m). Because of
Eq. (8), therefore,

(di;dt; |au¥) =0, for i,j=1,"""
It follows that

, M.

[du*) = |u™wk), 9
where |w®) is some I-form. Thus, in the space of 2-
forms built on the quotient space with respect to the
|u¥), we see that |du¥) = 0.
In general we find that

|u*) = |dx")u;.
The set of |u*) can be replaced by a set of 1-forms of a

certain standard form. Consider the set of (n — m) +
n forms

"), 12), -« 5 Jum™), ldxt), - e |dx").
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This set certainly spans the cotangent space and is
certainly a linearly dependent set. Proceeding from
left to right, successively strike out those |dx?)’s which
are linear combinations of the preceding |dx) and of
the set of Ju)’s. In this way, a basis, an independent
set which spans the space, will be found consisting
of the full set of (n — m) |u) and m of the |dx). Let the
forms which were stricken from the list be labeled as
|dz) wherei =1, -, n — m. Let the remaining ones
be labeled as |dx®) where i = 1, - -, m. Then

ldz) = |u")e, + 1dx*)%; . (10
Certainly, if each |u*) does not vanish at the point in
question, the matrix {ja¥| possesses an inverse:
Let oy = pios = 0.
€
1) = luP)as.
Taking the exterior derivative,
|dv’) = |du")a, — |u* day),

= lumok)oh ~ lu* da),

= (0" — |06} deg),

= |v'®}).
This is the same sort of equation as was Eq. (9). The
quotient space with respect to the set of [v)’s is

identical to that with respect to the set of |v’)’s and,
furthermore,

|dv?) = 0 mod |vY), - - -, Ju™).
Equation (10) can be written as

|dz") = |v)) + |29, (11

with

1) = |dx")A.
Taking the exterior derivative,

0 = |dv*) + |dAY).
On the quotient space, therefore,

|dA) = 0 mod |v!), - - .

The meaning of this last statement is this: While it is
true that d|dz’) = 0 when [dz’) is considered as a
1-form in the full n-dimensional cotangent space, only
because |dvY) = 0 mod |v'), - - does the exterior
derivative of |dz%) vanish when |dz?) is considered as a
I-form in the m-dimensjonal cotangent space. That is,

the set of equations
|dz") = |¥) = |dx) (12)

can be solved in the same manner as the equation
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|df) = |u) of the previous section was solved. This
yields
(13)

where the ¢, m in number, are integration constants.
The solution, Eq. (13), is such that

0z'f0x* = 2%,
as was demanded by Eq. (12). The key point is that the
integration constants, ¢t, can be taken as the unmen-
tioned coordinates—which are indeed constants on the
surface. Treatment of the (¢%)’s as coordinates in

Eq. (13) takes the |dz®) out of the surface cotangent
space via

zt = 2%(x, ¢),

oz
oc,
where the invertibility of [0z%/dc;|| is guaranteed by
the independence of the set of |dz*) and |dx?). If this
expression is put into Eq. (11) we find that
[v°) = |dz) — |Y),
= |dc?)(0z%(dc;).
And, finally, we see that
{u') = |de’)@2"/0c')B;,,
[u) = |ldc’)p}

|dz) = (dx")A; + |dc")

with
Ipill = li(@"/ac)Byll,
an invertible matrix.

The essential condition is given by Eq. (9). Given any
independent set of 1-forms, £ in number, with each

ldu) = Jw'e}),

then there exist functions ¢ and an invertible matrix of
functions | p}| such that

[u) = |de’)p;.

This is the theorem of Frobenius. There are other
conditions equivalent to Eq. (9) which are stated here
without proof.

@) If |U) = |u'u?- - - u¥), then |u'dU) =0 for all
values of i.

(ii) [dU) = |UQ).

An important case is that of k =n — 1. Any
linearly independent set of (» — 1) I-forms in an
n-dimensional space will satisfy the conditions of
Frobenius’ theorem.

Frobenius’ theorem is part of the theory of inte-
grating factors, and it is perhaps worthwhile to follow
the steps of the proof in the simple classic example:
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In 2-dimensional space, let
) = —y |dx) + x |dy) where x #0.
This is the forced situation. Explicitly,
ldu) = 2 |dx dy)
= (2/x) |dx) lu).
The list-striking process results in
ldy) = x7 lu) + (y/x) |dx),
so the standard form is

[9) = x7* Ju) = —(y/x) |dx) + |dy).
On the quotient space with respect to [v),

|dy) = (p/x) |dx) or y=cx,

so that
[v) = x |dc)
=x]|d X),
x
and
[u) = x®|d Z).
x

E. Metric Definitions

Let a k-dimensional surface in an n-dimensional
space be defined via x* = x*(¢%, - - -, ¢¥). There is the
associated mapping of 1-vectors:

(dt,} = (dt, | dx’)(dx;].
That is, even on the k-dimensional tangent space, one
may refer, as it were, to the full n-dimensional tangent

space. In the k-dimensional tangent space, the
maximum vector is the k-vector:

(dt, - - - dt,| = (dt| = (dt | dx2)(dx 4.

One may establish a Cartesian identification common
to tangent spaces of every degree. Let (dx,| be the
chosen Cartesian system for 1-vectors. Then (dx4[,
where 4 is a k-word, is taken to be the Cartesian
system for k-vectors. A unified metric is effected.
On a k-dimensional tangent space spanned by (d7,],
the k-dimensional volume element appropriate to the
t coordinate system is defined to be

@t| et = [(dt | dx4ydt | dxHp.
For example, the n-dimensional volume element is
(dr | dx) = [det |ig,;I113,
with
gi; = (dt, | dx¥)(dt; | dx¥).
The 1-dimensional volume element, the element of
length, is then
[(dt | dx?)(dt | dx¥)]E
and so on.
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III. KINEMATICS
A. Coordinate Systems

Given a 3-dimensional coordinate space, a trajectory
is determined by a vector field, a continuum of
tangent vectors defined at each point of the space.
Let x be the coordinates and let

(dt] = (dt | dx)(dx,]

be the vector field. The equation of the trajectory is
obtained by the integration of the equations

dxildt = (dt | dx") = v". (14)
In this paper, the components of the tangent vector
will be functions of the space coordinates alone:

vt = v’(x).

Equations (14) certainly can be integrated—at least
in the neighborhood of a point. In fact, a formal
solution can be written:

dxtldt = v* = v/(8[ox)x*
so that
x*(t) = exp [1(v'(9/0x")))x* (0),

where, in the exponent, the differential operator acts
on the coordinates x* (0).

So far, ¢ is simply the parameter of the trajectory.
Consider now an extension of the 3-space into a
3 4 1 space with coordinates {(x, 7). At every point,
a 4-dimensional cotangent space can be attached so
that, if f = f(x, 1),

df) = |dx*)(@f]ax") + |de)(@fjar).

[From now on, the partial derivative symbol will
apply to the (x, 1) set of coordinates alone.]

The 1-forms |dx?) and |dr) form a basis. Let the dual
basis be represented as (¢/@x’| and (9/0¢t] so that

(55}1, dxf) =, (a% dx") =0,
and (é% dt) = (b% { dt) -
Glo-2 @lo)-¥

Note that (9/0t] is not (dt|, the tangent vector which
defines the trajectory. The trajectory, as a mapping of
a l-dimensional space onto the (3 4 1)-dimensional
space, is defined by

t=t, x*=x),
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so that the tangent vector

(d1] = (dt | dx’) ('aa;‘ + (dt]dy) (f;l

or

as)

(0 0
dt| = v*|— —1.
(@ ”(ax*l+(at

As a differential operator, (dt| d is the total derivation
with respect to ¢, time:
. . of of
dt|df) =f=0v"—=+—=.
@l =1 ox* ot

In fluid mechanics, this expression is referred to as the
comoving derivative.

This extension of the 3-space into a 3 + 1 space,
the transition from geometry to kinematics, is not
merely a matter of elegant display. Concealed hereisa
premise involving the existence of a standard trajectory
in 3-space to which the position of any other point
traveling in space is correlated. It is the purpose of
mechanics to determine the position of a point as a
function of distance travelled by the standard point
along the standard trajectory. The function is the set
of ordered pairs (x, ¢), among which no value of ¢ is
repeated; and the velocity of a point is the limiting
ratio of the difference in its positions to the difference
in the associated positions of the standard point. The
standard trajectory appears to be that traced by a light
ray and so, by definition, the velocity of light is unity.
The time axis must be laid down as a straight line or,
in terms of this paper, |df) must be taken as one of a
Cartesian basis in 4-dimensional cotangent space.
The question arises concerning the other Cartesian
axes, the spatial axes. Setting aside their determination
for the moment, consider the meaning of a rotation
of the four Cartesian axes. The time axis is changed
but, as distance is preserved under the conditions of a
rotation, the unit of time is preserved: the velocity of
light is still unity. In the original Cartesian frame, a
point at rest in space is seen as a straight line parallel
to the time axis. With respect to the rotated axes that
line is not parallel to the time axis, but it is straight
and represents motion with uniform velocity: The
preservation of 4-dimensional distance, Cartesian
distance, is the basis for the constancy of the velocity
of light in 3-dimensional frames moving with uniform
velocity with respect to one another.

Concerning the choice of the Cartesian space axes:
are the |dx®)’s suitable? Should a Cartesian identifica-
tion be established on the

64l G

+

] and [|dx"), |d0)]
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bases ? A trajectory in the (x, ¢) frame is not necessarily
a straight line. Differentially, the trajectory is a
quotient space in which

|dx) — v ldt) = 0.

(For purposes of illustration let there be only one
spatial dimension.) Let a rotated set of axes be

ldz) = ¢ |dx) + s |dt)
and

|dr) = —s |dx) + ¢ |dt).

On the trajectory, we find that
|dz) = (cv + ) |dt),
ldr) = (—sv + ¢) |dt),
so that
(—sv + ¢)|dz) — (cv + 5) |dr) = 0.

The new velocity is
cv + s/—sv + ¢,

which in no way introduces or preserves simplicity of
description. There is, however, a coordinate system in
which the trajectory is described simply, and this
simplicity is preserved under rotation. In this co-
ordinate system the trajectory is a straight line—a
straight line in al/ Cartesian equivalent systems—and
the motion is described simply as that of uniform
velocity, velocity which can be anything from zero to
unity in magnitude, the particular magnitude and
direction being but the label of the particular set of
Cartesian axes. The system is discovered in the
following way.

The trajectory is a 1-dimensional surface. The
‘cotangent at each point should be a quotient space
with respect to three independent 1-forms. Consider
the sef

[0%) = |dx?) — o |dt). (16)

In the quotient space with respect to these i-forms,
ldx) = v*|dt), [mod [a7)],
which is an expression of the differential equations of
the trajectory. Another expression of the situation is
(dt| ¢%) = 0.

Now, the set |¢%) is an independent set, for
lo’a%0®) = |0) = |dx) — €; 40" |[dx? dt).
Clearly |o) does not vanish, and so the set |69 is
independent. Here then is the forced situation for the
application of Frobenius’s theorem—three independ-

ent forms in a 4-dimensional space. There must exist
three independent functions ¥* = %'(x, ¢) such that

lo*) = 1d)p}, 17
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where the p! are certain functions. The inverse
relation is

_ |d%) = |o*)q} (18)
with
Piai = qipi = 6;. (19)
The following bracket relations hold:
(dt] ey =0,
a j i
b = d],
(ax’ 0)
(dt | axty = 0.
Define
(dx;] = pli(9/ox’| (20)
so that
(dx;| dr) = 0,
(d%; | dx’) = pi(8/ox* | o™)q},
=é.

This confusion of forms and vectors can be relieved
somewhat by grouping into bases. Firstly, there is the
[ldx?), |dt)] basis with dual [(9/0x"|, (9/0¢[]. Secondly,
there is the [[o?), |d?)] basis with dual [(8/dx7|, (dt]].
Thirdly, there is the [|d%%), |d¢)] basis with dual
[(d%,|, (dt|]. The relevant transformation functions are

(9/0x*| dx’y = 6, (8/ox*|dt) =0,
(8/ox*| dx%) = qI, (d%,|dx’) = p].
A trajectory is the curve X = constant, a straight
line in the (X, #) system. In that system the velocity
is zero. If the (X, f) system is rotated—that is, in a
frame Cartesian equivalent to the (X, t) frame—the
velocity is constant along a trajectory. What better
way is there to find a Cartesian system ? It is the system
laid out by the moving point; it is the system in which,
by its very definition, the point is undisturbed and
moves with constant velocity. It is the inertial system
and all systems Cartesian equivalent to it are co-
inertial systems.

(21)

B. Kinematical Equations

With a Cartesian identification established on the
basis of [(d%,], (dt|], how are measurements effected in
the lived-in system, the

(5]
> \ot

[(_3_
ox*
system ? A measurement of spatial distance is accom-

plished by a small displacement dx’ developed by the
tangent vector

(5] = ox (_a_ ,

ox’
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There is no time change:
8t = (ds | dt) = 0.
The square of the element of length is
(8s | dx)(0s | d%°) + (8s | dr)(s | di)
= (05| o')(8s | M)qjq.

= 8x’0x¥y,,, (22)

with
Vii =445 = V- (23)
A measurement of the time interval is accomplished
via the tangent vector

(8s] = ot (0]ot].

The square of the length of the time interval is
calculated to be equal to

(81 + v'viyy). (24)
The volume element is given by
(9/ox | dx) =y, (25)
with
det {ly;|| = »2 (26)
The inverse of |p;| is
¥ = phph =" v2))

The tensor |yl appears as the relevant metric
tensor for spatial measurements. Its variation is
revealed by its exterior derivative—as is the variation
of any quantity. The development of a set of equations
of variation can begin with

|do’) = —~|d%’) |dp}),
which is reducible, by Eq. (18), to

|do*) = —|d¥)q}, |dp})
" = [00)) 28)
w1
) |o}) = —q%|dp)), (29)
ecause
dkpi = o},
bt ldq)p; + qf 1dpj) = 0,
SO a
lw]) = |dg¥)p;. (30)

It is not always necessary to show the indices in an
expression. With the understanding that summation
occurs whenever an upper index is to the left of a
lower index, the formulas can be written with sup-
pressed indices as

g =pg=1,
|do) = |ow),

[w) = —q |dp) = |dg)p.
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Alternatively,
ldp) + p [w) =0, (3D
dg) — lw)q = 0. (32)
To obtain the variation of the velocity, begin with
v = vgp.
Take the derivative:
|dv) = |dvg)p + vq |dp)
= |dvg)p — vgp |o)
or
ldo) + v |w) = |dog)p. (33)

Equation (33) is the inhomogeneous associate of the
homogeneous Eq. (31). Let

lp) = |dvg)p, (34)
so that
ldv) + v [0) = [p). (39)
No special property of v has been used in the deriva-
tion of Eq. (35). By the defining equation [Eq. (16)]:
|do) = —|dv dt)

= vlwdr) — |pdy),
and because

|do) = [ow)
= |dxw) — v |diw),
therefore
vlwdt) — |pdt) = |dxw) — v |dtw)
or
|[dxew) = —|p dt).
00 .
The (5 5 component of the last equation is
00 00
——1d = —|——|pdt),
(ax 2 ) ’“") (ax alf ') (36)
(901 | w) = — (/x| p).
However,
0vfot = (9/0t | dv) = 0,
and so the (0/0¢t| component of Eq. (35) is
v(0/0t | w) = (8/dt | p).
This, combined with Eq. (36), reveals that
@/2 ) p) + v(@/ox | p) = 0,
or
(dt] p)=0. 37
The converse of Eq. (34) is
|dvg) = |p)g.
Therefore,
(dr | dvg) = dfdt(vg) = 0. (38)
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Along a trajectory, vq is a constant. Its square is
also a constant:

k1

Iqiv*q;, = vivPy,, = const.

vigiv
It is convenient to define

5,’ = vjlyjb (39)
so that

(40)

The exterior derivative of [y,;| follows easily from
its definition in terms of |l¢7(:

v = pig,.

|dy:) = l0Dves + feof)y s (41)
Therefore
[d&) = |dv))y;; + v |dy;)
= |w)éx + 1074 (42)
From Eqgs. (35) and (42),
ldvé) = 2 [p)&, 43)

and it is confirmed that
(dt [ dv&) = 2(dt | p)é
= 0.

C. Dynamical Equations

A Cartesian coordinate system has been chosen, the
(%, t) system. What is needed now is a function ¢
such that (x,f) can be used as a 4-dimensional co-
ordinate system. Curves of constant x in the (¥,¢)
system are not necessarily parallel to the #-axis, nor
are they necessarily straight lines. 7 is to serve as the
variable coordinate along curves of constant x. It is to
be a function of (x, ¢) so that

|df) = |d)H — |dx)]L,, “44)
where H and IT are as yet undetermined. By stipula-
tion,

(df| dx’) = 0,
and therefore,
(df| = 1/H (0/ot|. (45)
The 1-vectors

d I, (d
dx,| = |— ==
(@ (Bx‘|+H(at|
satisfy the conditions
(dx;|df) =0

(46)

and
(dx, | dx’) = &].
A new 1-form basis and dual is that of [|dx?), |df) and
[(dx,, (df]].
That Eq. (44) is truly an expression of an exterior
derivative is certified by

dldf) =0,
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or
\dH dt) + |dxidI1,) = 0,

;.\ OH ;o Ol ;  » OIL,
dx' df) — + |dx’ dt) — + |dx" dx’) —f = 0.
ldx"dt) 5= + 1dx"dt) == + |dx"dx’) =

From that two sets of equations are obtained:
dll,/0x’ = oII,/ox* 47
and
oll,/ot = —o0H[ox'. 48)
The equations of motion are contained in Egs. (47)
and (48). It remains to be shown that the motion is
determined by the metric tensor of the (x, f) system.
Because
dx’) = |dty* + |d))p;,
(dx*| = v'(dt| + pi(d%,].

Thus
g = (dx*] dx’),
= 0’ + Pl
or
gl = v'? + Y. (49)
By the definition, Eq. (44),
(di| = H(dt| — I, (dx’],
so that
g% = (df | dx®)
= Hv* — g¥ll;, (50)
and
g% = (df | dr)

= H? — Hvll — g¥II;.
From Eq. (50),
g%Il, = Hull — g“ILIl,,
so that
g% = H* — 2g%I1, — g"ILIL,.
The relation of inverse metric tensors implies that

&% + 8780 = 0,

so that
—8" = (8"g1)/Z00 -
Let
A; = giolgoo- (51)
Then
g4, = —g", (52)
and

g% = H*® + 2gY 4,11, — g"ILII,
= H? — g¥(ll; — A)(Il; — A4,) + g"4,4,.
From Eq. (52)
g74,4; = —g"4,
~(8%g:0)/800
—~(1 — 8"%00)/800
&% — 1/gw,

1
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where, again, the relation of inverse metric tensors
has been used. Thus

g = H? — g(Il, — A)(I; — A4;) — 1/goy + g™
or
H? = 1/goo + g”(II; — A)(M; — 4. (53)
Going on to the lower index metric tensor,
(df| = 1/H (9]0t
= 1/H (dt| - v‘/H (3/0x%]
= 1/H (dt| — vg/H (d%|,
so that
|dfy = |dt)1[H — |dx)'qi{H
= |dn)1/H — |0)§[H.
Therefore,
8oo = (dfl dat)
= 1/H? 4+ v&/H?,
or
H?gy =1 + vé&. (54)
Going on,
8oi = <dxi l df)
= (dx, | dO1/H — (dx, | 6®)&,/H.
Because
(dx; | df) = 0,
it follows from Eq. (44) that
(dx; | dt) = IL,/H, (55
and so
go: = II/H? — &, [H + vEll,[H?.
By Eqgs. (54) and (51), this becomes
& = Hgo(ll — 4} (56)
Finally,
(dx,| = (9/ox‘| + IL,/H (3/dt|
= (0/ox*| + I (di,
so that
ldx;) = [6*)ye; + [dDIT,
and

g = vi — &ILIH + g,,11,,

which, combined with previously derived relations,
becomes

gii = Vi; — &5/ Hoo + Goodid; -
D. Equations of Motion

(57

The equations of motion can now be given explicitly
in terms of the metric tensor and the various dynam-
ical variables which are connected by the metric
tensors. To repeat Eq. (48),

oI, /ot = —dH/ox',
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From Eq. (5§3),
w2 (‘)+2g"‘(n,—A» (T, — Ay
ox ox*
+ (H AL, — 4,)
2 ) )
= (=) + 20y =T, — 2Hv’ — 4,
a (800) + ox* v ox*
a ik
g ot (T =AY, — 4)
or
°oH _ 1 0 ;O 04,
o 2H6x( )+" L o
)
+ 5201, — 4y, - 4y,

Therefore, using Eq. (47),

(I, — 4) = —Li(i) _ 04

2H 9x*\ggo ot
,,f(a_A_f _ a_Ai)
oxt ox’
1 a¢’
by —f,—(n AL, — 4). (8)

Before going on to an interpretation of the last
equation, let us consider the case of (x,f) being
Cartesian. In that case,

gij = 0%, 8y = (5“-,
g2=1, gon=1,
Ai = 0.

Equation (58) states that Il is constant along the
trajectory. The general connection between v and II

can be derived from Egs. (50) and (52):
Hv' = gh(Il; — 4,), (59

which in this special case of Cartesian equivalence
reduces to

Hvi =11I,.

Therefore, Eq. (53) reduces to

H® =1 + H%*?2,
or :

= 1/(1 — v¥),

so that

IT = v/(1 — v®)},
and

£ = vj(1 — 7).
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How are measurements effected in this case?
The tensor |[ly,;| reduces to

Y = Oy + v [(1 — 0%

and so Eq. (22), the square of the element of length,
becomes
(6x)2 + (vox)*/(1 — v?).

For a measurement perpendicular to the velocity
vdx = 0, the length is calculable as dx; for a measure-
ment along the velocity, (#6x)? = v2(6x)?, the length
is calculable as dx(1 — ¢®)~}. The interpretation is
this: In the x-system a spatial distance is always
measured as dx—the world is seen as Cartesian. For
two points moving along parallel paths having equal
speeds and with the line comnecting them being
perpendicular to the path, the measured separation
is the same as the one for stationary points. However,
for two points moving one behind the other along a
common path with equal speeds, the measured separa-
tion is (1 — %)} times the sepération of a similar set
of points at rest. This, of course, is an expression of
the Lorentz contraction.

In the Cartesian case, the element of time interval,
Eq. (24), reduces to dt(1 — v%)-2, If a ticking clock is
attached to the point on the trajectory, the time
between ticks is longer than the time between ticks of a
stationary clock by a factor of (1 — v?)~%. This, of
course, is an expression of the relativistic time dilation.

It is a matter of rotating a coordinate system to
bring the differential equations, now immediately
integrable, into the familiar Lorentz transformation
form. For a single spatial dimension,

g=prt=y=(>1-v3"
and so
X = y(x — vt),
f=y(t — vx).

In terms of a rotation through a real angle whose sine
is equal to v,%

x=(1— vz + o1,

F=—v%+ (1 — 0%t

E. Newtonian Approximation

By means of Eq. (58), the forces responsible for
deviation from constant velocity are deriveable from
the metric tensor. The last term from the right-hand
side of Eq. (58),

19 ik
= 55 o (I = AL, — 4y,

4 One of the stimulants for Ehis work was the observation that if
x— 2 =3 = then x>+ = %* + 1%
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is the type of force which appears in the expression for
acceleration in nonrectangular coordinates. To see
that this is so, one must play havoc with the theory of
this paper. Newtonian kinematics is no more than
3-dimensional geometry with time being merely a
parameter which is in no way correctly incorporated
into a proper 4-dimensional formalism. Thus, in the
plane, the conversion from rectangular coordinates—
they may as well be rectangular—to polar coordinates
is a time-independent transformation:

x = rcos 0,
y =rsinf,
which yields
|dr) = |dx) cos 8 + |dy) sin 8,
{d6) = —|dx)(sin 6fr) + |dy)(cos O/r).
Based on the (x, y) rectangular system,

(dr| == cos 0 (dx| + sin 6 (dy|,
(dB] = —(sin Ofr) (dx| + (cos O/r) (dy|,
so that
gt = (dr|dr)=1,
g = (dr | db) =0,
g2 = (df | db) = 1/r2.
The Newtonian mistake is, of course, the neglect of
g and g, through ignorance. There is no A in
Newtonian kinematics. Therefore, by Eq. (59),
Hi = g1, + g"IL,,
Hi =11,
and
Hi = (r»1,.
Now
Hgy =1+ vé,
which is constant along a trajectory. In the Newtonian

view, ggo = 1; thus H is a constant. The left-hand side
of Eq. (58) becomes

Hf
and
d .-
H = (¥*0).
dt( )
The last term on the right becomes
ik .
~ L%, = e
2H dy
and
j
_ 1 9" IL,1, =
2H 00
Equation (58), now considerably weakened, becomes
F—rf2=0
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and
d .
—(r*H) =0
dt(r )

in which can be recognized the components of
acceleration in polar coordinates. (The 6 component
appears quite naturally as the rate of change of
angular momentum.) Any reference to ‘““true” force
which may have been contained in Eq. (58) has been
completely eliminated by the severe Newtonian
prejudice—that kinematics and dynamics are separate.
One might be tempted to write

HF = Hr6?
and

Hi = —(0H/r)b.

But, as it is a definite pronouncement that  and 6 are
not rectangular coordinates, it would be a violation
of the rules to read the equation as F = ma. The path
of a free particle is not a linear relation between r
and 6, but this is not attributed to forces. The present
theory accepts the fact that the (x, f) system is neither
Cartesian nor even associated with a constant metric
tensor. Forces are either all ““true” or all “fictitious™:
kinematical relations are dynamical relations.

An illustration of this is given by a more cautious
approach to the Newtonian case. Let the velocity be
small and let the metric tensor stay close to unity.
The last term in Eq. (58) can be neglected. Because gy,
is a positive number it can be expressed as

oo = €. (60)
The constant of motion, 1 + v§, can be labeled as
m? =1+ vé, (61)
so that
H? = mPe™ (62)

by Eq. (54). With g¥ ~ 6%, velocity and momentum
are related by
Ho=1I — 4.

Equation (58) can be written now as

d ; 1 0 0A; 0A;, 0A,;
—(Hv") = — — & — == —=
dt( ¥ 2me"ax’e ot to (ax’ ax’)
S VA 1)
mox* ot ox*  ox’

With ¢ small, this becomes

i 1dp 04, (04, 0A,
=1 = =L -l ()
MO = T (9x’ axf)
If m were spatially constant, or if the term
@(0/0x")(1/m)
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were negligible, the equation of motion would be that
of a particle of intrinsic mass m moving in a potential
field g/m with an effective mass m(1 + ¢). The terms
involving 4 would be interpreted as effects of a
noninertial frame. To clarify the last point, recall that

giinAj = gOO —_ 1/g00'
The present approximation requires that
A? = g% — 1/gy,

with
goo = 2V
~ 142V,
=V — }A4%
The equation of motion is now
d ; 1oV | 1 04®
m—(l4+ep=—-——"=+4+—"——
dt( ?) mox* 2m ox*
- 2111—"+ vj(-% — ELA-’)
ot ox*  ox’

The simplest situation is that in which
A; = me X ok
with m and w constant. The equation of motion can be
written as
d ; oV md
m—(1+4 ' = — —— + — — [¥*0® — (xw)?]
a7 xm 2%
+ 2me, o'k,
The Newtonian interpretation is:
(i) ¥V/m is the potential energy;
(i) o is the angular velocity of the rotating frame;
(ii)) (m/2)[x*w* — (xw)?] is the centripetal potential
energy;
(iv) 2me ;@' is the Coriolis force.
The constant of motion m, called the intrinsic mass,
is intrinsic to a particular trajectory; it varies from
trajectory to trajectory. In general,

m? =1+ (vg)?
and, in the case of a Cartesian (x, f) system,
m?=1/1 — v?),

The number 1 in the numerator of the last equation
is as good as any other number insofar as the present
theory can do anything about it. To anticipate the
closing remarks: there is little of significant result
from the conception of mass for a single particle in an
imposed field.

IV. CONCLUDING REMARKS

The metric tensor determines the motion, but what
determines the metric tensor ? The equation ma = F—
while mathematically symmetric, (F = ma)—is not
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physically so. F is to be given, and the acceleration is
fixed by it. So the theory of this paper is incomplete in
so far as it describes the motion of a single particle
against an immutable background. The origin of the
background is unknown; the metric tensor is to be
given. Newtonian mechanics can be completed by a
prescription for the determination of the force which
is independent of the detailed observation of a point
moving under that force—Newton’s law of gravita-
tional attraction. Any other truly Newtonian force is
independent of velocity and so can be determined by
opposition to a gravitational force, where both forces
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act on a stationary point—e.g., the linear spring
extended by a hanging weight. However, for a large
enough system of particles, there is no force external
to the system; thus the force acting on a particular
particle is a summarization—approximate or not—of
the mutable configuration of the other particles. So
perhaps the metric tensor is set by the configuration
of other particles. Through a proper treatment of the
differential geometry of many trajectories it may be
possible to eliminate the metric tensor formally,
retaining it only for the very practical function of an
intermediary.

1967

Weak Correspondence Principle

Joun R. KLAUDER*
Bell Telephone Laboratories, Incorporated Murray Hill, New Jersey

(Received 5 April 1967)

The weak correspondence principle (WCP) for a scalar field states that the diagonal matrix elements

G(f.e) =[5l .8
of a quantum generator § necessarily have the form of the appropriate classical generator G in which
f(x) and g(x) are interpreted as the classical momentum and field, respectively. For a field operator ¢(x)
and its canonically conjugate momentum =(x) the states in question are given by

11,8 = exp (i [90)fG0) — m(x)g@1 dx} [0),

where |0) denotes the vacuum. The validity of the WCP is established for the six Euclidean generators
(plus the Hamiltonian) of a Euclidean-invariant theory, and for the ten Poincaré generators of a Lorentz-
invariant theory. Only general properties and certain operator domain conditions are essential to our
argument. The WCP holds whether the representation of # and ¢ is irreducible or reducible; in the
latter case, the WCP holds even if the vectors |f, g) do not span the Hilbert space, or even if the
generator S is not a function solely of = and @. Thus, the WCP is an exceedingly general and completely
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1. INTRODUCTION

BASIC to any quantization procedure is a prescrip-
tion for relating the quantum problem to its
classical counterpart. The traditional guide in this
respect has been a prescription which involves,
essentially, a straightforward operator substitution
for “coordinates” and “momenta” in the classical
generators. In field theory, a normal ordering and
subsequent renormalization is often necessary to make
any sense of such a prescription. In this paper we
shall establish a more general correspondence rule—
the weak correspondence principle (WCP)—and
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show how it accounts for normal ordering and certain
renormalizations in field theory. More significantly,
however, we show that the WCP is far more general
and that it applies in cases where the traditional
prescription is manifestly incorrect. This latter aspect
has been concretely demonstrated in recent analyses
of the soluble “rotationally-symmetric” models.!:?

We confine our attention to a neutral scalar
quantum field ¢(x, #) in the presence of Euclidean-
invariant self-interactions. In Sec. 2 some basic
definitions and the general statement of the WCP for

1]J. R. Klauder, J. Math. Phys. 6, 1666 (1965).
2 H. D. L. Abarbanel, J. R. Klauder, and J. G. Taylor, Phys. Rev.
152, 1198 (1966).
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physically so. F is to be given, and the acceleration is
fixed by it. So the theory of this paper is incomplete in
so far as it describes the motion of a single particle
against an immutable background. The origin of the
background is unknown; the metric tensor is to be
given. Newtonian mechanics can be completed by a
prescription for the determination of the force which
is independent of the detailed observation of a point
moving under that force—Newton’s law of gravita-
tional attraction. Any other truly Newtonian force is
independent of velocity and so can be determined by
opposition to a gravitational force, where both forces
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act on a stationary point—e.g., the linear spring
extended by a hanging weight. However, for a large
enough system of particles, there is no force external
to the system; thus the force acting on a particular
particle is a summarization—approximate or not—of
the mutable configuration of the other particles. So
perhaps the metric tensor is set by the configuration
of other particles. Through a proper treatment of the
differential geometry of many trajectories it may be
possible to eliminate the metric tensor formally,
retaining it only for the very practical function of an
intermediary.
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such fields are formulated. Applications to Euclidean-
and Lorentz-invariant interactions are carried out in
Secs. 3 and 4, respectively. Finally, in Sec. 5, we
discuss the significance and utility of the WCP. In
order to ensure clarity of the concepts involved we
adopt a semiheuristic approach in this paper ignoring
questions of operator domains, test-function smearing,
and the like.

2. BASIC DEFINITIONS AND GENERAL
STATEMENT OF WEAK CORRESPONDENCE
PRINCIPLE

We deal with a neutral scalar field @(x) and its
conjugate momentum =(x), which at a common time
satisfy the usual canonmical commutation relations
(CCR),

lp(x), 7(x)] = ib(x — x), Y

where x, x’ are points in a three-dimensional Eu-
clidean space. Unless otherwise stated, all operators are
to be evaluated at time ¢, a variable which is generally
suppressed. We especially use the unitary Weyl
operators

UL, gl = exp {i f [P(x)f(x) — m(x)e(x)] dx}, @

which are defined for sufficiently many well-behaved
functions f(x) and g(x). To fix the idea, it may be
assumed that f(x) and g(x) are infinitely differentiable
and fall off at infinity faster than any inverse power of
|x|. Evidently, we have U f, glt = U[—f, —g]. Some
straightforward consequences of the CCR which we
frequently use are

UL, 81 = exp (1 [ £ axjUl0, VL 01 5,
= exp {4 76080 ax|ULs O, 81,

(3b)
and the *“translation property”
ULf, gl'{ap(x) + Br(x)}ULS, gl
= a{p(x) + g0} + f{m(x) + f(x)}, 4

where o and § are complex numbers.
We introduce a distinguished set of unit vectors
according to the definition

\f,8) = UL/, 8110 &)

for sufficiently many f and g. In our subsequent
applications we regard [0) as the unique translationally
invariant state, or equivalently as the unique ground
state for the problem at hand. Generally, the vectors
|f,g) are not mutually orthogonal for different
arguments; on the contrary, telling information
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regarding the problem and the CCR representation
leaves its imprint in the overlap (f, g| f’, g’) between
such vectors. While the states |f, g) are most useful
when they span the Hilbert space $, the basic state-
ments embodied in the weak correspondence principle
do not require that they span $; the WCP remains
valid in the subspace that these vectors do span. For
notational convenience we shall not distinguish these
cases and we refer simply to the collection of states
|/, g as the overcomplete family of states (OFS).

We are primarily interested in the diagonal OFS
matrix elements

G(f,g)={/glSf.

for various operators interpreted as quantum genera-
tors. Additionally, from (3), we may deduce that

G(f, 8) = (0] U[0, —glU[~/, 018 UL/, 0]U[0, £] 10),

(62)
' (6b)
where we note that
ULS, 0] = exp {i f #(X)/(X) dx}, (78)
U[0, g] = exp {—i f m(x)g(x) dx}. (7b)

Suppose, now, one seeks to choose an operator §
to associate with some classical generator (e.g.,
Hamiltonian) G(=,;, ¢,;) depending on the classical
field ¢, (x) and its conjugate momentum w,(x). In
the traditional approach one adopts

G = :G(w, ¢): )]

for the quantum generator where the colons denote’
some sort of normal ordering. With this choice we
see from (4) that

©| ULS, gI":G(m, ):ULS, g110)
=(0[:G(@ + 1, ¢ +2):10) =G(f,2), O

with all other terms vanishing. Thus one consequence
of the traditional identification (8) is that diagonal
OFS matrix elements of the quantum generator yield
the classical generator with the understanding that

f&) = m(x), g(x) = ga(x). (10)

This property is not limited to the usual definition of
normal ordering (all creation operators to the left of
all annihilation operators), but applies to the genera-
lized normal ordering implicit in the generating
functional

:ULS, gl: = UL, g)/0| UL, g110),
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whatever form the c-number denominator may take.

If the CCR representation is irreducible, then the
prescription (8) is generally correct. However, if the
CCR representation is reducible, then for many
important operators the preceding prescription neces-
sarily fails. This failure is often so complete that §
cannot be expressed as any function solely of = and
@. Such is the case, for example, for the three genera-
tors. of space translations @, k = 1,2, 3, and the
Hamiltonian J, if we assume that |0) is a nonde-
generate eigenstate of these operators.® The space-
time translation generators for a generalized free
field are a case in point.

It is the purpose of the WCP to shed light on the
situation even in those cases where (8) breaks down.
The WCP states that the diagonal OFS matrix
elements of quantum generators have the proper
classical functional form independent of whether Eq.
(8) holds or not. In symbols, if §is the quantum genera-
tor associated with the classical generator G, then the
WCP states that these quantities are connected by the
relation

G(f,g)={fglS|f. & an

not only when (8) is true but even in cases where §
is not any function solely of the = and ¢.*

Roughly speaking, the WCP does not precast the
CCR representation into the narrow confinements of
an “irreducible mold”; on the contrary, the WCP
leaves completely open the ultimate nature of the
CCR representation. As was shown elsewhere,! such
liberalism is necessary to achieve any solution at all
in the case of the “rotationally-symmetric” models.

The remainder of this paper is devoted to verifying
(11) for the principal generators in Euclidean- and
Lorentz-invariant problems. We treat the simpler
Euclidean-invariant cases first as preliminaries to the
more interesting Lorentz-invariant cases.

3. WEAK CORRESPONDENCE PRINCIPLE
IN EUCLIDEAN-INVARIANT THEORIES

For a given Euclidean-invariant theory we assume
there exist three space-translation generators T,

2 The field and momentum operators are reducible if they admit
a common decomposition ¢ = @, @ @, m =7y O m,. If K (say)
were a function solely of 7 and ¢, then K = J; ® ¥, which would
violate the assumption that |0) is a nondegenerate eigenstate of JC.
Consequently, J€ cannot be a function solely of = and . A similar
argument applies to T, .

4 The word *‘classical” as used here need only be taken to infer
that the diagonal OFS matrix elements have a functional dependence
on the fields fand g similar to that of the appropriate generator of
the classical theory. No deterministic interpretation of the fields f
and g is implied or intended; indeed, % is not set to zero but remains
unaltered in the WCP (having the value one inthe unitschosen here).
Further discussion of the WCP including the # dependence is
contained in a related analysis for particle mechanics by J. R.
Klauder, J. Math. Phys. 4, 1058 (1963); 5, 177 (1964).
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three infinitesimal rotation generators §;, k =1, 2, 3,
having traditional commutation properties, and a
positive Hamiltonian operator §, which commutes
with the generators of the Euclidean group. We
assume the state |0) is a simultaneous eigenstate such
that (for all k)

5210y = % 10) = ¥ 10) = 0.

From Euclidean invariance of |0) it follows that

V(0] ¢(x) [0) = V(0] 7(x) [0) = 0.  (12)

Momentum Operators

To illustrate our basic idea most simply let us first
consider the space-translation generators &,. Almost
instinctively these operators are identified with the
quantities {7V, dx suitably normal ordered. Yet, as
we have noted,® for a reducible CCR representation
and unique translationally invariant state, the above
identification is manifestly false.

We proceed to determine the three functionals

P(f, ) =/, 81 %1/ 8)- (13)

From the condition &, [0) =0, we conclude that
P,0,0) = 0. From [T, p(X)] = —iV, ¢(x) coupled
with (6a), (4), and (12), we learn that

[6/6f(XP(f, 8) = i/, gl [Te, 9(X)] 11, &)
=(f, gl Vig(®) |/, &) = V,g(x).

In similar fashion, [}, »(x)] = —iV,m(x) coupled
with (6b), (4), and (12) leads to

[6/0g(01Pu(f, &) = — K[, gl [Tp, (X1 11, &
= —(f, gl Vir(X) |, &
= -—-ka(x).

The only functionals consistent with these three
conditions are easily seen to be

2l TS 2) = P, 8) = f FXV,e(x) dx. (14)

Clearly if we interpret g(x) as a classical c-number
field and f(x) as its conjugate momenturn—as we
hereafter shall—then (14) states that the diagonal
expectation value of the quantum generator of space
translations in the states |f, g) yields the classical
generator of space translations. This is just the WCP
as applied to the space-translation generators. In
obtaining this result we note that no functional form
for ¢, was assumed, nor was it assumed that the

states | f, g) span $.
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Angular Momentum Operators

A similar computation determines the diagonal
matrix elements

Jlfs 8) =8l &S, 8

for the rotation group generators. From §; [0) = 0 it
follows that J,(0, 0) = 0. Since

(8x> ¢®)] = —legnx; Vaup(x),
and similarly for #(x), it follows that

[6/0fV(f &) = i S, gl (&%, 9IS, &)

= €klmxlvmg(x) s

[6/0g(OV(f> &) = —i(f, gl (G, =1 IS &)
= —eklmxlvmf (X).
These conditions uniquely fix J, and we find that

and

o2l B lf 8 = S ©) = f €aamf 0%V, 8(x) dx.
as)

As is readily seen, the J, are just the classical
generators of infinitesimal rotations as required by
the WCP.®

Hamiltonian

We now turn our attention to the generator of time

translations, the Hamiltonian J. We seek to study the
functional

Hf,p=(f,glX\|f, & 16)

which is evidently real and (granted suitable spectral
conditions on J) is positive subject to the single
exception H(0,0) =0 since ¥ |0) = 0. From the
condition [¥, ¢(x)] = ~im(x) coupled with (6a) and
(4), it follows that

O/f(X)IH(S, 8) = K, gl [K, e IS, &)
=(f,glm®) 11,8
=f(),

since (0] w(x) [0) = 0 [¥, p(x)] |0) = 0. Conse-
quently we can put

1
Hfg) =3 [feax+ W, (D
with W(g) > 0 excepting the case g =0, where
W(0) = 9. Euclidean invariance of J¢ implies that
W(g) is invariant under spatial rotations and trans-
lations of g(x). Further information about W is of

51t is evident from the preceding examples that any “kinematic”
generator (i.e., one whose commutator with an arbitrary linear sum
of @ and = is again a linear sum of ¢ and #) which annihilates the
state |0y will fulfill the WCP.
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course difficult to deduce in general but some features
may be inferred from plausible requirements on €.
If we introduce the notation

(g) = f m(X)g(X)dx,

then we may set

W(g)
— H(O, g) — <0l ein(a)Jee—in(a) l0>

= 3 (1701 (@), [n(e), -+ ), 3]+ 10)

= ,Zz(" DTW.(8)

Eéz(n!)—lf' ‘ 'an(Xl 1 Xp)

X g(xy) - g(x,) dx, - - - dx,, (18)
where W,(g) is homogeneous of degree n. If W(—g) =
W(g) is a plausible even symmetry, then W,(g) = 0
for all odd integral n. For a polynomial-type interaction
the series in (18) should terminate; indeed, for
example, a general @*type interaction Hamiltonian
should at least be sensitive to the power four in such a
way that a five fold multiple commutator of 7(g) with
& vanishes identically. If we combine these arguments,
then a @*-type theory should involve only Wy(g) and
Wi(g).

In addition to limiting the number of terms which
contribute to W(g), some general properties of
wa(Xy,***,X,) may be postulated in special cases.
In particular, besides Euclidean invariance of these
quantities, an essentially local theory may be defined as
one for which all nonvanishing w,(x,, -, x,) are
distributions with but a single point of support at
X; = Xy =+ + =X, for all n. This is an important
classification and, as we note below, it includes the
relativistic interactions.

Let us examine the specific term W,(g) in some-
what greater detail. Evidently we have the several
relations

Wa(g) = —(0f [(g), [7(g), k1] |0)
= 20 m(g)¥n(g) |0)

=ffwz(x1 » X2)8(X1)g(X,) dX, dx,

= f (k) 1200 dk. (19)

In this expression,
WwoXy, Xp) = 2(0] m(x)Xm(x,) [0),

3(k) = 2y f e Tg(x) dx;
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also
(k) = f e w(x, 0) dx,

which by rotational invariance is a function only of
k = |k|. In the case of a unique ground state, then
We(k) > 0 (almost everywhere). For an essentially
local theory, W, is a polynomial in k2; for a relativistic
theory we show below that W,(k) = k2% 4+ ml.

In the simplest of examples, W,(g) is the only
nonvanishing term in (18), and a free-field Hamil-
tonian results. As a “collection of independent
oscillators” such a free-field theory admits a straight-
forward irreducible quantization whose CCR repre-
sentation is characterized by the fact that

fg10) = exp {— ; f ORI

+ 0t 100 dk}.

In the present case, & = :H(w, ¢): so that the validity
of the WCP follows from Eq. (9). It may also be
worth noting in this case that each distinct Wy(k)
corresponds to a unitarily inequivalent CCR repre-
sentation.

Concrete examples of Euclidean-invariant models
with nonvanishing interaction are the “rotationally
symmetric” models.»** Only discrete energy levels
arise in these models so no scattering takes place.
Elsewhere, we will present other Euclidean-invariant
models with nonvanishing interaction [e.g., Wy(g) # 0]
which exhibit both scattering and production. Some
of these latter examples are essentially local in the
sense discussed above. Each of these models exploits
a reducible CCR representation, and although they
satisfy no conventional prescription like Eq. (8),
they nonetheless all fulfill the WCP.

4. WEAK CORRESPONDENCE PRINCIPLE
IN RELATIVISTIC INVARIANT THEORIES

We divide our relativistic discussion into two parts:
the first part is an extension of the arguments in the
preceding section, while the second part is a covariant
reformulation of the results of the first part.

Quite clearly the previous discussion of the momen-
tum and angular momentum generators applies in the
present case. We begin by examining the Hamiltonian
somewhat further.

Hamiltonian

We note initially that local commutativity on a
single spacelike surface (# = const) requires that

[7(x1), [7(x), X]] = 0;

X, # X2,
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and similarly for additional commutators with (x).
Thus relativistic fields are essentially local fields in the
previous sense. We next show in a two-stage analysis
that covariance arguments enable us to determine the

functional form of
[~

W(g) = 22(11 DW.(2)
in Eq. (19). .
We may determine the second-order term W,(g)
with the aid of the Lehmann representation for the
two-point function. In particular, relativistic invari-

ance leads to the well-known expression®

. 1 ) )
0 —iJCt 0 = ik (x—¥)—imt
O] g(x)e"¢(y) 0} 2(2ﬂ)3ffe
x 2K o) amt, (20)
w
where o® = k% 4+ m?, and (since we assume CCR)

f plm®) dm® = 15 p(m®) > 0.
Combining the relation
(O] p(x)E3¢(y) 10) = (0] [¢(x), KJK[IK, @(y)] |0)
= (0] m(x)Xn(y) [0) = dwo(x, y)
with the result of three time derivatives of (20) at the
origin, we find that
1
@y

Evidently, in the relativistic case, we may conclude
that

wy(x, y) = f f IR 4 m?) dko(m?) dm,

wy(k) = k* + mg, (21)

where

m Efmzp(mz) am?®, (22)
The latter expression is recognized as the usual de-
finition of the bare mass, although it is deduced by
different arguments.” In the present formulation, Eq.
(22) becomes a consequence of the WCP. By way of
summary at this point we note that (19) and (21) lead
to

Wig) = f [(Ve)® + mig®] dx, 23)

as befits the second-order contribution to a relativistic
Hamiltonian.
The remainder of W(g) is best treated as a unit.

8 See, e.g., S. S. Schweber, An Introduction to Relativistic Quantum
Field Theory (Harper & Row, Publishers, Inc., New York, 1962), p.
659.

7 5. S. Schweber, Ref. 6, p. 667.
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Let us introduce

V(g) = W(g) — tWg) = 3 (n)

n=3

w.(e @8

as the classical interaction potential. When we discuss
the relativity generators below we shall be able to
show that V(g) has a form given by

V®) = [ Vigl dx = 3007, [0 dx, (29)

where ¢, are constants,

Accepting this result for V(g) temporarily, we learn
in the relativistic case that the diagonal OFS matrix
elements of the Hamiltonian have the form

H(f,g)=(fgl¥XIf &
=1 f {700 + Vg + mig*(0} dx
+ f V{g()] dx,
= f H(x) dx. (26)

Here, H(x) is a nonnegative density defined in
obvious fashion from f(x), Vg(x), and g(x). If in
addition we assume the conditions of (say) a ¢*-type
theory as discussed in Sec. 3, then H(f, g) would have
the form (26) in which V[g(x)] = Ag%(x) for some
positive constant A. Evidently Eq. (26) gives just the
desired family of classical relativistic Hamiltonians,
and so fulfills the WCP in splendid fashion.

Relativity Transformations

We may adjoin three relativity-transformation
generators X, k = 1, 2, 3 (all defined at z = 0) to
our Euclidean generators and Hamiltonian discussed
above and make a set of Poincaré generators. The
three functionals

K(f,g) =/, gl % 1S, 8

may be found as before. From X, [0) =0 there
follows the condition K,(0, 0) = 0. From

Ko, o(®)] = ~i[tV,ep(x) + x,0(X)],

we learn that

Py )Kk(f g = i(f, gl By, e S, &)
= (f, gl tV,p(x) + ix,[K, p(X)] IS, &)
=V, — H
o tv g(X)+xk5f() /. 8.
Likewise,

[Ke, (0] = —~i[tVimr(x) + Veo(x) + %7 (X)),
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which is just the time derivative of the previous
commutator, leads to

Ki(f, &) = —if, gl [Ky, n(X)] 1, &)

8g(x) ( )
= (f, g| — tV,7(x) — V,9(x)
— ix, [, ()] £, 8)
= —tVif(x) — kg(X)
X, —— H 27
+x 3 ( D (f,8). 27

In terms of H(x) [implicitly defined in (26)], the
solution for the functionals X, is readily seen to be

- f F®)1V,g(x) + xH@)] dx. (28)

This expression makes explicit use of the (Vg)? term in
H(x) [to win the term —V,g(x) in (27)], and makes
implicit use of the absence of any other field gradient
in H(x). Stated otherwise, if some term in V(g)
contained a field gradient, then the solution for
K.(f, g) would differ from that in (28) over and above
a mere redefinition of H(x) to reflect the gradients in
V(g). However, with a standard argument we next
show that only (28) can be correct thereby clinching
the fact that ¥'(g) has no gradients and hence has the
form stated in (25).
We recall the basic commutation relation

[Hr, T,] = —i6,, %€

among the Poincaré generators, which we can im-
mediately restate as

el el = K, + aq e,
where g, are the components of a three vector a. Since
eled| f(x), g(x)) = |f(x — a), g(x — a)),
it follows that [f = f(x), g = g(x)]
K(f(x — a), g(x ~ 2)) = (f, gl e-eTukeinfi | £, g)
=/, 8l K + aX) |, 8)

This relation is fulfilled by (28) since H(x) is the same
density involved in defining H(f, g). In turn, in order
for this to be true, it is required that Eq. (25) hold,
thus establishing its validity. This is the same argument
used to prove Eq. (25) in a strictly classical theory.

In summary, we may combine the present results
with those of Sec. 3 to conclude that in a relativistic
theory all ten generators of the Poincaré group fulfill
the WCP for some local interaction density V[g(x)].
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Additional conditions—such as those corresponding
to a ¢type theory—may be imposed to restrict the
form of the interaction potential.

Covariant Formulation of the Weak
Correspondence Principle

In this section we recast the previous results into
a Lorentz covariant form. We employ a metric with
signature —2, and a unit surface-normal vector n*
and three-volume element do*, which in an appropriate
frame have vanishing spacelike components and time-
like components of 1 and dx, respectively. Let o
denote the spacelike surface which in the same
appropriate Lorentz frame is just the surface ¢ =
const. Then we may relate the function pair f(x) and
g(x) used previously to a space-time function g(x)
through the relations

g(x) =g(x); x€o,
f(x) = n"d,g(x); xeo.

Note by this that all previously used spatial coordi-

nates are reinterpreted as contravariant components

x* as usual. With this notation, the covariant defini-

tion of the vectors in the OFS is given by

18 = exp s f dgdafo, @)

which in the appropriate frame just reduces to (5).
The ten generators of the Poincaré group are given
by the skew tensor#:* and four-momentum J* which
fulfill the standard commutation rules
[9%, M) = —i(ghT" — gg?),
{JK;“‘B, \M)M} — _i(grza%ﬂr - gﬂgdﬁ)m

+ gﬁr M garr (M)Ba).

The connection of these expressions with our previous
generators is given by
To=—F%, R=9,=@%, X,=Mg(=M"),
& = Moy, (= M)k, I, m = 1, 2, 3 cyclic.
We may immediately generalize the diagonal OFS
matrix elements to covariant form from their values

in a specific frame. In particular, the covariant WCP
for the ten Poincaré generators reads

gl 911, &) = P(f, g) = [ T™(x)do, (30)
and ’

(f, gl M|, &) = M*(f, &)
= f ETH(x) — X*T(x)] do,. (31)
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In these expressions, 7**(x) is the classical stress-
energy tensor given by

T*(x) = 0"g(x)0"g(x) — g""L(x),
where

L(x) = H[9.8()F — mig*(x)} ~ Vig(x)]
as follows from our analysis in a specific frame coupled
with Lorentz covariance.

In summary, the diagonal OFS matrix elements of
the ten Poincaré generators yield the ten generators of
a classical covariant theory expressed in the traditional
form with the aid of a stress—energy tensor.

5. SUMMARY AND DISCUSSION

In the previous sections, we have shown that
diagonal matrix elements of quantum generators in
the states |f, g) yield the appropriate classical gener-
ators as required by the weak correspondence prin-
ciple. Basically, these results are only contingent on
certain operator domain conditions, and are not
wedded to a three-dimensionality of space nor to a
complete expandability of W(g) in a power series.
If the canonical operators = and ¢ are irreducible,
then the WCP is equivalent to normal ordering.
However, if = and ¢ are reducible—independent of
whether the states |f, g) span # or not—the WCP
is far more general. As already noted in such a case,?
JC cannot be solely a function of 7 and ¢. It must
clearly be understood that, in general, this property
implies that no conventional field equations (i.e.,
¢ = F{gp} for some functional F of ¢ at a fixed time)
can hold; hence no conventional 7-function equations,
nor conventional Schwinger equations can hold.
These features are not related to renormalizations
and are easily illustrated for generalized free fields.

The utility of the WCP stems from the constraints
it places on the CCR representation and the quantum
generators, constraints which can serve as a guide in
formulating the quantum theory. For example, given
a representation of the operators = and ¢, the WCP
can help to test which operators if any can serve as
generators appropriate to a specified classical theory.
Generally, for a given CCR representation, it happens
that no operator can be found which fulfills the WCP
for a prescribed classical Hamiltonian and different
CCR representations must be tried. Once a representa-
tion and generators compatible with the WCP are
found, it follows that a consistent quantum theory
exists. Sometimes it ends up that there are several
quantum theories compatible with the WCP as, e.g.,
happens with a generalized free field in which only
the first moment of the spectral weight is specified
classically [cf.,, Eq. (22)]. For the “rotationally
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symmetric” models there are a two-parameter family
of quantum solutions compatible with the WCP
(these solutions may be labeled by the mass values of
the two asymptotic “one-particle” states that arise in
these models). Such nonuniqueness is by no means
unexpected since the WCP, by itself, generally pro-
vides only a partial constraint on the quantum
generator, especially if the states |f, g) do not even
span 9.

Because the reducible representations for = and ¢
which we advocate are somewhat unconventional, let
us note here several features in their favor. For
example, reducible representations readily take care
of Haag’s theorem which requires that the CCR
representation of a nontrivial Euclidean-invariant
theory be unitarily inequivalent to an irreducible,
free-field Fock representation.® One fashionable
irreducibility axiom is the so-called time-slice axiom,

8 A. S. Wightman, Lecture Notes at the French Summer School of
Theoretical Physics, Cargese Corsica, July, 1964 (Gordon & Breach,
to be published)
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which roughly states that the operators ¢(x, ¢) for all
x and }t| < €, € > 0, are irreducible. From this axiom
it need not follow that just ¢(x) and ¢(x) = =(x) at
t = 0 (say) are irreducible. Also, since the commuta-
tion relations for fields are known to have uncountably
many inequivalent irreducible representations, it is
conceivable that a reducible representation could
arise, loosely speaking, so as to be able to display
some of this variety as so often occurs, e.g., with the
rotation group.

Finally, although not directly related to this paper,
it is interesting to note that recent results for relativ-
istic Fermi fields (depending likewise on a few domain
conditions) imply that a nontrivial relativistic theory
fulfilling traditional anticommutation rules must
necessarily employ reducible representations of the
spinor field and its adjoint.® We hope to develop a
weak correspondence principle for Euclidean- and
Lorentz-invariant Fermi fields in a subsequent paper.

9 R. T. Powers, Commun. Math. Phys. 4, 145 (1967).
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We set up a Rayleigh-Ritz procedure for determining the approximate classical and quantum internal
motion of a singularity-free solution to a nonlinear field theory. The dynamical approximation procedure
is applied to the particlelike solutions of a nonlinear model scalar field theory and to the particlelike
solutions of a class of nonlinear model scalar-spinor theories. Dynamically stable, metastable, periodic,
and unstable particlelike solutions all follow for certain ranges of the physical parameters from the
classical theory, but only corresponding metastable and unstable associated quantum stationary states
are obtained for the nonlinear model theories considered here. The functional dependence of the decay
constant for the metastable quantum stationary states is such that very long-lived, practically stable,
states are admissible. Group-theoretic techniques for the systematic derivation of rigorous particlelike
solutions are also described and illustrated with examples.

1. INTRODUCTION

IME-INDEPENDENT singularity-free particlelike
solutions to model Lorentz-covariant nonlinear
field theories have been the subject of recent papers,—3
Rigorous examples of such spatially localized solutions
of finite energy are reported in these papers for certain
model field theories, along with general criteria for the
existence and stability of a time-independent singu-
larity-free particlelike solution to any nonlinear field
theory.'? A Rayleigh-Ritz approximation theory has
been formulated for deriving the motion of such a
“particle” in a superimposed small-amplitude ex-
ternal field, that is, the over-all motion induced in a
singularity-free particlelike solution by virtue of the
nonlinearity of the field equations.®
In the present work we consider the internal
dynamical theory associated with particlelike solutions,
according to both classical and quantum mechanics.
Our analysis is again based on a Rayleigh-Ritz
approximation procedure, but in this case a procedure
for calculating internal dynamical changes of the
“particle.” Theory for the internal quantum motion
of the particlelike solution is then formulated in
analogy to the classical Rayleigh~Ritz approximation
theory by adapting and refining an idea of Petiau.*
The latter approximation method offers a new and
practical way to obtain physically reasonable quantum
dynamical predictions from an essentially nonlinear
field theory. In this paper, we apply the classical and
quantum approximation theory to the model particle-
like solutions obtained previously!? and give special
attention to the dynamical stability of these solutions.

1 G. Rosen, J. Math. Phys. 6, 1269 (1965).

2 G. Rosen, J. Math. Phys. 7, 2066 (1966).

% G. Rosen, J. Math. Phys. 8, 573 (1967).

4 G, Petiau, Ann. Inst. H. Poincaré 3, 127 (1965); Nuovo Cimento
40, 34 (1965).

II. GENERAL APPROXIMATION METHOD

Consider a Lorentz-covariant field theory with the
scalar-invariant Lagrangian density

£ =10, ¢, V) (2.1)

in which ¢ = 4(x, #) is a generic (multicomponent)
real field and ¢ = 0¢/0¢. The action principle

(3de1?=0, LEfﬁdsx 2.2)

produces the field equations

ox _ 3(9?—.) —v. (—a—t—) =0. (23

o¢ 0t\dg o(Vé)
With the assumption that the classical field equations
(2.3) admit an approximate solution of the form
¢ = ¢(x; &, -, £y), where the &'s are certain
functions of ¢, it follows that the functions &, = £,(¢)
must satisfy the Rayleigh-Ritz equations derived
from Eq. (2.2),

oL —i@-{‘) =0, [k=1,---,N], (24)
o0&, dt\0é&,
equations of the Euler-Lagrange form with the

Lagrangian given by

L= f £(d, &, VP Px

=L(£1*..'35N,él)”',é1v)- (2.5)

Modulo an additive constant volume integral which
does not involve the &s or the £’s, the Lagrangian
(2.5) must exist as a well-defined (finite) function for
applicability of the Rayleigh-Ritz equations (2.4),
requiring a singularity-free (integrable) ¢ and con-
ditioning a suitable functional dependence of ¢ on the
&s. Approximate dynamical solutions to the field

2400
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theory are then obtainable by integrating the Euler-
Lagrange equations (2.4). Moreover, corresponding
and approximate quantum states are also obtainable
by an elementary adaptation®* of the preceding
classical method, the Lagrangian (2.5) describing the
physical system accurately to within the approxi-
mation of N dynamical degrees of freedom. Asso-
ciated with (2.5) is the Hamiltonian

H=H(§la.“,EN,7)1"”’77N)

N a
Eszﬂk"L, e =37 »

k=1

(2.6)

and standard canonical quantization leads to the
Schrodinger equation

ihy|dt = H(E,, -+ , &y, —ihD[OE,, - - , —ihD[Ex)p
2.7

for the wavefunction y = ¢(&;,---, &y; ). Again,
as in the approximate classical dynamical theory, the
Lagrangian (2.5) must exist as a well-defined (finite)
function of the &s and &s (modulo an additive
constant volume integral) for applicability of the
method. Then by integrating the Schrédinger equation
(2.7), quantum states are obtained for the reduced
field theory, approximated as a system with N
dynamical degrees of freedom.

To illustrate the classical and quantum approxi-
mation methods discussed above, let us consider the
theory based on the Lagrangian density

£ = (§) — (Vo)? — p?¢? (2.8)

for a real scalar meson field ¢ = ¢(x, #) of constant
positive mass fiy. We seek approximate solutions®
to the associated linear field equation in the form of
plane waves,
b=3 Esink-x for xinV
IR 0 for xnotin ¥

with k a constant and & = &(¢). With Eqgs. (2.8) and
(2.9) the Lagrangian (2.5) is evaluated as

L=3[& — (K + pD)EWV
12> (s

(2.9)

(2.10)

for Hence, the classical dynamical

81t is important to note that the approximate solution must
correspond qualitatively to a rigorous solution of the field theory,
for otherwise false results follow. This is exemplified by the spurious
approximate particlelike “solutions” to the linear field equation
derived from (2.8), say approximate *‘solutions” of the form

¢ = $ = (const) &~ exp —|x|/&

with & = §(r); formal application of the method leads to bounded
periodic classical dynamics for & [whereas spatially localized and
temporally periodic solutions to the theory based on Eq. (2.8) are
precluded rigorously] and to similarly false results for the associated
quantum states.
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equation (2.4)
E+ R+ pD)E=0 (2.11)

is an exact relation for this simple example. Likewise,
the quantum dynamical equation (2.7)

; [_RB& Vi, o

ihdp/or = [ 27 3e 0+ 0 :lzp (2.12)
is a precise relation, yielding the exact energy eigen-
values and eigenstates for the quantized simple
harmonic oscillator associated with the plane wave
(2.9) in the quantum field theory for (2.8).

Another illustration of the approximation methods,

a very simple nonlinear example, is provided by the
spatially homogeneous solutions to the generic
nonlinear field theory with (2.1), solutions of the
form

b= {5 = &) for xinV o)
0 for xnotin V.
The Lagrangian (2.5) is
L==L(¢& & 00, (2.14)

and hence the classical dynamical equation (2.4)

E_d®_,
ot dt (aé)
is in fact the exact relation obtained by putting Eq.
(2.13) into the field equations (2.3). Furthermore,
the quantum dynamical equation (2.7) obtained from
Eq. (2.14) is a physically reasonable one-degree-of-

freedom correspondent to the Schrédinger functional
differential equation for the quantum field theory.®

(2.15)

1. DYNAMICS OF PARTICLELIKE
SOLUTIONS TO A NONLINEAR
MODEL SCALAR THEORY

In this section, we use the Rayleigh-Ritz approxi-
mation method to analyze the internal dynamics of
particlelike solutions to the solvable nonlinear model
theory based on the Lagrangian density®

£ = (6) — (V6) + go° (3.1)

with 0 a real scalar field and g a positive physical
constant. The associated field equation

b — V20 — 365 =0 (3.2)

is satisfied rigorously by the singularity-free spherically
symmetric static particlelike solutions

6= 0,0 = Z(Z% + x)t  (33)

in which the ‘“‘size parameter” Z is a free nonzero

8 G. Rosen, Phys. Rev. Letters 16, 704 (1966); Phys. Rev. 160,
1278 (1967).
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constant. By direct integration, the total field energy
or classical “particle rest mass™ is obtained as
[l — st = Tomm, G

a quantity independent of Z. We give a systematic
derivation of the static particlelike solutions (3.3) in
Appendix A and a systematic derivation of the time-
dependent self-similar particlelike solutions to the
field equation (3.2) in Appendix B, employing appro-
priate group-theoretic techniques in order to obtain
these exact solutions.

Now consider an approximate solution to Eg.
(3.2) of a form that generalizes (3.3),

6 =6=2Z(& + x5, (3.5)

in which the “effective particle radius” & = &(¢) is
introduced as a positive function of time. By putting
(3.5) into (3.1), the Lagrangian density is expressed as

€= [Z2(£282 — |x|*) + Z%)(£ + X[ (3.6)
and thus the Lagrangian
_(@2P & 3 Zig)
4 (E 3 * &

is obtained by integration over all x. From Eq. (3.7)
it follows that the classical dynamical equation (2.4)
is in this instance

28 — £2+3(E——1)=0

(3.7

(3.8)

with the unstable equilibrium value & = Z%? evi-
dently a solution, producing (3.3) from (3.5).
More generally, the energy integral of (3.8)

Cad
4 L& & &
shows that £ eventually goes to either zero or infinity
as t increases and that no periodic classical motion is

possible.”

With the simplest Hermitian ordering of the momen-
tum term, (3.7) yields the Schrodinger equation

B 2,0, wzra_ 2
ezt a (5 53”""
(3.10)

We have the boundary conditions ¢ =0 at £ =0
and £ = oo since negative and infinite values of £ are
excluded. Stationary quantum states derived with

:I =m=const (3.9)

iyt = [—

7 A spatially localized and temporally periodic solution is not
precluded by the recent theorem [G. Rosen, J. Math. Phys. 7, 2071
(1966)], because the energy density associated with (3.1) is not
positive definite.
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(3.10) are of the form
v = w(&; me-imin (3.11)

where m denotes the eigenvalue of total energy or
particle rest mass and w(&; m) satisfies the equation

£ 414 a2y
d&®  EdE AR (52 &

for 0 < & < oo, subject to the boundary conditions
w(0; m) = w(cc; m) = 0. An acceptable physical
interpretation is not available for states with m
negative in the context of the closed theory being
studied, and therefore such states are excluded from
consideration here.® The special academic solution to
(3.12) with m = 0 is given exactly by

w(&; 0) = (const) J, o(m*Z*g/2hE)

y = V3 (=Z)h,

that is, in terms of a Bessel tunction of order }y.
Since Eq. (3.12) implies the asymptotic behavior
w(&; 0) =2 (const)E~'2 for & > (n2Z%1/2h), it follows
that Eq. (3.13) is in L*0, co) with the Hilbert norm
lo| = (f& (o[ d€)* [concomitant with the Hermitian
ordering in (3.10)] provided that y > 1. For the cases
with m > my = 72/2g}, Eq. (3.12) admits free waves
and short-lived resonances, quantum states of no
practical interest in the present theory. Turning to the
physically interesting cases with m greater than zero
but less than m,, we find that the wavefunction is
contained in the region 0 < & 2 &' by a “potential
barrier” in the region &' 2 & = &, where

(3.13)

£ = Vlizzg* and & = 3(nZ)Hdm. (3.14)
The physically admissible solutions to (3.12) with
0 < m < m, are thus not in L*0, c0), having the
asymptotic behavior

(const) J,,(n*Z*gY2hE) for &= &
(const) &% sin [27Z(m&)YA) + (const)]

for &>¢&",
(3.15)
and hence there are no absolutely stable “bound”
stationary states with m positive. However, for values
of y greater than unity metastable states are obtainable

w(&; m) >~

8 Since Eq. (3.10) is dominated by an effective £~¢ “attractive
potential” about & = 0, there are an infinite number of purely
formal (unphysical) “bound” states with the total energy eigenvalie
m negative [e.g., R. M. Spector, J. Math. Phys. 5, 1185 (1964)].
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by matching the asymptotic forms (3.15) at § = §” and
by taking a value of m for which |w(&; m)[? is rela-
tively small [although only asymptotic to (const) &3]
for values of &> &. We estimate 4, the decay
constant or characteristic rate of exponential dis-
solution of a metastable state, by means of a Laue-
type formula familiar from the elementary theory of
alpha disintegration,

Az (mfh) |o(&"; m)|w(&'; m)2
= (FREQUENCY OF ASSAULT ON
THE “POTENTIAL BARRIER”’)

X (PROBABILITY OF PENETRATION). (3.16)

Thus, using the first asymptotic expression in (3.15)
and the values (3.14), we have the approximation

A (IR, 2% m 30T, 53 (xZ)/20) ]
= (mB)J, ;a(ym[33 m)|J, oy /212 (3.17)

Now with m < m, the finite zeros of the Bessel
function of order }p are not accessible to the argu-
ment ym/3\/ 3m, in Eq. (3.17), and so the mass
eigenvalues for physically admissible metastable
states comprise a continuum of positive m & m, for
which (3.17) reduces to the simple expression

A2 (m[R)(2m[3./3 my)".

Hence, in the semiclassical range y 3> 1 the metastable
states are characterized by a very small decay constant;
the classical theory! only admits m = m, and gives
A =< 6.6(my[R)y—1.

In summary, the metastable quantum states asso-
ciated with particlelike solutions to the nonlinear
model scalar theory based on (3.1) correspond quali-
tatively to the metastable particlelike solutions of the
classical theory with Z2 large. The principal effect
of quantization is to suppress the decay rate substan-
tially for large values of the dimensionless parameter
y = /3 (nZ)}/h. With the admissibility of a positive
continuum of values for the eigenvalue mass m <« my,
such metastable quantum states are not in the appro-
priate L2(0, c0), and no absolutely stable “bound”
stationary states are realized by the theory. Extended
analysis shows that these conclusions hold true for
any alternative Hermitian ordering of the momentum
term in Eq. (3.10), with or without an alternative
Hilbert-norm definition (concomitant with certain
Hermitian orderings). Further analysis demonstrates
that quantization may enhance metastability but does
not give rise to absolute stability for other approximate
particlelike solutions which differ from Eq. (3.5) in

(3.18)
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functional form.® In the following section we investi-
gate the approximate effects of quantization on the
particlelike solutions to a class of nonlinear model
multicomponent field theories, some of the latter
particlelike solutions exhibiting absolute stability on
the level of the classical theory.

IV. DYNAMICS OF PARTICLELIKE SOLUTIONS
TO NONLINEAR MODEL SCALAR-
SPINOR THEORIES

We now consider a class of more complicated
ponlinear model theories based on the generic
Lagrangian dsnsity?

£ = (6)* ~ (V) + Zl(w% )
+iy'e-Vy + GOy (4.1)

with 6 a real scalar field, v a two-component complex
Weyl spinor field (y' its Hermitian adjoint, o the
Pauli matrices), and G = G(x) an arbitrary differ-
entiable real function of the positive invariant scalar
x = p'y/0%. The associated field equations admit
rigorous singularity-free spherically symmetric static
solutions of the form

b = 0,(x) = +(3aH H}a? + |x)?,
y = po(x) = 3aH @ + X + io - x)u,

dG

H=H)=G+x"", (4.2)

where u is a constant Weyl spinor normalized to unity,
u'u = 1, « is a constant positive root of the equation
H? + 3k2QH — 3G) =0 4.3)

for which H # 0, and the “size parameter” a in Eq.
(4.2) is a free nonzero constant with the sign of H,
so that (aH™) is a positive quantity. The total field
energy or classical “particle rest mass’ is obtained as

[10900° — vl - Ty — GOyl d'x
= 3n°(1 + 3xH ) [H7| = m,, (4.4)
a quantity independent of the size parameter a. If the

¢ For instance, particlelike solutions of the spherically symmetric
self-similar form (see Appendix B) 6 = &-#y([x]/£), in which y is a
prescribed function, give L = $m, &% — m,,

my, = %j 22y () + x(A)24mAt d2,
0

my, = f [’ (D2 — gx(M¥l4mA2 dA.
»

It foilows that admissible stationary states with g = 0 at £ = O are
sinusoidal in & and therefore not in L*(0, o).
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root of (4.3) is such that —3x < H < —3k/2, or
equivalently such that —« < G < —3«/4, then the
particlelike solutions (4.2) are energetically stable
with respect to changes in their functional form
induced by infinitesimal spatial dilatations.

A dynamical generalization of (4.2) is given by

0 = £GaHHHE + [x|)H,

p =318 + Ix)H(al § + das - Xu,
where the “effective particle radius” & = &(¢) is
introduced as a positive function of time and the
quantity x = yTy/6* is taken to be a constant positive
root of Eq. (4.3), as in the case of the rigorous static
solutions (4.2). We evaluate the Lagrangian density
explicitly by putting (4.5) into (4.1),
£ = 3aH1[&£2 — |x|2 + 3 |a|] kH?

x (u'o - xué — 3&) + 9a2H2G]
X (8% + [x[373,

(4.5)

(4.6)

222 34|
(5%
4.7
follows by integrating (4.6) over all x and using (4.3)

to eliminate G. In this instance the associated classical
dynamical equation (2.4) takes the form

and the Lagrangian

_37faH'(8 3 &

4 & &

L

2
268 — & 4 3(5;_—2 - 1) + 18H’1K(fl§—: - L?) =0
(4.8)

with the equilibrium value § = |a| evidently a solution,
producing (4.2) from (4.5). Elementary analysis
applied to (4.8) indicates that the & = [a| solution is
dynamically stable for —3x < H < 0,'® and further-
more if the latter condition is satisfied by H at the
root of (4.3), then (4.8) also admits the unstable
equilibrium solution & = (6 |HY| x — 1) [a]. For
—6x < H< —3k, Eq. (4.8) admits the srable
equilibrium solution & = (6 [HY| « — 1) |a] as well
as the unstable equilibrium solution & = |a]. Moreover,
the general energy integral
3n%aH' & 3 a4 2 (3lal 2a°
4 [5 et K( 2 53)}
= m = const (4.9)

shows that periodic classical motion about the stable
equilibrium & = |a| for —3x < H < 01is possible with

10 Energetic stability of the particlelike solution also requires the
condition 0 > H > —3x, and the agreement here for the energetic
and dynamical stability conditions lends support to the conjectured
general equivalence of the stability criteria (Ref. 2).
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m positive if m’ < m < m”, where

m =87 |H Y2 —31{H Y %)
and

m' =37 |HYNOIH « - 2)(6H Yk — 1)

as H — — 3« this bounding condition on m reduces to
w4 < m < m*[4x, thereby precluding periodic
motion, while as H— 0, the bounding condition
relaxes to m < 37%/16«. The more stringent bounding
condition with m’ and m" interchanged, m" < m <
m', follows from (4.9) for periodic motion about the
stable equilibrium & = (6 |H Y x — 1) |a| for —6x <
H < —3«. In all other cases & eventually goes to
either zero or infinity as ¢ increases, a fortiori and
irrespective of the value of m if either H < —6« or
H>0.

With the simplest Hermitian ordering of the momen-
tum term, the Schrédinger equation obtained from

(4.7) admits stationary quantum states of the form
v = w(&; m)e ™, (4.10)

where m denotes the eigenvalue of total energy or
particle rest mass and w(&; m) satisfies the equatior

(£ 414 _ a3 o
g £dé (ZEH) g o

2
-2

37%am

HPHE

}w(é ;m)y=0,
(4.11)

for 0 < & < oo, subject to the boundary conditions
o(0; m) = w(oo;m) = 0. For small values of &
physically admissible solutions to (4.11) have the
asymptotic behavior

w(é; m)
(£} sin [(H % + Iy |al/y2 &) + (const)]
for H'%> —%
= (const){ J,(y(lal/26)}) for H % = —%

exp [—(H™ x — )y lal/y2 &)
for H'x < —%,
(4.12)

where y = 3v/3m%aH-/h. On the other hand, for
large values of £, physically admissible solutions to
Eq. (4.11) with m > 0 take the asymptotic form

w(&; m) = (const) &4 sin [ (3aHmE)t/K)
+ (const)],

and therefore the physically admissible solutions are
not in L*0, o). Hence, there are no absolutely stable

(4.13)
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“bound” stationary quantum states with m positive,
notwithstanding the fact that some stable particlelike
solutions appear on the level of the classical theory.
Metastable states are obtainable, however, for values
of y greater than unity if H-'«x > —4¢, that is if either
H < —6kor H > 0, and for positive mass eigenvalues

m & min {372/4«, 972 |H-1|/A(} + 2H )t}

[mass eigenvalues generally very small compared to
the classical quantity (4.4) with Hlx > —3, as
shown by simple analysis]. With the latter condi-
tions satisfied, the wavefunction is contained in the
region 0 2 £ 2 & by a “potential barrier” in the
region &’ 2 £ 2 £, where

¢ = max {3aH ', (} + 2H )} |a]}
and (4.14)

& = 9m2aH/4m,

the solutions to Eq. (4.11) decreasing like w(&; m) o=
(const)&~¥/2 in the region of the “potential barrier”
& 2 &2 & The decay constant or characteristic
rate of exponential dissolution of such a metastable
state is estimated by the Laue-type formula

A =2 (m[h) |(&"s m)jor (& ; m)|?
= (m[R)& [E"Y
= max {(m/h)(4xem[377)?,
(m/B4G + 2H ) m/97* |HT T}, (4.15)

which shows that in the semiclassical range y > 1, the
metastable states are characterized by a very small
decay constant.

In summary, the quantization of particlelike
solutions to the nonlinear model scalar-spinor theories
based on (4.1) produces metastable stationary states
but no absolutely stable “bound” stationary states.
The metastable states are obtained for values of « [a
positive root of (4.3)] such that H'x > —3, positive
values of the eigenvalue mass

m K min {37%/4x, 972 |H|/4(} + 2H_1K)%},

and values of the dimensionless parameter y =
3y/3 n2aH-h greater than unity, large values of y
giving a very small decay rate. It is interesting that all
of the quantum states associated with absolutely
stable particlelike solutions in the classical theory,
solutions for which H'x < —%, are wunstable,
quantization effecting the rapid dissolution of such
particlelike concentrations of field energy. Of course
other nonlinear field theories, perhaps of a more
physical and less academic character, may admit
absolutely stable stationary quantum states associated
with particlelike solutions.
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APPENDIX A: CONJUGATION GROUP
INVARIANCE AND RIGOROUS
SINGULARITY-FREE STATIC
PARTICLELIKE SOLUTIONS

Let us consider the time-independent solutions

6 = 0,(x) to the field equation (3.2), the solutions

which satisfy
V26, + 3g65 = 0.

Associated with any 64(x) is a conjugate solution

(A1)

By = B,(x) = Ii;‘—l 0,(%), X =ox/|x]? (A2)

in which « is a fixed nonzero constant, because the
operator relation

T ot 9X0%, |X|

implies that Eq. (A2) also satisfies Eq. (Al):

= -3 o’ = —3g0;. (A4)

From Eq. (A2), it follows that the conjugation opera-

tion squares to the identity 6, = f,, and so the
identity operator and conjugation operation are
representative elements for the discrete group of order
two for any fixed (nonzero) value of «. A solution of
Eq. (Al) is self-conjugate or invariant with respect to
this conjugation group if 6, = 6,, that is, if

w , [a¥x
—Oo{—1 = 0,(x).
Il °(|x|2) o
The fact that Eq. (Al) implies Eq. (A4) guarantees
the existence of self-conjugate solutions with the
functional property (A5). Moreover, it is practical to
seek rigorous closed-form self-conjugate solutions to
(AD).

To illustrate the last remark and demonstrate the
utility of the condition (A5), we derive the self-
conjugate spherically symmetric solutions to Eq. (A1),
necessarily of the functional form

(AS5)

0u(x) = Ix e, 7= +E >0, (a9
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where 7(7) is a function of the conjugation-invariant
5. By putting (A6) into (Al), we obtain a total
differential equation for (%),

2
@ =D 47— +3gP =0 (A)
dr dn
with the immediate first integral
2
O — 4) (2’—’) — 1% 4 g =const.  (AS)
n

For a finite solution (A6) at x = 0, we have 7(c0) = 0,
and thus the constant of integration on the right side
of (A8) vanishes. Then the final quadrature is per-
formed easily to yield

7(n) = xg *(cosh C)y + (sinh C)(7* — I,
(A9)
where C is a constant of integration. The solution (3.3)

is thereby derived systematically by substituting Eq.
(A9) into Eq. (A6) and setting Z = +gtade 0,

APPENDIX B: DILATATION GROUP INVARIANCE
AND RIGOROUS SINGULARITY-FREE SELF-
SIMILAR PARTICLELIKE SOLUTIONS

If 6 = 6,(x, t) satisfies the field equation (3.2), then
6, = 0,(x, t) = A40,(Ax, ir) (B1)

also satisfies Eq. (3.2) for all real 1 > 0. Hence, the
rigorous solutions to Eq. (3.2) fall into equivalence
classes, solutions in an equivalence class being
generated by the continuous one-parameter group of
dilatation transformations. A general theorem'! guar-
antees the existence of dilatation group invariant or
so-called self-similar solutions to (3.2), for which

130,00x, ) = 0,(x, t) (B2)
for all real 2 > 0; these self-similar solutions take the
general form prescribed by (B2),

6,(x, 1) = t=dy(xfr) > 0], (83)
where y satisfies the equation obtained by putting Eq.
(B3) into (3.2).

Let us now consider the spherically symmetric
specialization of (B3),

bu(x. ) = £t Iy, [=1x1r, (BY)

with y satisfying

3 Cz@_}. 312 Cfiz 1 345 =0 (BS
@=L+ -0+ — ' =0 B9
as a consequence of (3.2). The first integral of (BS) is
obtained immediately as

168 ~ 1) (‘;-Z) +YP -y =4 (B

11 A J. A. Morgan, Quart. J. Math. (Oxford) 2, 250 (1952).
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in which A is identically constant for all values of { if
the physical solutions are required to be of function
class C, piecewise C?, but only piecewise constant if
wave-crested solutions of function class C, piecewise
C2, are also admissible.’? In the former case with
A = const and with a finite solution (B4) at x = 0,
we have ¥(0) = 0, and hence the constant A vanishes.
Then the final quadrature is performed easily to yield

WO =203+ - -t @)
in which B (> —1) is a constant of integration. The
spherically symmetric self-similar solution obtained
by putting (B7) into (B4) is physically admissible in
the region

x| > (1 —B¥%¥ for —1<B<O,

in the region
x{ >t for B=0,
in the region
x>t for 0<B<L1,

and in the region

x{<Lt for B>1,

only the trivial (spatially homogeneous) solution for
B =1 being admissible for all values of |x|. However,
singularity-free solutions of function class C° piece-
wise C?, are obtainable for all values of |x} with 4 in
(B6) piecewise constant; for example, with

{0 for 0 << Ler,
A=
Aer

for fer <,

where the positive constant 4, (>2/3\/ 3) is related to
Ler (>1) by

(B8)

i
Ccr d o — —
f —-———?—;——T; = }sin™* ot (B9)
o (Aer — 9" + ")
we obtain the wave-crested family of solutions

WO =0 for 0< (< Ler,

Yo dy — 1l
o (Ao — 7 + ')/6)% 3sin” g for ler <.
(B10)
In contrast to the solutions (B7), which at best are
asymptotically constant as {— oo, the singularity-
free solutions (B10) give y({) — 343{% as { — oo,
and so the associated particlelike solutions (B4) are
well-localized in space, falling off as |x|~# for large
values of |x]. Note that the spherical surface { = {_,
has the dynamical character of a supersonic shock
wave with the velocity |x|/t = 3, greater than unity.

12 Rigorous examples of self-similar wave-crested solutions to a
nonlinear partial differential equation are also reported in: G. Rosen,
J. Math. and Phys. 45, 235 (1966).
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It has been conjectured by McKean that the particular property of Boltzmann’s H function which
singles it out from a wide class of functionals of the Boltzmann solution may be that its successive
derivatives alternate in sign. We consider here the proof of this alternating property for a discrete
velocity gas. For the linearized-model Boltzmann equation, the proof is trivial. For the full (i.e., non-
linear) model Boltzmann equation, the proof is shown to be equivalent to demonstrating the positivity of
a particular polynomial. The proof of this property is then demonstrated. It is also shown that H®, like

H®™, is zero only for the equilibrium distribution.

L. INTRODUCTION

T is generally recognized that Boltzmann’s H
theorem stands as one of the great results of the
kinetic theory. Boltzmann’s somewhat imprecise
interpretation of this result set the stage for one of the
great controversies of physics history,! which included
among its participants such notable non-physicists as
the philosophers Nietzche and Spencer. In their
masterful Encyklopedia article,? the Ehrenfests pro-
vided for the first time a clear understanding of what
was, and what was not, implied by the H theorem,
thus bringing to a close the controversy which had
surrounded it since its birth. Until recently, the only
efforts toward developing a deeper understanding of
Boltzmann’s result were confined almost exclusively
to the related problems of ergodic theory.® However,
in the past few years these problems have been re-
examined by Kac* and by Grad,>7 who have brought
to light several important points not considered by
the Ehrenfests relating to the general nature of
irreversibility.
More directly related to Boltzmann’s result, which
pertains only to systems described by the Boltzmann

! An excellent account of this controversy and many of the
original papers are contained in the book by S. G. Brush, Kinetic
Theory (Pergamon Press, Inc., New York, 1966), Vol. 2.

2 P. Ehrenfest and T. Ehrenfest, The Conceptual Foundations of
the Statistical Approach in Mechanics, translated by M. J. Moravesik
(Cornell University Press, Ithaca, New York, 1959).

3 Ja. G. Sinai, Dokl. Akad. Nauk SSSR 153, 1261 (1963) [English
transl.: Soviet Phys—Doklady 4, 1818 (1963)] and references therein
contains the most recent results. For an account of, and references to,
earlier work, see 1. E. Farquhar, Ergodic Theory in Statistical
Mechanics (Interscience Publishers, Inc., New York, 1964).

4 M. Dresden, in Studies in Statistical Mechanics (North-Holland
Publishing Company, Amsterdam, 1962), Vol. I.

5 H. Grad, J. Chem. Phys. 33, 1342 (1960).

8 H. Grad, Comm. Pure Appl. Math. 14, 323 (1961).

? H. Grad, “Levels of Description in Statistical Mechanics and
Thermodynamics,” to appear in The Delaware Seminar in the
Foundations of Physics. We are grateful to Professor Grad for
sending us a preprint of this article.

equation (i.e., a dilute, neutral gas) are the works of
Moran,® McKean,”® and the later work of Kaci!
and Grad.’* Here some of the deeper problems
associated with the H theorem are posed and solved
for the first time for particular models of, and approxi-
mations to, the full (ie., nonlinear) Boltzmann
equation. One such problem which is stated, but only
partially solved, is the following: what are the partic-
ular properties of the H function which single it out
from a wide class of functionals of the Boltzmann
solution? McKean' has conjectured that such a
property may be that the successive derivatives of
the H function alternate in sign; i.e., dH[dt <0,
d?H|dt* > 0, d®H|dt* < 0, etc. In order for this
conjecture to be meaningful, it must first be established
that the H function in fact possesses this alternating
property. No such result is known either for the full
Boltzmann equation or any of the models of, or
approximations to it.

For the full Boltzmann equation, or even for the
much more tractable linearized Boltzmann equation,
the alternating property described above appears
very difficult to show. We have, however, been able
to prove the general result for what we believe is
a reasonable, nonlinear model of the full Boltzmann
equation; this is the Boltzmann equation for a
discrete velocity gas. This model of a gas was first
introduced, with surprisingly good quantitative results,
by Maxwell’® to obtain the equation of state for an
ideal gas. It has subsequently been used with great
success in describing boundary-value problems in

8 P. Moran, Proc. Cambridge Phil. Soc. 57, 833 (1961).

® H. P. McKean Jr., Z. Wahrsheinlichkeitstheorie 2, 167 (1963).

10 H. P. McKean Jr., Arch. Ratl. Mech. Anal. 21, 343 (1966).

i1 M. Kac, Probability and Related Topics in the Physical Sciences
(Interscience Publishers, Inc., New York, 1959).

12 H. Grad, J. Soc. Indust. Appl. Math. 13, 259 (1965).

13 3. C. Maxwell, Scientific Papers II (Cambridge University
Press, Cambridge, England, 1890), p. 26.

2407



2408

kinetic theory,*1% and we have also previously
used it to consider the extension of the H theorem to
a moderately dense gas.’®

In the next section we briefly describe this model,
and formulate the proposition we are considering in
terms of the model variables. In Sec. III we prove for
the model that d¥1H/d** <0, d*H|di** > 0
(k=1,2,---), where H is the analog for the model
of Boltzmann’s functional, H[f]= [ dvf(v) In f(¥).

II. FORMULATION OF THE PROPOSITION
FOR THE DISCRETE VELOCITY GAS

A. Discrete Velocity Gas

The model we consider is a rarefied system of n
particles which move with constant speed in a fixed
number of directions (a discrete-velocity gas). Neither
the number of velocity directions allowable nor the
dimensionality of the system affects the qualitative
results we are interested in (neglecting degenerate
situations, e.g., one dimension or two dimensions and
either one or two velocity directions). For this reason
we restrict ourselves to the simplest meaningful case,
which is two dimensions and four (orthogonal)
velocity directions.

Let the number of particles moving in the direction
of the positive y axis (the 1 direction) be N, so that
N; is the number moving in the direction of the
negative y axis, and N,, N, are the number moving,
respectively, in the direction of the positive and
negative x axis (so that we have a standard xy coordi-
nate system with directions numbered clockwise
starting with the positive y direction). Then the
*“Boltzmann equation” for the model is'®

- = % = (nyny — Myny),

i (D
g ny

dr T T = =T
Here n; = N,/n, and we have chosen our units so that
1B = 1, where B is the mutual collision frequency for
“head on” collisions. This “Boltzmann equation”
has as its basis the two conservation laws (conser-
vation of number implies conservation of energy in a
collision), a stosszahlansatz for about-to-collide
particles, and the assumption of symmetrical scattering
through binary collisions, and thus corresponds for
our model to the Boltzmann-equation description for
an actual gas.

This model is used in the spirit one must generally

4 J_ Broadwell, J. Fluid Mech. 19, 401 (1964).
15 J, Broadwell, Phys. Fluids 7, 1243 (1964).
16 S, Harris, Phys. Fluids 9, 1328 (1966).
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adopt when attempting so simple a description of a
complicated system: We consider the proof of a given
proposition to be an indication that the more com-
plicated system also exhibits this behavior (and we
must not let the venerability of the Boltzmann equation
awe us into forgetting that it too is only a model,
albeit a very good model, in a particular well-defined
regime). How strong this indication is, of course,
depends on how well the model reproduces those
features of the complicated system which are of partic-
ular interest. Although at first sight the discrete
velocity gas seems quite simple, it has a decided
advantage over many other more elegant models in
that (i) the kinetic equation (1) is nonlinear, yet (ii)
for a wide class of problems (1) is exactly solvable.

B. Formulation of the Problem

As we have shown elsewhere,'® the proper analog of
Boltzmann’s H function for the discrete velocity gas
model is

Hln,] = Z

(all velocities)

n;Inn,.

Differentiating this expression, we obtain for the
model we are considering!?

dH dn,
—_— = —)Inn <0,
dt 2 (dt)

daH d®n, 1 /dn)\?
ar [dtz lnn’+n,~(dt)]'
The inequality indicated in the first equation is the
statement of the H theorem for the model, the proof
of which is trivial. That d2H/dt?> > 0 then follows
immediately; using (1) and the normalization require-
ment Y n; = 1, we have

d*H dH

1 {dn)? dH
(=) ==+ 4n]>0.
ar dt+zni(dt) dt+ [nl 2
2

The inequality is a direct result of the H theorem since
n; > 0. Also, since A[n;] is nonnegative, we see that
the equality is only obtained for the equilibrium
distribution.

An expression for d**2H/dt**? can be obtained by
differentiating (2) k times:

d2H[die = HE = — o) L 4®)[p], (3)

Since H® < 0, showing A®® > 0, 4@V <0, for
all k, will then constitute a proof, for the discrete
velocity gas, that the successive derivatives of H
possess the alternating property.

17 When the limits of summation are omitted, it is to be understood
that the subscript i is summed from 1 to 4.
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In the next section we first digress to prove (trivially)
the desired result for the /inearized-model Boltzmann
equation. We then extend this result to the full model
Boltzmann equation.

III. PROOF OF THE ALTERNATING PROPERTY

A. Proof for the Linearized-Model
Boltzmann Egquation

Let us first consider the linearized version of the
model Boltzmann equation. Writing n; = n,,(1 + 4h,),
substituting into (1), and retaining terms linear in A,,
we obtain the analog for the discrete velocity gas of
the linearized Boltzmann equation:
dh, dhg dh, dh,

=8 2 2 (b4 hy—h,—h
dt  dt dt dt (he + hy =y —ho).
)

n,, is the equilibrium value of n;, which, for the case
we are restricting ourselves to, a spatially homoge-
neous system in the absence of external fields, is }.16
The corresponding linearized H function for the
model is

H=H°+ Y2k}
so that

dH dh,

gt—=4zhi—d—t- = —4(hy + hy — hy — b))’ <0,
dh\?

3 () +

dh)\?
= ~—~H" 4 (—1-) 0.
2 dt 2

d*H

dzh,.]
dt?

“ar

Differentiating this last equation k times, we obtain
H(k+2) = _H(k+1) + (_1)k+22kz (dhi/dt)z, (5)

so that, since H® > 0, it is at once obvious that for
this case the alternating property is established.
Further we see also that since both terms on the
right-hand side of (5) have the same sign for all
k, H*+® = 0 only for the equilibrium distribution.

B. Proof for the Full Model Boltzmann Equation

We wish to show that for dn,/dt given by the full
model Boltzmann equation (1),

A(zk)[ni]‘ 20, A% [ni] <0, k=1, 2,:,
where from (2)
Aln] = 3 (1/n)(dn,fdt)* = 3 A4,.

It is of course sufficient to show the desired result for
the summand ; consider A4, as an example (the following
results will also be valid for the other 4,).
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Let us consider the kth derivative of (n,4,):

d“(m4y) i (1) 440 (k)
dt 7=0 _}'

where (f) is the binomial coefficient, k!jj! (k — j)!.

The above equation can be rewritten as

(s -gaenae()] ©

i=0
d(ny Ayt = (—2)5(dnyjde)2.

*
%"

since

Equation (6) can be solved by iteration; doing this,
we find

e e P B

1dt) i=o “Ln, dt

Q)

where

k-1 k
C,;+1 = EC;( )
r=0 r
and Ct = 2*, Equation (7) is valid for all the 4, i.e.,
if the 1 subscript is replaced throughout the equation
by any of the i, the resulting equation will be valid.
From (7) it is clear that we need now only show that

the polynomial in (1/n,)(dn,/dt),

=0 |n, dt

P(k)

is nonnegative. Further we must only consider values
of x = (1/n,) dny/dt which are negative, since the
C* are positive. Since the minimum value which x
can assume is —1 (this occurs when ny,n, — 0, so that
X — —ng > —1), we must then consider the positivity
of P(k) for =1 < x <L 0.

Writing out the first three and the rth term of P(k),
we have

P(k) = 2%
+E(; + l)k(

(3* =~ 29 x| + (@* — (23" + 29 [x*

)( 1 (—|xly +

k1 1
=3 20+ 0 ([ Jerremt ©

r=1 j=

The positivity of this sum can be shown most simply
by making use of a probabilistic interpretation. To do
this we expand (j+ 1)¥, change indices on the j
summation, and expand the resulting (j + 1)* term,
so that we have

k+1 ]

55 ()00

ks

=333 le"“( ) (:.)A*(t, r—1),

P(k) 1)(—1)'-‘—’0)*,

®

r=1 8=0¢{=0
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where A*(t,r — 1) is the number of possible distri-
butions of ¢ objects among r — 1 cells which leave
none of the cells empty.® The crucial point for our
present interest is that A*(z, r — 1) > 0, and therefore
P(k) > 0, which completes our proof of the alter-
nating property for the full model Boltzmann equation.

It is possible to present a more explicit proof of the
positivity property; this exploits the following identity:

9 t
S ZAx1, 1) = (e — 1),
{=0 t!

Taking the nth derivative of both sides at x = 0 then

18 See, e.g., W. Feller, An Introduction to Probability Theory and
its Applications (John Wiley & Sons, Inc., New York, 1957), Vol. I,
Chap. 2.
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gives the desired result:
An, r) = (8"[0x")[(¢" — 1)} 2 0.

We again note that H® will only be zero for the
equilibrium distribution.
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Exact solutions of an isoperimetric problem are presented which lead to a lower bound on the kinetic
energy of the particles in a Vlasov plasma, in terms of the mean-density fluctuation:

18] V¥
EZ %nkT[l +0.4 ('—;'1'-) } ,

where E is the kinetic energy per unit volume, 7 the mean number density, & the Boltzmann constant, T
the temperature, and An the deviation of density. This energy requirement associated with An must be
taken into account when considering the energetic aspect of the growth of instabilities. The present work,
which relies entirely on mathematical analysis, confirms the main results of an earlier nonrigorous

calculation.

1. INTRODUCTION
N plasma researches, it is useful to obtain theoretic
bounds on the nonlinear turbulent fluctuations
that grow out of a given unstable velocity distribution.
This can be accomplished by means of energetic
considerations, as has been demonstrated in some
recent plasma literature.'* The growth of the insta-
bilities requires the conversion of particle kinetic
energy into electromagnetic field energy. The portion
of kinetic energy available for this process can be
readily calculated in accordance with the Liouville
theorem, which is valid for a collisionless plasma.

1T. K. Fowler, J. Math. Phys. 4, 559 (1963).

*R. L. W. Chen, Phys. Fluids 9, 761 (1966).

3 T. K. Fowler, Phys. Fluids 8, 459 (1965); 9, 1437 (1966).
4 C. S. Gardner, Phys. Fluids 6, 839 (1963).

The ensuing field fluctuations are, therefore, neces-
sarily limited. The writer previously observed? that
on the same basis of Liouville invariance, a certain
amount of kinetic energy must accompany the
density fluctuations. This energy requirement must be
reckoned with in addition to the field energy we have
mentioned. Its exact amount can be found by solving
an appropriate isoperimetric problem. A proper
mathematical treatment of this problem is presented
here for the first time, although a nonrigorous
calculation has been made earlier.?

The basic nature of this problem can be understood
in qualitative terms. Consider the various states
accessible to a plasma with a given initial condition
in the sense that they comply with the constraint of



2410
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Liouville invariance. The state with the minimum
kinetic energy is a state whose higher densities in
phase space are located as near as possible to v = 0.
This would be a state of uniform spatial density.
If we ask: What is the minimum kinetic energy of
states of a given degree of density (spatial) inhomoge-
neity ? The answer must be some value above that of
the uniform state, since some portion of the plasma
must give up its “preferred” positions in r, v space in
order to realize the inhomogeneity. A quantitative
treatment of this problem leads to the result that the
additional energy is approximately 2nkT(|An|/n)? per
unit volume, where |An] is the average density
deviation.

2. ISOPERIMETRIC PROBLEM

We consider a one-component electronic plasma
which obeys periodic boundary conditions within a
large box of dimensions L3. To obtain a lower bound
on the kinetic energy for a given value of |An|, we
pose the following mathematical problem.

Let f(r, v) be a nonnegative function defined for r
within a cubic volume L3 of r space, and for v at any
point throughout v space. Determine f(r, v) [or a class
of f(r, v)] which minimizes &:

§= f Ls Imo®*f(x, v) dr av,

under the constraints that the following quantities
be kept constant:

®(«) = const, (2.1a)

(2.1b)

where ®(a) is defined as the measure of the point set
in the six-dimensional r, v product space wherein f is
greater than «, i.e., the set {r,v:f(r,v) > «}. Then
An is the deviation of the number density at r from the
mean number density:

|An| = const,

An(r) Ef f(x,v)dv — L‘3J‘J J(x, v) dv dv,
LS
and the average is
|An| = L_3f |An(r)] dr.
L3

We could have chosen the root-mean-square value
of An as the quantity to be fixed in (2.1b). The present
form of the problem, however, proves to be more
amenable to analytic treatment. For density distri-
butions that are not sharply peaked, the values of
these two quantities, the mean m and the root mean
square of An, do not differ greatly from each other.

The other constraint (2.1a) sets ®(«) equal to a
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given function of «. The latter is designated as @y(«)
and is chosen to be the ®(x) of a uniform unperturbed
Maxwellian of temperature 7 and density n:

fo(v) = QakT/my tnem"1%T,
It is straightforward to find that
Do() = $w L2k T[m)H{—log [(a/m)QukT/m)t}iE.
2.2)

Thus Tand n, together with |An|, form a set of constant
parameters for the problem. The minimum & that we
are seeking should be a function of these parameters.

A. Reduction of the Problem

It is difficult to solve the above problem directly.
With the introduction of another constraint, however,
we can reduce it to a form for which exact solutions
become possible. This extraneous constraint, which is
not wanted, can be removed at an appropriate time.
(See the last section of this paper.)

Consider two point sets in r space, in which
An(r) is negative and nonnegative, respectively; ie.,

1. {r: An(r) < 0},
II. {r: An(r) > 0}.

The volumes of these sets are then functionals of
f(r, v) and will be denoted by U, and U,. Our new
constraint takes the form

U,/U, = const = w. (2.3)

In seeking f(r, v) that minimizes & under constraints
(2.2) and (2.3), we may consider only f of the form

fi(v) forrin Set],
Sf2(v) forrin Set II,

where fi(v) and fy(v) are monotonicaily decreasing
functions of v (0 < v < ©0). The reason is as foliows:
Given an arbitrary f(r, v), the two sets in r space, I
and II, are defined accordingly. Now consider two
domains in r, v phase space in which rel, rell,
respectively. In accordance with Gardner’s observa-
tion,* one can distort f(r, v) in each of the domains
to the forms f,(v) and f,(v), respectively, in such a way
that their respective ¢ measures remain the same while
their & values become less than or equal to the original
values. In the mean time, the distortion also leaves
U, /U, unchanged, since the total number of particles
in each set remains the same and the density at any
point r in Set I remains lower than that in Set IIL
Thus, we conclude'that, for any given f(r, v), we can
always find an f of the form (2.4) which has a smaller
or equal value of total energy & while sharing the same
®(«) and U,/U, with the original f(r, v).

flr,v) = 24
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We note further that f,(v) and f3(v) are not inde-
pendent of each other; and both can be derived from
an appropriately chosen single function. Consider the
measures in the velocity space of sets {v: f;(v) > «} and
{v: fo(v) > «}. These can be expressed as ¢o(a) — $(a)
and @o(ax) + wh(a), respectively, where ¢y(a) =
L-3®y(«). In these forms P(«) is always Py(x) for
arbitrary ¢(«), as is required by our constraints.
Since f; (v), f2(v) are monotonically decreasing functions
of a, f; (or f3) is equal to & on the surface of a sphere,
in v space, of volume ¢4(x) — $(x) [or Jo(e) +
we(a)] centered at the origin » = 0. The total kinetic
energy can now be readily expressed in terms of ¢(«):

£ _2—%(1—37)1—%; [ttt = i = )

+ ($o + wdH(B) + w)ade, (2.5)

where E = L™3§, the average energy per unit volume
in L3 The unknown function ¢(«) is to be varied to
attain minimijzation of E. Since ¢, — ¢ and ¢, + we
are, by their nature, nondecreasing functions of «,
just as ®(a) is, $(«) is subject to the bounds

— 2 6@ 2 $@ > K.

By definition, the density in I is smaller than thatin II,
and we must have

f:ﬁ’(a)oc do < 0.
|An| can be found as
—_— —2w
An| = —— | ¢'(x)x dux.
Bl = = [
Constraint (2.1b) now takes the form

f¢’(a)a da = const < 0.

(2.6a)

(2.6b)

With suitable changes of variables, the preceding
problem may be recast into a form which proves to be
more convenient. Introducing

x = —log [(a/m)(QnkTim)}]

and
F = — ()¢’ (),
(2.5) becomes
= $nkTVY,
=8 el + ) d
TIS(L 4+ w) o ! 2 ’

uglx) = [x* + wint f "eF () dy]*,

uy(x) = [x* — 3t fo "F(y) dy] ' @.7)

ROBERT L. W. CHEN

i

FiG. 1. F(x) and its bounds; the figure shows (I) ‘“‘constrained
interval’” and (II) *‘free intervals” solid line represents & (x); broken

lines represent the upper and lower bounds :tZ/w*e":c*.

Primes indicate differentiation with respect to x.
Equations (2.6a) and (2.6b) become
12 4

—=——3x%

L F(x) S x¥e®,  (2.8a)

J F(x) dx = const = ¢ > 0. (2.8b)
[}
The problem now reduces to this: Find the F(x)
which minimizes ¥ of (2.7), subject to the conditions
2.8).
( 3. EXACT SOLUTIONS

The preceding problem would be solvable in a
straightforward manner by the usual Euler-Lagrange
methods except for the bound (2.8a) imposed on the
solution. (x) may coincide with the bounds in some
interval, say, x; < x < x;. x; — xg will be referred
to as the “constrained interval,” and the remaining
range, the “free interval.”” (See Fig. 1.)
We wish to find an F(x) which satisfies these criteria:
(1) 6¥ = 0 and 6*¥" > 0 when the variation 6F(x) is
confined to within the free interval; (2) 6% >0
when the variation involves moving ¥(x) inward and
away from the boundary in the constrained interval.
For this purpose it is convenient to consider an
elemental form of 65 (x):

o(x) = Os[dF (x — b) — d(x — a)], 3.D

which is consistent with the constraint (2.8b). Herein d
denotes the delta function, while & is reserved for the
variation. A general 6F(x) can be built up from
superposition of (3.1) of different @ and 4. Equation
(3.1) signifies a transport of quantity ds from x = a
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to x = b. The criteria for (3.1) become:
1 =0
(2 &Y >0

(3) 0¥ >0 when a lies in the constrained
interval and b lies in the free
interval. 3.2)

When (1) is assumed to be valid for arbitrary a and b
within a certain interval x,—x,, it leads directly to a
first integral

uy(x) — uy(x) = const = k.

when both a and b lie in
the free interval,

(3.3)

It can be readily verified that the use of Lagrange
multipliers lead to an identical result. Equation (3.3)
governs F(x) in the free interval. It will be convenient
for later purposes to introduce a new variable

= %n-’}x“%f e F(x') dx’
0
from which F(x) may be recovered:
F(x) = % e‘“x‘}(n(x) + §x ‘—iﬂ)
T dx

Equation (3.3) now takes the form
[(1 + wp)t — (I — p)¥]x = const = k. (3.4)

For any positive k, 1 decreases monotonically. The
corresponding F(x) reaches the boundary at 2-#k and
remains between the bounds from 2-%k to co. Thus
Eq. (3.4) is acceptable as a solution in this range of x,
provided that a suitable solution can be found outside
of this range, namely 0-2-%k. It turns out that the
only admissable one is %(x) = 1 identically. Any other
7(x) can be shown to violate either the bounds of
(2.8a) or fail to match the value of Eq. (3.4) at 2-¥k.
Thus we obtain the solution in the whole range of x:

{n— 1, (0 < x < 27%);
[(A+wp)t - —~ndix=k @k <x< o).

3.5)
The first part of Eq. (3.5) yields (x) lying on the
boundary. Then 0 — 2-%k is what we call the con-
strained interval, and 2%k — oo is called the free
interval.

Now it remains to test the other two conditions (2)
and (3) in (3.2). For condition (2), we obtain the
second variation by treating the delta functions in
(3.1) as appropriate step functions. Upon taking
suitable limits, we obtain
i g
-6—2 = N(a a) + N(b, b) - 2N(a, b)

¥ <a<b< ),
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where
3
N(a, b) = ;([’—Jr‘%v; e*lur¥(a) + wuzt(b)]
L2 v f " e Twuzt(x) + urto) dx.
3 (L4+w  Ja

(3.6)

In accordance with Eq. (3.4), it can be shown that
both u,(x) and u,(x) are positive~definite and monoton-
ically increasing functions of x in the range 2~ <
x < co. The integrand in (3.6) is therefore negative.
These lead to the following inequalities:

1 e [“1(‘1)_i + Wuz(a)_%] > e [ul(b)_*

+ wiy(B) 4 > [y (0)F + w825 (3.7)

2 2e“+"fa0

b

'--dx>(e2"+e2b)f e dx
b

>e20f ...dx+e2bJ.
a b

where { - --dx stands for the integral in Eq. (3.6).
With these relations, 6*¥'/ds® of Eq. (3.6) becomes
positive-definite: §2¥'/ds? > 0 (for 4 and b both in the
interval: 2% — o0).

To test condition (3) of Eq. (3.2), a and b are now
placed in the intervals 0 < a < 2%k < b < . We
obtain 6% /ds in terms of ¥, and u,:

dx, (3.8)

¥ _ M) — M),
ds
where
M(@) = 3(1 T e — )
-3 (12:“’ ) f [ui(x) — w(x)]e® dx.

Evaluating the above in accordance with (3.5), we
obtain

W awt + wheH — a)

ds
+ exp(=27% + @) — 1].
Since 2%k — a > 0, we may use the inequality
h+e?*—1>0 (for h > 0).
Thus we have

8% (és > 0 (for a, b in the ranges
0<a<2¥k <b< w).

We therefore conclude that (3.5) is the minimum
solution we are seeking.
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4. APPROXIMATE EXPRESSION FOR
THE BOUND

On the basis of the preceding analysis, we may
proceed to calculate the minimum E as a function of
n, T, and |An|. It will be useful to find an expression
in terms of these three parameters. The original
objective of this paper was to exhibit an additional
energy requirement for a state of density fluctuation
in comparison with the uniform state.

In accordance with the solution (3.5), the minimum

¥ and [An| may be equated to the following quadra-
tures:

_aawtehy
3'rr% J;) ax
8(1 + w) J’ ex
PoF ot
Q&
: [P—* + Q**][P* —~ Q*r‘i‘[P* + woirdy,
.1
~%
[An| 3 Awn ’ kx%e‘”” dx
(1 + w) Jo
Swnk? 1 3 b
ownr P
3741 + w) Jo * P% -0l
pt 4 g et - Q?*]-%[P* + wolrtan,
P =14 wy,
where {Q =1—1 “4.2)

Thus ¥ and [An|/n depend only on w and k. These
integrals have been computed electronically for
different sets of values of w and k (see Table I). For a
given fixed w, different k yield different pairs of ¥
and [An|/n. A connection between ¥ and |An|/n is
thereby established. We denote this dependence by

xyw(Enﬁ).

The minimum F is then equal to
nkTY ,,

according to Eq. (2.7). As yet, there is a dependence
on w due to the additional constraint introduced early
in Sec. 2, namely U,/U, = w. To return to solving
the original problem of minimizing E without this
extraneous constraint, we can seek w that minimizes
W, ({Anl/n) for each value of [An|/n. It turns out that
this lies in the range 1-1.4. Within this range,

¥, (1An|/n) is only slightly dependent on w, differing

ROBERT L. W. CHEN

TasLe 1. Samples of actual computed

values of W, ([Anl/n) and their percent
differences from the approximate formula

Y =1 + 0.4([An|/n)?, taken from exten-
sive data of electronic computations.

[An] % difference
w “n from formula
1.0 1.0108 0.1542 0.1
1.0 1.0337 0.2886 0.1
1.0 11384 0.5877 0.1
1.0 1.2382 0.7416 1.4
1.0 13429 0.8543 2.8
1.2 1.0231 0.2271 0.3
12 11764 0.6477 0.8
1.2 1.2866 0.8129 1.8
14 1.0229 0.2239 0.3
14 11976 0.6965 0.3
14 1.3102 0.8486 0.9

by a few percent. Thus, for the absolute minimum,
we have L L
‘me( 'A"') ~ qfw('_AL')
n n

Based on our numerical results, ¥',,(JAn|/n) is expressed
in the form of a power series. It turns out to be

IF,,,,('A"') ~ 1+ 04('A"')
n n

We have adjusted the constants in the definition of ¥’
so that it normalizes to 1 for An = 0. The vanishing
of the linear term in Eq. (4.3) is attributable to the
stationarity of ¥',|,-, at An = 0. The contribution
from the third- and higher-order terms is less than 3 or
4% of the second term, for [An|/n as large as two-
thirds. Equation (4.3) therefore omits these higher
terms. The minimum E becomes, to a good approxima-

tion,
Eumin o znkT[l +o. 4( (A"I)].
n

Equation (4.4) gives the lower bound on the average
kinetic energy per unit volume for a plasma of mean
number density n, temperature T, and average density

deviation |An|.

w=1

(4.3)

w=1

(4.4)
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The problem of analytic continuation of the many-body scattering amplitude associated with a
perturbation-theory diagram under the rotation of the final momenta from real to complex momenta,
k — (1 + i0)k, is studied. It is shown that the contour of integration over internal momenta can be
distorted avoiding singularities of the integrand, as 6 varies for small enough 6. If the diagram is
connected enough, the potentials are Yukawa-type, Re E > 0, and Im E < 0. The rotation angle can be

picked independently of Im E.

I. INTRODUCTION

E intend to study the analytic continuation in 0

of a many-body scattering diagram, where the
final momenta, all initially real, are rotated under the
transformation k — (1 + i0)k. A more general type
of continuation will also be studied. We restrict our
attention to Re £ > 0, Im E < 0, the most interesting
situation. The heart of the study is an analysis of a
peculiar geometrical problem. The type of geometrical
analysis involved clearly can be applied to more
general problems than those studied here, about which
a few comments will be made later.

II. SCATTERING DIAGRAM

We deal with an N-particle scattering situation.
There will then be N masses, M;, My, -+, My,
and a Hamiltonian

k>

H= £

; 2M;

Clearly we limit ourselves to two-body interactions.

We change momentum variables so that H, can be
written

+ z Vidlx; — x,])- ¢y

i<j

Hy= 3K, @)

and there is then the equation of momentum conserva-
tion
> k,M?} = const. €)]
i

Now consider a perturbation-theory diagram
specified by a sequence of interactions and internal
momenta (before integration). We write the momen-
tum of each state as a vector in 3N-dimensional
Euclidean space (k,, k,, * * -, ky). By working in the
center-of-mass system, one can take

> Mk, =o. 4

If there are S intermediate states in the diagram, there

is then the following sequence of (S + 2) vectors:
" k", Ky

(ki, k3, -+, k)

(ki Kz, -+, ky)
(k{m, k;‘in’ - k]f;n . (5)

For each of the vectors, Eq. (4) holds. If the interaction
between the ith intermediate state and the (i + 1)th
intermediate state is Vi p, the vector difference in
3N-dimensional space

& kR — ki, 0L KY)
is parallel to the vector

(0,0,---,0,M$a,0,---,0,---, —M%a,O,'--,O)
(Lth place) (T'th place)

for some three-dimensional vector a. We prefer to

think of this difference as the appropriate succession

of three displacements in the directions

(0>0"-'9Mi'i50’.'.a0a _M%L()a'."o),
(O,Oa"'sMg‘ja(),“'aO’—M_I%jaoa.“’o)a (6)
0,0, -, Mk, 0, -+ ,0, =M}k, 0, - -, 0).

Thus we have a 3(N — 1)-dimensional vector space
(the subspace of E3¥ with 3 M}k,=0), and a
sequence of 4 4 3§ vectors in this space (breaking the
momentum transfer at each interaction into a sequence
of three momentum transfers, as indicated above).
In the sequence, two successive vectors differ by a
vector parallel to one of the 3[N(N — 1)/2] possible
directions (three directions are associated to every
interaction). These 3[N(N — 1)/2] directions will be
called preferred directions.

The integration over internal momenta is an
integration over all possible sequences of 3§ + 2
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vectors consistent with the direction restrictions
associated with the interactions.

We define, in the usual sense, the connectivity
properties of the perturbation diagram. The diagram
is M-connected if the sequence of 35 4 3 vectors
can be partitioned into M subsequences, and at most
M subsequences, such that the vectors in each
subsequence are a spanning set. (The sequence of
3S + 3 vectors is the sequence of preferred directions
associated with the diagram.) This is equivalent to
being able to subdivide the diagram into a sequence of
M diagrams, and at most M diagrams, such that each
subdiagram is connected.

As we will be concerned with analytic continuation,
we will allow the momenta to become complex. We
restrict our attention to distortions of the original real
contour that project one-to-one onto the original
contour under the projection that sends each complex
momentum onto its real part. Call these semiflat
contours. Such a contour is specified by associating
with each sequence of 3S + 2 real vectors in the
3(N — 1)-dimensional space, subject to the conditions
that successive vector differences are parallel to the
appropriate preferred directions, a second sequence of
3S + 2 vectors (the imaginary parts of the momenta),
with the same conditions on successive vector
differences.

The contour of integration may be distorted in any
bounded region provided the integrand is analytic
through the region of distortion. We will also allow
distortions of the contour at infinity, a procedure that
must be studied separately. The analyticity of the
integrand involves the analyticity of the potentials
and the analyticity of the energy denominators. For
the first result we aim at below, we require the
analyticity properties of the potential in momentum
space to be that of a superposition of Yukawa
potentials with a minimum mass greater than zero.
We will also give a similar result for the case of
momentum-space analyticity of the potentials in a strip
about the real momentum axis as is obtained if, in
coordinate space,

V() < cel®l, a>0 )

for some ¢ and «. The essential difficulties and interest
arise from consideration of analyticity properties of
the energy denominators.

The two results we obtain are among many that
are obtainable by a similar procedure. In the conclusion
we will indicate further directions. The type of
theorems we now aim at are chosen through a con-
sideration of those that seem most useful in the study
of many-body scattering theory along the lines of

PAUL FEDERBUSH

Faddeev’s study of the three-body system.! The type
of rotation of the momentum we consider in the
theorems below, applied in a more general context,
(outside of perturbation theory) could (hopefully)
provide a method for dealing with the singular limit
of the energy approaching the real axis.

IIl. GEOMETRICAL THEOREMS

We consider the following basic situation, motivated
as an abstraction of the considerations of the last
section. There is a Euclidean space E and a finite set
P of unit vectors in E (specifying preferred directions)
that together span E.

Lemma 1: There is a constant ¢ such that if any
vector v in E is expressed as a linear combination of
linearly independent vectors, a,, a,,-:-,a, from
P, each of the expansion coefficients is less than
c vl

Proof: Writing
vV=o,a + "+ x4,

we take the inner product of v with each of the unit
vectors a;, "+ *, a,:

8, V=>oa-a, i=12 g
k

This set of equations has a unique solution for the
a,, since the matrix of inner products (a,-a,) is
nonsingular. Because the value of the determinants
of all such matrices formed from linearly independent
subsets of P, being finite in number, is bounded
away from zero, the lemma follows.

Lemma 2: Let u be an arbitrary unit vector in E,
and let a,, a,, * -+, a, be any subset of vectors from
P. Let

max (ju-a,),
i=1,--",9

ﬂ:

and let 6 be the angle between u and the subspace
spanned by a,, - - - , a, (i.e., the smallest angle possible
between u and a vector in the subspace). Then

|cos 0] < geu,
with ¢ the constant of Lemma 1.

Proof: This follows immediately from Lemma 1
upon writing any vector in the subspace as a combina-
tion of the a,.

11L. D. Faddeev, ‘‘Mathematical Problems of the Quantum

Theory of Scattering for a Three Particle System,” AERE-Trans
1002, United Kingdom Atomic Energy Authority Translation.
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Lemma 2': There is a minimum angle between the
subspaces spanned by any subset of P and any vector
from P not in the subspace.

Proof: This follows since there are only a finite
number of such pairs of subspaces and vectors not in
the subspace formable from P.

Main Theorem: Let (B, 8y, > 8x,) be 2
sequence of vectors from the set P, possibly with
repetitions. The connectivity of this sequence is
defined as before as the greatest number of sub-
sequences the sequence can be partitioned into:

DR PR

(@05 B> ) aamun)(aamum] »7)

(azx[ﬁ(Mﬁl)ﬂ}, cee, a&(a))’ (8)

such that each subsequence contains a spanning
subset. Let {x;, X;, - - *, X,,1) be a sequence of vectors
from E with the property that x,,, — X; is parallel
to @,y . Let a be a fixed number greater than zero.
There is a d > 0 and an M, such that, for every two
sequences related as the above, there is a sequence
(Y1, ¥z, * ** s Ypuu) Of vectors with

(3) Yira — ¥, parallel to a,,,
® y, =0,
Yor1 = Xp41s
© virx, 20 if a—d<Ix|<a+,
provided the connectivity of the a sequence is greater
than M, .

It is easy to show that, in general, the theorem
would not be true if instead of (c) above we tried

€) yiox, 20 if x| <La
However, it does not seem difficult to modify the
proof to include the stronger theorem obtained
with (c) replaced by

€ ¥-x20 if 0<b<x[<La,
a and b given, limited only by 0 <& < a. This
generalization, important for some further applica-
tions, is not explored here.

Lemma 3: If |x; — y;| < @ — 4, the inner product
condition (c) is automatically satisfied.

Proof: This is immediate.

Lemma 4: If X, Xz, +, Xy, all lie outside the
shell a—-d<|x|<a+$d [(aa(l}s T aa{ﬂ(;)}) a
spanning set as indicated in the statement of the
theorem], then y; can be chosen equal to x, for i =
pr+1, Bi+2,-:-,g and yy,"**,ypp can be
chosen so that this set of y; satisfies conditions of the
theorem.
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Proof: Expand Xp).q in terms of &y, * -, 85150y,

X1 = %y + 0 4 %R -
Pick
Y1=0, Yo =81, ¥3= ;8 + oy,
Yoe+1 = Xpiypa-
These choices satisfy the necessary conditions.

Lemma 5: There is an g such that, if |x; — y,] < ¢
for some i and if a,¢;, " - , 8, form a spanning set,
then y,,, can be chosen equal to X, and intermediate
¥'s can be found consistent with the conditions of
the theorem.

Proof: Pick a linearly independent set of spanning
VECtOrs among a,(, * * * , fge - NOW expand
Ky = ¥ = Qg+ b sl ®
with coefficients different from zero only among the
linearly independent spanning vectors. Pick
Yirr = ¥i + ey + (X — X3,
Yier = Yerr + %ipaBaginy + Kipe — Xi),  (10)
Yorr = Xoy1.
It follows that

Yirr = Xga = (¥; — X)) + 28,0, (11
Visz — X = (¥; — X)) + 28, + S .
Thus

Witr = Xoied < lye — x| + z ol (12)

Since || < clx; — y,] by Lemma 1, if D is the
dimension of the space,

[Yirr = Xirel < (1 + D) ly; — x4,

=0,1,-++. (13)

If ly; — x| is small enough, then |y, — x,,| <
a — &, which, by Lemma 3, guarantees that these
y's work.

Lemma 6: If |x, — y,| < a — & for some i, then a
sequence of y’s can be found starting with y; which
satisfy the conditions of the theorem such that
IX; — ¥i| is monotonically decreasing; and each time
the a’s pass through a spanning sequence, the |x; — y,|
decreases at least by some factor r, r < 1. r depends
only on the vectors in P.

Proof: Pick y's successively by minimizing |x, — y,| at
each stage; that is, y,,.; — ¥, = A8, with 4, chosen
to minimize X3 — ¥l Itis clear that |x, — y,| <
a — 0 for all k, so the conditions of the theorem are
satisfied. It remains to see that |x, — y,| decreases by
some factor as the a’s go through a spanning set. We



2418

omit the proof of this fact; it may be constructed
along the lines of the following lemma.

Lemma 7: If a — 6 < |%| < a + 6 (with y, = 0),
an allowable sequence of y’s can be found such that
X1 — ¥You1l < @ — 6, provided a,,---,a, are a
spanning set (from P) and 4 is small enough. 6 may
be chosen, depending on 4 and the set P, but in-
dependently of the x’s.

The main geometric theorem follows from Lemmas
3-7. If x never hits the spherical shell as the a’s pass
through the first spanning set, Lemma 4 shows the
existence of the y’s. If some x hits the spherical shell as
the a’s pass thiough the first spanning set, use Lemma
7 to obtain |x; — y;| < @ = J. Then use Lemma 6 to
get |x; — y;] small enough to use Lemma 5, complet-
ing the sequence of y’s.

Proof of Lemma 7: Let D be the dimension of the
Euclidean space, 0., be the angle of Lemma 2’, and
¢ be the constant of Lemma 1. Choose 6,, 8,, - -,
0p_, such that

b, = ¢1 >0,
0.1 — 2sin7! (Dcsin 6,) = ¢, > 0,
Omin — 2 5in72 (Desin 0y ) = ép > 0.

Let ¢, = min (¢y, ¢a, "+ *, ¢p); pick 4 such that
(@ + d) cos ¢, < @ — 4. By assumption, a — § <
%] < @+ 4. Let a;,a,, -, a2z be a spanning set,
but a,,a,, "+ ,ag , not. Leth, = a;, b, = a,,), b;
the first of the a,’s linearly independent of by, b,, - - -,
b,_;. bp will equal ap. Let p, = /2 — Z(b;, Xy).
By Z(b,, x;) we mean the angle between the vectors
b, and x; (minus their orientation), an angle between
0 and /2. Let v, be the first of the ¢’s with y,, > ¢,.
Then ¢y < 1, 92 < b, * 75 Y1 < Ppg, and 9y >
¢,.. Such a k must exist due to the nature of the ¢’s.
If |x5] < @+ 6, let

Y=Yy ="°"= yﬂ(k) = 0, yﬂ(k)+l = )‘bk’

A chosen to minimize |Xs;)01 — Ypayral- I [%p00] >
a + 6, with

(14)

X, <a+ 90, |Xpal >a+ 9,
ng+2|>a+5, e, Ixﬂ(k)|>a+6s
then pick
Vo=Yo='=y,=0,

Yor1 = Xg1 — Xy,

Yoy = Xy — Xy
Yoo+ = by + Ya0,

PAUL FEDERBUSH

A chosen to minimize [Xg). 1 — Ypual- One can
check that |yg)11 — Xgsal < @ — 6 in both cases.

IV. ANALYTIC CONTINUATION

Theorem I1: If E = a® — ie,a > 0, ¢ > 0, and if all
the potentials involved have the analyticity of a
superposition of Yukawa potentials with a minimum
mass greater than zero, then there is an M, and an #
such that any perturbation-theory diagram with
connectivity > M, considered a function of §, kg, —
(1 + i0)kg, [k, and kg, being real] has the property
that the intermediate-state integration contour can be
distorted through analytic regions of the integrand as
¢ varies from 6 = 0 to 6 = 7. 5 will depend on:

(@) N, (b) My, M,, -+, My, (c) the minimal mass
in the Yukawa decomposition of the potentials,
(d) a, (e) k;;, but not on ky,,.

It is important to notice that the requirement of
high connectivity is essential. For example, with
N =3, the simple second-order diagram with
interactions ¥V, followed by ¥y, cannot be continued
as above. With k;; and kg, specified in this case, the
possible rotation angle may approach zéro as ¢ — 0.
The existence of the rotation in the limit e — 0 is
most crucial.

It is reasonable to suppose that by increasing the
connectivity requirements the amount of rotation can
be increased beyond that allowed by the theorem.
This is an interesting question, but possibly not
important to the proposed application of the theorem.

To prove Theorem 1, we observe that the following
bounds can be put on |y,| and |y;;; — y.| by examining
the construction of Lemmas 3-7:

Iy < e lxq] + 2 x4,
[Yirr = Yl < e lXip0 — X5l + ¢4 [x4].

(15)

We identify the @ of the theorem and the a of the
geometric construction, and associate the x’s with the
real parts of the momenta, the y’s with a constant
A times the imaginary part of the momenta. It is easy
to see that, with a fixed a, fixed initial momenta, and
minimum mass of the Yukawa potentials, if 4 is large
enough (4 > 4, say), the real and imaginary parts form
a complex momentum always avoiding the singularities
of the potentials and the energy denominators. The
inner product condition of the geometric construction
guarantees that the denominators are never singular.
If Im E is fixed at some negative value, then the
sequences of y’s satisfying the conditions of the
geometric theorem form a convex set under vector-by-
vector addition. We can impose (15) and still maintain
a convex set of solutions. Since Im E < 0, we can
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replace the inner product inequality x;-y, > 0 by
X;+y; > —€, € > 0 for some small €, a condition
that also possesses a convex solution set. We observe
the following lemma.

Contour Construction Lemma: Let E**5 be Euclid-
ean (R + S)-dimensional space considered as a product
of E® and ES, with = the projection onto E¥. Let
U be an open set in E®® with the following two
properties:

(a) U projects, under =, onto all of E¥;
(b) Theinverse image of each point under the map
m: u— E® is a convex subset of ES,
Then there exists a differentiable (even C*) cross
section, i.e., there is a differentiable map F: E¥* —~ U
such that #F: E® — E® is the identity map.

Proof: Pick a point [x, #(x)] in U for each point x
in E®. Each such {x, #(x)] is contained in a product
neighborhood u;(x) X uy(x) < u. In the neighborhood
#(x) of x in E®, the map f,:y — [y, t(x)] is a C*
cross section. There is a locally finite refinement ¥,
of the u,(x) and a subordinate C* partition of unity
¢,. The convexity of the fibers allows this C*
partition of unity to provide a global cross section:

f= 2a: b.f. xla) >
where V, < u[x(2)].

This lemma enables us to construct a global contour
of integration. (1/4,) is the # of the theorem. For
0 < 6 < 7, the contour of integration may be chosen
to be the momentum surface associated with 4 = 1/0.
(The lemma is applied with E® the space of x se-
quences and £ the space of y sequences.)

If the potentials have analyticity in a strip about
real momentum values, and not in the full Yukawa
region, the above construction must be modified to
bound y,]. We restrict ourselves to the following result.
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Theorem 2: Let ky,, Ry, , and I, be real vectors,
with Ry, and I, satisfying the following conditions:
@) Myl < 15
(b) If k, is any vector.in the shell (¢ — ¢ <
tkol < a + 0) and Ry, ~ ko = 3¢ ¢, for
some subset indexed by J of vectors from P,
then I, — ko = Y., f.a; for some ;.
Then, given any B > 0, there is a Z; such that the
amplitude can be continued in the final momenta
written as kg, = Ry, + iAlg, from A=0to 1= 4,
and |Imk,| < B for all intermediate stresses. A,
will depend on: (a) My, M,, -+, My, (b) N, (c) B,
(d) Re E.

Proof: Let O be a sphere of radius greater than the
maximum of g + ¢ and 1, in the setup of the geo-
metric theorem before. As before, soive the geometric
problem for x; = k;, and x4, = Ry,. By Lemma 2
there is a sphere Q' greater than @ such that if any
subsequence of vectors in the solution set begin with a
vector in Q and end with a vector in @, the solution
set can be modified to keep all vectors inside Q'
With such modifications this theorem follows from
Theorem 1.

V. CONCLUSION

We indicate problems remaining to be studied.
First, the behavior at infinity must be studied suffi-
ciently to justify the contour distortion at infinity.
Second, the equations for many-body scattering
amplitudes should be continued similarly to the
perturbation-theory case. The geometry of this
problem seems treatable with only a slight generaliza-
tion of the theorems included here. If the analytic
questions relating to threshhold behavior and behavior
at infinity for the integral equations can be treated
systematically, a rigorous treatment of the problem of
asymptotic completeness may be achieved.
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Daughter Regge Trajectory in a Field Theory Model
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All contributions of ladder diagrams in a 4¢* theory with unequal masses which are asymptotically
of order t-2 In™ ¢ are summed to give a family of secondary Regge trajectories. The analysis is carried out
with the Mellin transformed scattering amplitude. The daughter Regge trajectory predicted by Freedman
and Wang is identified. For equal internal masses on the sides of the ladder, the daughter pole has the
following properties: (i) The trajectory function «(s) is constant when calculated to lowest order in the
coupling constant; that is, the pole is fixed. (ii) The pole moves in higher order, but the trajectory
function has no two-particle cut. (iii} The residue of the pole has no two-particle cut, and vanishes to
all orders for equal external masses. The amplitude with unequal internal masses is considered in lowest
order, and it is shown that three-particle scattering should continue to dominate the daughter trajectory
function although there is a two-particle cut. The daughter pole moves towards the physical region less
rapidly than the leading pole, and it develops a smaller imaginary part at the two-particle threshold. It
is concluded that a detailed statement about the motion of the daughter pole requires an accurate
treatment of three-particle scattering. As a by-product of this work an earlier error in a treatment of

12 DECEMBER 1967

the mixing of Regge poles and cuts is corrected.

1. INTRODUCTION

ECENTLY Freedman and Wang' have shown
that for unequal mass kinematics the require-
ments of analyticity of the scattering amplitude in the
energy and momentum-transfer variables s and ¢
coupled with Regge pole dominance of the asymptotic
behavior implies the existence of a whole new set of
subsidiary Regge trajectories. For an s-channel Regge
pole the positions and residues of the secondary poles,
called daughter poles, are determined at s = 0 by
the requirement that they exactly cancel the s =0
singularities of the leading pole. These singularities
occur because the momentum p? becomes infinite at
s = 0, rather than remaining finite as in the equal
mass case. The residues of the daughter poles have
corresponding singularities adjusted to cancel the
leading pole singularity. If «(0) is the position of the
leading pole, the nth daughter pole has al(0) =
«(0) — n; and the singular portion of its reduced
residue is proportional to s~ and vanishes, if n is odd,
for coupling to equal mass particles. If B(s) is the
reduced residue of a Regge pole, then near s = 0 the
reduced residue of the first daughter pole is given by!

Bi(s) = —L(m} — m3)*/4s12x(0) + DB,(0) + N.S.,
¢))
where N.S. denotes nonsingular terms. The sub-

scripts d and / refer to the daughter and leading poles,
respectively. The external masses in the s channel are

* Work supported in part by the University of Wisconsin
Research Committee with funds granted by the Wisconsin Alumni
Research Foundation, and in part by the U.S. Atomic Energy
Commission under contract AT(11-1)-881, #C0O0-881-105.

1 D. Freedman and J. Wang, Phys. Rev. Letters 17, 569 (1966);
Phys. Rev. 153, 1596 (1967).

my; and m,. The nonsingular terms in (1) do not
necessarily vanish for m; = m,. Durand? has ex-
tended the analysis of Freeman and Wang to show
that daughter poles are a more general phenomenon
which should also occur in the scattering of particles
with spin in order to cancel kinematical singularities
from leading poles; the residues are again required
to be singular, These general discussions of daughter
poles provide no information about their behavior
away from s = 0 or about the nonsingular portion
of the residue. The physical importance of these poles
depends to a great extent on their position as s becomes
physical.2 If the daughters move more or less parallel
to the leading pole, they should lead to a whole new
set of physical particles or resonances with unusual
quantum numbers.® On the other hand, some mech-
anism might act to prevent these poles from ever
reaching the physical region. They might move more
slowly with increasing s and never reach / = 0 or they
might interact with other singularities and disappear
from the physical sheet of the amplitude. Although
the existence of these new poles was deduced on kine-
matical ground, the answers to questions about
behavior away from s = 0 apparently involve dynamics.

One approach to the problem involves solving the
Bethe-Salpeter equation, usually in the ladder approx-
imation. If the well-known exact solutions to the
bound state equations® are reinterpreted in terms of
Regge poles, it is possible to argue that the daughter
poles move more or less parallel to the leading poles
and reach physical values of the energy and angular

2 L. Durand, III, Phys. Rev. Letters 18, 58 (1967).
3 R. E. Cutkosky, Phys. Rev. 96, 1135 (1954); J. S. Goldstein,
ibid. 91, 1516 (1953).
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momentum. However, some of the residues of these
daughter poles have the wrong sign. Since this ap-
proach does not provide an analytic expression for
the trajectory functions, there is some difficulty in
determining why the ladder approximation should fail
here. Recently, the Bethe-Salpeter equation has been
solved numerically and the daughter poles followed
away from their s = 0 position.* This work has shown
that the daughter poles move somewhat more slowly
than the leading poles, but does not provide any
further information. In particular it does not lead to
an analytic expression for the trajectory function and
it says nothing about the residues.

In this paper we apply the techniques of high-energy
perturbation theory to an infinite sum of ladder
diagrams.5 The justification for using perturbation
theory as a laboratory for investigating questions of
this kind has been given many times before. Regge
poles, Regge cuts, asymptotic behavior of production
amplitudes, and many other problems have been
investigated by this technique, and it has been found
to be quite useful and not misleading. The model
considered here satisfies all the postulates necessary
to prove the existence of daughter poles, contains a
well-studied leading Regge pole, and leads to an
analytic expression for the trajectory and residue
functions of the first daughter pole. Having these
analytic expressions, we are able to show that its
residue vanishes to all order in the coupling constant,
for all s, in the limit that m; = m,. As a corollary
to this result, the motion of the daughter poles is
dominated by the effects of three-particle scattering.
Since both this model and the ladder approximation
Bethe-Salpeter equation treat three-particle inter-
mediate states very badly, any detailed statement
about daughter-pole motion based on these models is
unlikely to be correct. The main results of this paper
have been published in a letter®; we now present the
details of the calculation.

Polkinghorne” has studied ladder diagrams .and,
by summing all terms of the form (In #)™/t, obtained
the complete expression for a Regge pole which
approaches / = —1 in the weak coupling or infinite s
limits. That analysis was carried out for diagrams in
which all masses, internal and external, were equal;

4 D. Freedman and J. Wright (private communication).

5 For a complete discussion of the techniques and justification of
high-energy perturbation theory, as well as an account of the various
problems to which it has been applied, see R. Eden, P. Landshoff,
D. Olive, and J. Polkinghorne, The Analytic S-Matrix (Cambridge
University Press, New York, 1966), Chap. 3. An extensive list of
references is given there.

8 A. R. Swift, Phys. Rev. Letters 18, 813 (1967).

7J. C. Polkinghorne, J. Math. Phys. 5, 431 (1964). Our notation
generaily follows this paper, which will be referred to as I.
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FiG. 1. A general ladder diagram of type studied with the
various masses carried by each line labeled. In addition the
Feynman parameters y,, z;, x; belonging to the diagram are shown.

however, it is trivially extended to a ladder diagram
of the type shown in Fig. 1. These ladder diagrams
will not satisfy two-particle unitarity unless 72> = p?
and m2 = »?; however, the existence proof for the
daughter poles is independent of unitarity. In addition,
the daughter pole is presumably a dynamical entity
whose coupling to two particles depends on kinematics
but whose motion is largely independent of this
coupling. We have generalized the approach of
Polkinghorne? to sum all contributions of the ladder
diagrams which are proportional asymptotically to
(In #)™/t® in order to obtain a set of Regge poles near
I = —2. A lowest-order summation (in the coupling
constant) has been performed previously in connec-
tion with Regge cuts.® There is a minor error in this
earlier analysis due to an improper ordering of limits;
in addition, it was carried out for all masses equal.
Since the method of that paper could not easily be
generalized to problems involving unequal masses,
a completely different approach has been developed.

Of the several techniques developed for extract-
ing the asymptotic behavior of Feynman integrals,
the most powerful has proved to be that utilizing the
Mellin transform of the scattering amplitude.® The
Mellin transform of the scattering amplitude is dis-
cussed fully in I and Ref. 5, and the relation between
Mellin poles and Regge poles is discussed thoroughly
in II. As shown in these articles, the leading pole is
obtained by summing all portions of the amplitude
singular near « = —1, where « is the Mellin transform
variable. Since every Mellin pole can be identified with
a Regge pole,® a Mellin trajectory is also a Regge
trajectory.

The secondary poles are obtained by summing
terms singular near « = —2. The summation pro-
cedure for the secondary poles is considerably more
complicated than that used near « = —1, and much

8 A. R. Swift, J. Math. Phys. 6, 1472 (1965). This paper will be
referred to as II.
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of this paper is concerned with resolving this difficulty.
The result is an amplitude that has four poles near
o = —2. Oneis a trivial recurrence of the leading pole,
and one is the daughter pole. The other two are new
dynamical poles which are present even in the equal
mass problem. We concentrate on isolating and
identifying the daughter pole. In the limit that the
masses on the sides of the ladder are equal (¢ = »),
the daughter pole can be isolated completely and its
residue determined. The trajectory and residue func-
tions have their first singularity at the three-particle
threshold. To lowest order, the daughter trajectory is
a constant for u = ». If u s », the situation is quite
complicated. The formal solution to all orders does
not factor; even in lowest order the daughter pole
is one of three roots of a cubic equation. In general it
is one of the zeros of a 4 X 4 determinant. However,
we are able to show that to lowest order the daughter
pole still does not move parallel to the leading pole.

In the next section we discuss briefly the calculation
of the leading Regge pole for a sum of ladder diagrams;
we obtain the residue and trajectory function for the
leading pole for comparison later with the daughter
pole. The third section is devoted to a detailed treat-
ment of the complete summation of terms of the
scattering amplitude singular near « = —2. In Sec. 4
we set 4 = v and discuss the amplitude in lowest order
and identify the daughter pole. Then we look at the
complete amplitude and isolate the daughter trajec-
tory and its residue to all orders. Section 5 treats the
case with unequal masses (4 % ») to lowest order to
check the conclusions reached in Sec. 4. Appendix A
contains a number of definitions and identities for
various functions of the Feynman parameters that
occur in Sec. 4. Appendices B and C present explicit
expressions for some of the matrices and energy-
dependent functions used in Secs. 4 and 5. In Appendix
D the work of II on the mixing of poles and cuts is
corrected for the error mentioned above.

2. THE LEADING REGGE POLE

We start with the Mellin transform of the scattering
amplitude for a ladder diagram with N + 1 rungs as
given by Eq. (6) of L.

Lyt 9 = =g’ g )N [“11aaa

1672

N+1 e
X ]_—_[ dx,-(xl te xN+1)"‘ ey (2)
=1 A%

The parameters x;, y;, z; are labeled in Fig. 1. The

ARTHUR SWIFT

function Qy is linear in s and the various masses®;

N+

N N
QN=,“2§J’1'+”2§21'+12§X;'

— mi{(gk + h3)/AN]

— m3[(gk + AR)/AN]

— sfnlAy. 3)
The determinant for the ladder Ay is well known,?
and the other functions of the parameters occurring in
(3) are given explicitly in Appendix A. Those portions
of the scattering amplitude singular near « = —1
have been summed in 1. The full amplitude is given
by the sum of Ly(x,s), N > 0. We repeat the pro-
cedure here briefly to emphasize the difficulties en-
countered near « = —2. Equation (2) is integrated
by parts over the x;; the result is an integrand of the
form

(—1¥+ Nﬁl [xiH — (0,0, (O'io'i——l){ﬂ_l}
i=1 o+ 1 a4+ 1

o+ e ¢
X , (4)
0xy - - axN+1(A7\7L:)

where o, = y; +.2,, 6y = on,1 = 1. We have added
and subtracted a term (0,0,_,)*" in the (N + 1)-fold
product. For this leading pole we could have added
and subtracted (1)**! as was done in I, but for & = —2
several unpleasant divergences appear if this is done.
The term [xi*! — (0,0, ,)*}/(x + 1) is regular at
a = —1. The product in (4) can be expanded to give
a sum of 2¥1 terms. If (0,0,)*"Y(x + 1) occurs
in the sum, the corresponding x; will be absent and
the integral over x; can be done immediately to give

e Qv e @1i-1 e~ Qi

—— == X .
(Byp)* "o (A )™ (A

The double subscript notation used here is explained
in the first paragraph of Appendix A. This simple
factorization property allows the singular part of the
amplitude to be summed readily. In Ly(«,s) there
are terms with zero to N + 1 rungs contracted, and
these are distributed all possible ways. [A diagram
with the nth rung contracted® has the corresponding
Feynman parameter x,, set equal to zero in (2)
rather than integrated over.] Let us define the functions

© _gZ N poo N
F(a, s) = — 2_: (—-2) f I__I dy, dz;
N=1\167%) Jo =1

N—-1 [x;+l _ (o.j+10.j)a+1]

j=1 o+ 1

X dx,

X (oy0) 1

a]v—l e"QIN
axl e axN_]_ (AN‘HJ) ’ (5)
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and
) _g2 N po N
G =1+5 (——2) I dv, dz,
0 =1
a+1 ( 6,40 .)a+l
X = dx;
H [ a4 1 :l
0 exp (—0Oin)
a+1 , 6
x (o) 0xy * " axzv[ Ay :| ©

where Oy, Ay are the Feynman functions for a
ladder diagram with both ends contracted and N — 1
internal rungs; 0;,, A} refer to a ladder with just
one end contracted. If the sum over N of Ly(«,s)
is interchanged with the sum over m, the number of
contracted lines, it is easy to see that

g T (—a)G(, 5) & [F(a, 5)]™ "
o+ 1 l:ot + 1:|
_ 8T (=0)G(a, 5)
T a4 1 — F(x,s)’
where we have discarded a term that is nonsingular

in the neighborhood of « = —1. The leading Regge
pole is given by the solution of

o+ 1= Fa,s).

E LN(OL’ S) =

N=0 m=1

M

®
The extra ¢! factors in (5) do not change the solution
of (8) from that given in I. The Mellin residue of
the pole in (7) is given by

g'T(—0)G*a, 5)

1 — (dJda)F(a, s)’
where « is given by the solution of (8). The Mellin
residue is related to the Regge residue by®

yi(s) = )]

(o + DI~ A(s).

(10)
42 cos o l(—2e)

y(s) =
Since it is more convenient, we shall work with Mellin
residues.
Equations (6) and (8) constitute an equation for
o + 1. If we define a function Y(«, 5) by

Y(o,8) = — . w(gz)N L
’ (o + 2) ¥2a\167% (x + DY
© N-1 ate _ (. )EHE
xf dy;dz; [T dx; [x? (0.0, ]
a i=1 o + 2
az(N—l) 2 €
g o S G |
(1D
then a term-by-term analysis shows that
a+2=—(a+2)Y(a,s) (12)
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has the same solution for « + 2 that (8) has for « + 1.
Equation (12) occurs in the fourth section and is
associated with the Mellin recurrence of the leading
Regge pole. From the formulas given in II we see that
for every leading Regge pole there will occur a series
of secondary Mellin poles, the first of which is given by

—20,(8)y(s)P*?
x4+ 1 —ays)

Finally, we give the first-order solution of (8).

Lo, s) = (13)

6 2
g2 0
—f

The trajectory function of the leading pole has its
first singularity at the two-particle threshold.

dy dz

exp [(*ﬂzy —v’z) + sﬂ} :
g
(14)

3. SUMMATION OF o = —2 SINGULARITIES

To sum those portions of Ly(a,s) singular near
« = —2, we integrate Ly(«,s) by parts twice, and
replace (4) by

1 M — (00,07 | (0000
(O(+1)N+li:1( o+ 2 oc+2)
2(N+1) —Qx
P (k) @
Oxi * * * Oxyyg \AY

The product is expanded in the same manner as before
and those terms not containing x, are integrated
immediately to give

d , _ 2

— 2= (AN Dm0 (16)

0x; '
Unfortunately, (16) does not factor simply, and
herein lies the great complication in summing Ly(x, 5)
near o = —2. Since we want to obtain equations
similar to (5) and (6) valid to all orders in the coupling
constant, the approach we shall use is totally different
from that developed in II. In general we have to
consider a series of derivatives with respect to
Xy Xj,0 ", X, X. We order the x’s so that i <
J<, ", <m<k and then perform the differ-
entiations in the order i, k, j, - - - , m. The reason for
this ordering will become apparent. Using the various
functions and relations given in Appendix 4, we find
that (16) becomes

P e—QN _QiN
ox, (Afg? )z.:o“

e Q-1
(Fm) > (&) * M 00
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where

Myy = —(2 + 2)(2—:—?? + ATAtiI_V) - )2
+ m%(KL_l + g_i %N;

+ H?N + ilfi—l _G_ilN_+1.) -+ mg(y._> z)
Ay Ay

v =2 z S
+s ( F;N + Ffi—l + [hY; 18iv + Bli—lgiN]).

Ali—lAiN
(18)

The only function used in Eq. (18) and not defined in
Appendix A is G;; it is given by
i
Gy=II%, Gui=1 Gu.=0 (19)
k=i

Equations (17) and (18) are quite complicated, and

further derivatives will be even more complicated.

Hence, we introduce a matrix notation and write

My = Gli—l(a)AabGiN(b)' (20)

The elements of the 8 X 8 matrix 4,, depend on s,
the various external masses A2 and o 4 2. The
column (row) matrix G,;y(b)(G,,_1(@)) is a function
of the Feynman parameters only. In Appendix B,
Ag > G(b), G(a) are given explicitly.

Next, keeping in mind the ordering procedure, we
differentiate with respect to x;:

99 (Ef)_”
axk axi A%’z )a;k,:c¢=0
0

= [PyisGres(@ Aoy { [a—— G,-N<b>}(P,-k_l)(PkN)

Xk
0
+ (5 P Gantoral], 2D
Xk
where P = [exp (—Q))/A*2.
Appendix A, we find that
d

a_’ Gn(b) = (E-1)5cGrn(0)-
X

Referring again to

(22)

The matrix E; , is given in Appendix B. It has the
following properties:

[(Eik—l)bc]z,=o =0, (23a)

9
0x;
These properties of E;_, enable us to immediately

carry out all subsequent derivatives with respect to
X;,° ', X, on the first term on the right of (21).

(Eik—l)bc = (Eij-l)bd(Eﬁkl)dc . (23b)
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The result is

[P G(a)]li—lAab(P Epodis—1s """ 5 (P Eso)mi—11PG(€))en-

29

The factorization of (24) allows the corresponding
part of Ly(x, ) to be summed quite easily.
The second term in (21) can be written in the form

[PG(@)) 1,140l FBO)PF() g1 Al PG Dy - (25)
F(b)[F(c)] is a column (row) matrix closely related to
G(b) and is defined and discussed in Appendix B
following Eq. (B2); the 3, 6, 7 elements are identically
zero. All further derivatives of (25) operate only on
the (FPF) factor; FFis an 8 x 8 matrix formed from

the outer product of F and F. Suppressing the matrix
subscripts, we find that

d
a_‘ (FP F)ik—l = (Ez}k—lF ;ik—lF %+ F, ij—1 u-lE?k—l

)

+ FiJ'—-IF]'k—lEj—*lHka'—l)Pi:f—Iij—l H] (26)
where we have used

0

— F = E'F, (27a)
ox;
0 2
— F = FE?, (27b)
ox;
a——a— P = (PF)H(FP), (27¢)
X
and
F ik—l(Ek—l)]z;so =F ii—l(F E—1)- (28)

All of these relations are easily derived from Appen-
dices A and B. The matrix H is just 4 with all the
external masses set equal to zero. The matrices E!
and E? are given in Appendix B. They are closely
related to E and satisfy (23a, b). Let us form a two-
component supermatrix X from 8 x 8 matrices:

2= (F PF ) (29)
E2?P
Then from (26) and (23a, b) we find that
(a/ X, m).f -1 = Zim—lf?mk—ls (30
where
2= (ElP + FPFH FPF) (31)
0 EP)’
All further derivatives are given by
" p=@rx (32)
ox"
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Since only the upper component of this two-com-
ponent supermatrix is of interest, we project it out
with

Y= (,0). (33)
Equations (24) and (32) represent a factorization of
the amplitude similar to that found near & = —1.

The scattering amplitude Ly(«, s) is given by an
integral over (15). In the expansion of the product,
there will occur terms where x,,;, -+, x;_; are not
trivially integrated to give (16). We replace the func-
tions of the Feynman parameters that appear in (24)
and (32) by the integrals over these functions and
label them by the same symbol. In other words, we
have

-1
Jisma =f(0i6 Yk { T1 Bt® — (0,0, _@_2}

r=i+1 ax,

[, oo

where J and A are the same functions that appeared
in (5). The elements of G(a) are given by expressions
similar to (34) with Q' and A", If I}? is that portion of
Ly(a, s) with m of the x’s contracted, we see that

N+2—-m N43—m N+1

Ij=—=2 2 - X (=G4

=l r=p+l  rp=rp_itl

X [(—E)flfvg—l e (—E)rm_lr,,,,——l
+ Y(_Z)rlrg'—-l Tt (—Z)r,._zr,,,_l—l

X (—X)rm_lr,,,—lA] X (—'G)rmN' (35)
The total scattering amplitude is given by
§) = S F(—a)g
L(x,s) = 3 Ly(a, §) = ————26
@9 =2 Ln@® ) = 7 D)
© g2 N N+1 N
X In,. (36
N§0[16‘n'2(tx + D(x + 2)] mgo m (36)

The sum over N is performed in exactly the same way
as for the a = —1 case.

L(x, s) = __F(L"i)ﬁz_
T e+ D+ 2)
+ GAY(1 + 2)*RAG. (37)

The matrices E, Z, and X are obtained by summing
(34) over all values of n = j — i — 1. For example,

[A — GA(L + E)G

(Eab)ls——l .

(38)

G and G are given by expressions similar to (34) and
(38), but involving functions for ladders with only
one end contracted. The term Af(«x + 2) in (31) is a

1 0 {: g2 ]s 1
Eab =
(o + 2)s=tf 1673 + 1) Jeaw 4 2)*2
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regular function of a near & = —2; since it has no
poles, we discard it.

Equation (37) constitutes the complete solution to
the problem of summing the ladder diagrams near

= —2. The poles in the « plane come from the
zeros of the determinants of (1 + E) and (1 + 2).
Ostensibly there are a very large number of poles.
However, as we shall see in the next section, there are
at most five poles in «. As the final step in this section,
we rewrite the third term on the right of (37) in terms
of a more useful set of functions.

GAY(1 + Z)1XAG
= GA(l + E! + FFH)'FF(1 + E>'4G. (39)

The zeros of the determinants of (I + E?and (1 + E)
are just recurrences of the leading Regge pole, while
the determinant of (1 + E' + FFH) leads to at least
two new dynamical poles and the pole to be identified
as the daughter pole. In the next section we try to
unravel our solution and investigate these various
poles.

4. DAUGHTER POLES IN THE EQUAL
INTERNAL MASS LIMIT

The complete amplitude in the form given by (37)
is not very useful; it is too complicated. In order to
understand the nature of the solution, we make the
simplifying assumption that p = ». Although the
resulting amplitude does not satisfy two-particle
unitarity, the existence of the daughter pole is inde-
pendent of unitarity. Even with 4 = », the complete
amplitude is still quite complicated. Thus, we first
look at the amplitude to lowest order. In other words,
we assume that « 4 2 is of order g2, expand every func-
tion appearing in (37) and (39) in powers of g2, and
keep just the leading power. In Appendix C we define
a set of 15 functions of s in terms of which the various
matrices can be written. In lowest order for u =,
there are just five independent functions of s and u®
The only tricky step occurs in the lowest-order
evaluation of the integral over the function X defined
in (A17). From Table I of Appendix C we have
Xy = —o7% and

2a+4 e—u’a—l—(wz/c)

o
where ¢ = y + z. Since this integral is muitiplied by
g2, the natural procedure would be to set « = —2
under the integral, only to discover that the result is
divergent. The (0)***® factor in the numerator of the
integrand is necessary to keep the integral convergent
for « > —2. Since the whole procedure for isolating
the singular portion of the amplitude near a = —2

X=—f dy dz 2 , (40)
0
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involves finding a form valid for « > —2 which can
be analytically continued to o« < —2, this factor, or
one like it, is necessary. This is the reason that we
added and subtracted (o0,0,_,)**? rather than (1)**2in
manipulating Eq. (15). The correct prescription for
evaluating (40) is to do the integral for o > —2 and
analytically continue the result. To lowest order (40)
is —(x+2)™; since X is always multiplied by
g%« + 2), this procedure yields a term of order g2
In the analysis of II, this contribution was overlooked,
and an incorrect equation for the position of the poles
was obtained. In Appendix D, we consider the effect
of this change on the mixing of poles and cuts.

With the matrices and functions of Appendix C it
is a straightforward but tedious problem in matrix
algebra to calculate L(x,s) to lowest order. The
result is

._2p2
L(x,s) = —g?| ——2
(@)= ~¢ l:oc ¥ 2 — G°K(s)
2 242
(ml - m2) /2s . N(“’ s)jl, (41)
« 42— Gu® D(x,5s)
where

N@, s) = (x + 2)(mf Fmp— 2o ,12)
2

G s
+___m2 m2_____)
ﬂz( g -

2 2 A 20
_glmt ’:;Z 2,40)[}%2 + K(s)],

D(z, s) = (« + 2)? — G¥a + 2)[K(s)(l + 12/2¢%)
22
(- 2] - 052,
w2
and 4p® =5 — 2(m? + md) + (M} — m)?fs, 4¢* =
s — 4u?, and G* = g*/(167%). The trajectory function
of the leading Regge pole is K(s), where K(0) = 1/u2
Its explicit form is given by (14) with 4 = ».

The first term in (41) is the recurrence of the leading
Regge pole which arises from the use of Mellin rather
than Legendre transforms. The second term has the
correct residue and position at s =0 to be the
daughter pole. If the leading and daughter Regge
poles are related by (1), the corresponding relation
for the residues of Mellin poles is

m2 — m2)2
70 =@ B0+ NS @)
To lowest order «(0) is replaced in this expansion by
—1. The third term in (35) contains two new poles
near « = —2. These poles are present in the equal

mass limit. The significance of these new poles is
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uncertain. They do mix with the Regge cuts. To
lowest order in this model, the daughter pole is a
fixed pole. This is the first indication that the daughter
pole behaves very differently from the leading pole.
Keeping u = v, we follow the first daughter pole to

higher order in the coupling constant. The daughter
pole is one of the zeros of the determinant of
(1 + E' + FFH). As shown in Appendix C, this
determinant factors, for u = #, into the product of

1+ Y(S’ oc) + S[Zgo(S: “) - %J(Ss 0()], (43)
and the determinant of a 3 X 3 matrix. The functions
in (43) are defined in Appendix C. In Eq. (12) we saw
that the recurrence of the leading pole is given by
the solution of 1 + ¥(«,s) = 0. Since g, and J are
finite at s = 0, the pole in L(x, s) defined by setting
(43) equal to zero has the correct s = 0 limit to be
the daughter pole; this result is true to all orders in the
coupling constant. To lowest order it agrees with the
daughter pole given in (41). Once (43) is identified
as the daughter pole, we can calculate its residue to
all orders, keeping only those terms in L(ax, s) that
contain this pole. The result is
gT(=2)
(¢ + 1)2s

5 {mi = mHGQ) + s[G(4) — GO

(@ + 21 + Y + 5(2g, — 3J)]

G(a) refers to the appropriate integrals over the
functions introduced in (20) and given explicitly by
(B2). We have used the left-right symmetry of ladder
diagrams to replace G(a) by G(a). An explicit evalua-
tion of the first few terms of G(3) and Y(s, 0) shows
that

Lx,5) =

(44)

G(3)* __ —aG(a, 0
1+ (d/dn)[(x + 2)Y(x, 0)] 1 — (d/de)F(x, 0)°
(45)

where common factors have been discarded. F(«, s)
and G(«, s) are given by (5) and (6). Therefore, the
daughter pole has the correct residue.

The trajectory function for the daughter pole is
given to all orders in the coupling constant by the
solution of

© g2 N 1 d d
2= — LY dv. dz
“+ z\lz=:1(16772) (@ + DY Yo 4
N1 Py
x 11 dxil:x?+2 - (Gi6i+1)a+2 P
i=1 ox?
ar2 e 9
X (O-IGN) 'A'X,'_g
S .. - ”
x [Gw_l + =2 (gly — gty — hw)]
2Ax

(46)
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(b)

Fic. 2. (a) The diagram sum which describes graphically the
analytic structure of the daughter trajectory function. (b) The
corresponding diagram sum for the leading trajectory.

This expression can be simplified by using the vari-
ables ¢; = y, + z; and 6; = y, — z;. The part of the
integrand of (46) in square brackets has the form
necessary to trivially carry out the 4, and dy integra-
tions®; the effect of these integrations is to replace
(46) by

at2=—

g? T+ 3) 2/ g\W 1
T6rt@ + D@ | 22(167#) @+ DY

f ® N 1 [x’j-'“ — (0:9::)"""] _6_2_
i o+ 2 ox?
X (6,08)"2 % A”Z {5(ZN)5(y1) — (zx)d(z1)}-

(47)
This expression should be compared with (5) for the
leading pole. The daughter pole first begins to move to
the right in the complex o plane in order g*. The slope
of the leading pole at s = 0 is +G?/(6u*) and that of
the daughter pole is +0.09G*/(u®). The effect of the
delta functions inside the final curly brackets of (47)
is to give the trajectory function a singularity structure
which is identical to that arising from the sum of
diagrams in Fig. 2(a). The corresponding sum for the
leading trajectory is given in Fig. 2(b). Because of the
minus signs in Fig. 2(a), all two-particle cuts cancel
out term-by-term from the daughter trajectory func-
tion.’® We show in the next section that if u £ » the

% The dependence of the coefficient of s in @,y can be written as
8tAS, with A an N X N matrix and § a column matrix of the d,. In
terms of this matrix, the coefficient of s in (46) is proportlonal to
(41,00, 4,3) = [(a/361)6‘A6][(3/86N)6‘A6] If dx is integrated by
parts, only the end points contribute. The resulting integral over
d, is done exactly.

10 The analyticity properties of perturbation graphs are discussed
in detail in Ref. 5, Chap. 2.

VY

Fig. 3. The diagram sum which describes graphically the
analytic structure of the daughter residue function.

two-particle cuts enter with coefficients proportional
to (u — )%

The residue of the daughter pole in (44) has the
property that it vanishes to all orders if the external
masses are equal. The same manipulations used to go
from (46) to (47) lead to an expression for the form
factors coupling the Regge pole to two-particle states
that has only three-particle singularities:

(m3 — m)’G(3) + s[G(4) — G(5)]
= (mz ml) + Z (

2 1 N
1672 (« + 1))

(et — (0,0,
X | dy; dz; £t
f Vi 42 1_11 o+ 2

{[ ) — (z)]

x oi® (48)

N
ox 26 A““}
The corresponding diagram sum is given in Fig. 3.
Again the two-particle cuts cancels out.!

Equations (44), (47), and (48) completely describe
the first daughter pole in our model. The first com-
ment to be made is that the daughter pole is very
different from the leading pole. Its motion is deter-
mined by the scattering of three (or more) particles.
Since the three-particle contributions of ladder
diagrams are not those that would be expected to
dominate a three-particle scattering amplitude, we
conclude that our model is useless for determining
the actual motion of the daughter pole. Such a
determination would require an accurate treatment
of three-particle scattering. This objection applies
also to Bethe-Salpeter calculations using the ladder
approximation.? In the next section we see to what
extent relaxing the u = » constraint changes these
conclusions. The second point to be made is that the
residue of the daughter pole vanishes to all orders
in the coupling constant, for all energies, if the ex-
ternal masses are equal. The general arguments on
the existence of daughter poles only show that the
singular part of the daughter residue vanishes in the
equal mass limit.

With the advantage of hindsight we can argue on
general grounds that the daughter pole in this model
should contain no two-particle singularities. The
leading Regge trajectory function satisfies a dispersion
relation in s with the cut beginning at the two-particle
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threshold; the imaginary part, up to kinematical
factors, is given by the form factor squared [G(«, 5)|2.
If this relation between the imaginary part of the
trajectory function and the square of the form is
assumed to be a general property of Regge poles in a
unitary theory, then, since the daughter pole does
not couple at all to equal mass two-particle states, it
will not have a two-particle cut. If the coupling to
equal mass particles dominates the trajectory function,
three-particle intermediate states would be expected
to be very important. Presumably the coupling of a
daughter pole to a three-particle amplitude could be
described by an expression similar to that involved in
the coupling to unequal mass two-particle states, only
with a variable mass. This argument on three-particle
dominance requires that the nonsingular terms in (1)
vanish for equal masses.

5. UNEQUAL INTERNAL MASSES
IN LOWEST ORDER

In the previous section we extracted the daughter
pole from the complete scattering amplitude and
studied its properties to all orders in the coupling
constant. This separation was possible only with the
simplifying assumption that the masses on the sides
of the ladder were equal. We now want to see to what
extent the conclusions obtained with this assumption
depend upon it. If m; == u 7 v = m,, then the
scattering amplitude represented by ladder diagrams
will satisfy two-particle unitarity. The problem of
separating out the daughter pole to all orders becomes
algebraically very formidable. Rather than attempt it,
we look at the zeros of the determinant of (1 + E* +
FFH) to lowest order in the coupling constant and
investigate the daughter pole only to this order. From
the relations given in Appendix C, we see that

det (1 + E' + FFH)

=l - K(s)]{? - €2[K(S)(1 + 222) ]
B

where « + 2 = G% and K(s) is again the trajectory
function of the leading pole. The mass of the ex-
changed particle is 4, and I' is given by

@+ s~ (@~
2spts? ’
and 4¢g® = s — 2(u® + ) + (u® — s, The first

factor in (49) is just the recurrence of the leading
Regge pole; we neglect it now. The daughter pole is

(50)
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one of three roots of a cubic equation; the other roots
are the two new dynamical poles which appear in (41).
If # = », one of the roots of the cubic equation is
%, in agreement with (41), For p # v and s = 0,
g® = oo and the cubic equation becomes

2
e — K(O)](€2+ y ;f%z «— ;%;2) =0, (51)

2
1 ln (6‘.2)
u? — y

Thus, it contains a zero whose position satisfies the
condition for a daughter pole. If s = o, we find that

Bt -

By comparison with the equal mass limit in (41), we
see that the middle root of (52) is the daughter tra-
jectory. Thus the daughter pole certainly moves to
lowest order in the coupling constant in contrast to
its behavior for g = » For s 3 0, co there is no
simple analytic solution in general. However, if
A% = 0, we find that

e — K{s)}(e -~ ,u_lv) (e + ;1;) =0.

In this limit, the daughter trajectory is parallel to
that of the leading pole. Since the three-particle thresh-
olds in (47) become degenerate with the two-particle
thresholds, it is not surprising that to lowest order
the trajectories should be parallel. On the other hand
the transition to A* = 0 is apparently singular. More-
over, there are problems with infrared divergences in
higher orders if 4% = 0.

For A the same order of magnitude as g and », we
can obtain an expansion of the daughter pole around
s = 0. For both s and § = (u — #)* small, we find

that
1 18 ® | sé u
=14+ =2 42
€ m[ t o T T (45 18,12)+ }
(54)

where

K(0) =

(52)

(53)

12u

while the leading pole is given by
1 1(s @ 1
==l14 == +—=
b e+ )+ (
(35)

where «, + 1 = G?%;. Note the singular dependence
on 1% in (55). The daughter pole moves more slowly
than the leading pole in this limit; hence, three-particle
effects would still be expected to dominate. If 4 is

g6 &%
+60+80)+ ]
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large, the daughter pole can also be expanded in the
neighborhood of s = 0.
2s

€a = K(0) —(qu — 2y

[1 - K;O) (u? + 2% + 223

K(0)°2*
o I
#*K(0)* + A*K(0) — 1
This equation should be compared with

2s K(©
o= KO) = = vz)z[l — :(z ) (w2 + vZ):l. (57)
If 22 =12 < u2, we find from (56) and (57) that the
daughter pole has a smaller slope than the leading
pole at s = 0 for +*/u® > }. We conjecture that for
all values of »2/u? the leading pole will eventually
move faster than the daughter pole.

Equation (49) is not valid near the two-particie
threshold since K(s) becomes infinite there. On the
other hand, it is valid for s approaching +o0. A
solution can be obtained for e, in powers of s7*; the
zero-order solution is given by (52). In this large s
limit the daughter pole is identified by extrapolation
to equal masses.

2 2 2

uy 2suv § 4suv
& P+ 2 o Mp4)
+ st + 25%uy W+ 4s’uy ]
4 2
+ 1—3‘—5[111 S 21ri6(s):l}. (58)
sSL wv

In this expansion there is no restriction on the magni-
tude of 8. The corresponding expression for the leading
trajectory is
2
¢ = 1[111 S 27ri0(s):|. (59)
sL u’y

Notice that the imaginary part of ¢, has the same sign
as that of ¢, but is smaller by a factor of s~2. Paren-
thetically we remark that one of the other two dynam-
ical poles is given by (58) with » replaced by —».
Since the imaginary part of this pole is negative, there
would be difficulties in interpreting it if it becomes
physical. The third pole is asymptotically parallel to
the leading pole and has an imaginary part propor-
tional to s—*; this third pole may be identified as the
normal secondary Regge trajectory, since it behaves
very similarly to the leading pole. Inasmuch as the
expansion of the daughter trajectory function in
powers of s~! converges for s above threshold, (58)
may be taken as an indication that the imaginary
part of the daughter trajectory is less than that of the
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leading pole for all s. Hence, our conclusion that the
daughter pole is strongly affected by three-particle
scattering still holds. Although for unequal internal
masses the daughter moves to lowest order in g2 and
has a two-particle cut in contrast to the results of the
preceding section, the effect of the two-particle
singularities is substantially less important for the
daughter pole than for the leading pole. In general,
the daughter pole does not move parallel to the
leading pole. It moves to the right less rapidly and
develops a smaller imaginary part at the two-particle
threshold.
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APPENDIX A

In this Appendix we give both explicit definitions
and various identities for the functions of the Feynman
parameters that are used in Sec. 3. The determinant
Ay is given by

2. x 0 0
X3 2o X3 O
0 x,
Ay=det| 9 o . , (A

XN
XN ZN

where >, =x; +y, + z; + x;;,;. From (Al) it is
readily seen that if x; = 0, Ay factors as discussed in
I and II. It will be convenient to relabel the deter-
minant for a ladder by its first and next-to-last rungs.
In this notation Ay becomes Ayy. If x;, =0, Ay
factors into the product (A, ;)(A;y) with the under-
standing that x; = 0 in the determinants. In addition
it follows from (Al) that

(0/0x)Ain = Ay Ainy + A aDiiay .

(A2)

In (A2) and all further equations involving derivatives
with respect to x;, it is understood that x; is set equal
to zero after differentiation. Equation (A2) is valid
for all 1<i<N+1, if we set A; , =1 and
Aii—n = 09 n Z 2.

The functions g% , h% are treated as a pair.

N

S

N= zAm—lJ’ka+1N+1,
x=1

N
gn = z Gueyilisin - (A3)

k=1
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If the superscript is z, z, replaces y, in (A3). The
function G;; is defined in (19). If x; =0, these
functions factor to give

giv = g1y

h’ffz\f == Aii—ihgx . (A4)

The notation in (A4) follows the rules used in labeling

A;;. We define another set of functions g%, k% by

.
B = ZAij~1y Osaes

3==%

k
Eh= ’Ei TP A VI (AS)
Equation (AS) differs from (A3) by the external
subscript on the function G;,. For x; = 0 these new
functions factor according to the rule given in (A4);
they also obey the identity g%, + &5, = ;.
The derivatives of g%, and A¥,, are given by

d (hnv) M1 Gy +
lcN L)
I\ Ay Apiboy
o /g Gy
() Bty g, )
0%, \Ary Agye1Bin
where
How = hk+1NAkN - Ak+1NhkN
RN T ) s
&N
Kyyq = Gri—alyiy — Alz«-&gl»—l (A7)

2
1i—1
The corresponding derivative of g(%) is given by (A6)
and (A7) with K(H) replacing K(H) in (A6) and g(h)
replacing g(h) in (A7). The functions H, K, H, and K
have the property that they vanish if an internal x;
is zero. Moreover, their derivatives are given by

(8]ox ) Hyy = Hki—lGi+1 N4d»

(0/0x)Kyy = Gy iKjpr- (A8)
The derivatives of # and K are also given by (A8);
in addition, K%, + KZ, = —G;/A,;.

Another sequence of functions to be studied in this
Appendix is obtained from fy = fiy.

N
fin= zAlk—-lykzkAk-i-lN

k1

N1
+ 2 E Bya(ezs + 2V NGraDsan. (A9)

k=1 =il
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If x, = 0, we have

Siv = Buafin + fraBin - (A10)
The derivative if f; with respect to x, is given by

2 2 1, (Pliagiv + Mgl
= fin=F.  + F! i-1bi A5
ax,;fm 1i-1 + Fon + A

" (A1l)
where

F*N j;+lNAzN "'".f;NA=+1N

zN
F2 — fli»—i!Au-»-l fh«-lA‘h-2
15-1 = 2
Ah«l
If x; == 0, we see that
Fly=Fi 4,
iN : 1 (A12)
F 1i~-1 & F ki—1 *
In addition we need the relation
g g g’! .
PR "‘Fa—-+ f 3N+ ‘z»_&’ A13
axk N ik~ ik—1 A,N ikt A;N ( )
where
F‘k ) xﬁ+1k—2Aik*—1 - f;}:-?.Ai-Hk——%
Afs

+ ﬂ+1k«.1Aik~2 - f;‘kml‘&iﬂk—a
A2
i%—1

-2 As (f;‘+1k«1Aik-1 - f;"c—lA"““”"“l) . (A19)

2
Az‘kwl Aik-~1

If x;=0, Fy_,; =10 One more relation involving
Fy, 4 is needed:
(0/0x )F ey =

i?‘-—lK;}c—l +.H5 (A15)

The final functions that need be considered are the
pair (Ay; /By, 1) and (A;5/Ay). The x, = O prop-
erties of these are obvious. Their derivatives are given
by

Jk-»l

g (éy_—g) = Xyi1,
0%, \Ay;y
2 (Buny
— ) = X, Al6
axk( Ay ) = ¢ )
where
AiipsBis — Disrpsd
ng—i i+ 1~24 1 Y Y ik»% ( AI?}

(Ack-»l)z

Both X, and its derivative with respect to x; vanish
if X§ == 0.
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APPENDIX B

In this Appendix the various matrices used in Secs.
3 and 4 are given explicitly.

—A —(x+2) 0 0 0 m m =

—(x+2) 0 0 0 0 0 0 O

0 0 0O m md 0 0 0

0 0 m; 0 s 0 0 O

Ao = 0 0 m: s 0 0 0 0
e 0 0 0 0 0 0 O

m? 0 0 0 0 0 0 0

s 0 0o 0 0 0 0 O

(B1)

The matrix H is obtained from A4 by setting m? =
m? = 0. The two row matrices G(a) and G(a)! are

v i,z
A11'—2 Gli—l hli—l hli—l
3 b 2
Ali—l A1i—1 A1:‘—1 A11'—1

v z 2
Kli—l ’ Klz'—l ’ Flz‘—.’i) ’

2

G(@ir = (1,

G(@)y = (1 Ay Give 8w My
Ay Ay A Ay
?N,HfN,F}N). (B2)

If x; =0,i<j< N+ 1, we find from the formulas
of Appendix A that G,5(a) = F;;_,(a), where F;;_;(a)
is obtained from G,y(a) by replacing N by j — 1 in
(B2) and setting F(3) = F(6) = F(7) = 0. There is a

similar relationship between G,; ;(a) and F;;_,(a) with
Jj replacing 1 and the 3, 6, 7, elements zero.
The matrix E,; is given by
(Eab)(k—l
0o 0 0 0 0 000
Xixr O 0 0 0 0 00
0o o G 0 000
A
G,' —
=8 K., 0 0 0 000 .
Aik—l
Gisri-
Reyi 0 0 0 2000
Aik—l
0 0 Ay, 0 0 000
0 0 HA:., 0 0 000
Fon 0 0 AL, H., 00 o0/ (B

The matrix E? is obtained from E by setting all ele-
ments of column three equal to zero; E? is obtained
from E* by transposition and interchanging K and A.
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TaBLE 1. The fifteen functions of s used in calculating the scat-
tering amplitude are listed together with the corresponding
functions of the Feyman parameters. The correspondence is
defined by Eq. (C1). Also given are the functions of the Feyman
parameters used in the calculations of the lowest order amplitude.

T{fa1} Sir fu
J 1 1
Y (CTTRTIRY /. VY -t
A ApeafBy, Aryiea/Das !
g Eir—1/Au_q, ha—a[Daxs ylo
K K1, By —ylo*®
X Xiia —1/0?
F Fu_y 2yzfo®
F Fh 1, Fi_, —yzfo®
A LCAVPRPAIRY. Wy 1 (A WY 1o

A’ (FarBi)/(Die- )% Bh—1 A1) (Aner)? ylo®

F,! Fipm1Baroa) Qi) (Flm1Birie-1)/ (Din_y) —yz/o®
ge 22 A [ (i yia®
o (Bl ) A1), (y > 2) yzlo?
i (E"FDa/(Bimr), BFDiemrf(Dsr—s) —yz/o?

APPENDIX C

The matrices that occur in the complete solution
for L(«, s) near « = —2 contain functions of s which
are defined by (34) and (38) as integrals over combi-
nations of the functions discussed in Appendix A.
Let us rewrite the operation described by (34) and
(38) in symbolic form

E, = T(Ep)il (CD)

There will be another operation for the functions
involved in G(a). Each of the Feynman functions in
Appendix A will generate a corresponding function of
s by (C1). In Table I we list the 15 ostensibly inde-
pendent functions that can occur. The left-right
symmetry of ladder diagrams has been used to reduce
the number. There are probably several general
identities relating these functions, but we have not
investigated this question. In cases where the func-
tions are labeled by a y superscript, there is also a
corresponding z superscript which we do not include.
When p = », y and z functions are equal; this is the
simplification that enables the daughter pole to be
factored out so easily. The product functions, such as
g%, occur in the matrix (FF). Using Table I we gen-
erate the matrix £ from (B3) by direct substitution.
We will not write £ and the other matrices explicitly.
The Regge poles occur as zeros of the determinants
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arising from the various inverse matrices in (31) and (33). These determinants are

det(1+E)=(1+ Y)®,
det (1 + E?) = (1 + Yp,

det (1 + E' + FFH)
1 — (x4 2)A + sF?

(K* + sf* — (@ + 2)gd)
—(z—>y)

= 31+ ¥) det [;’13—(——“:“2)X+F

+ (a0 + 2)¥sA + sF

— 2a + DF: — ¥(1 + Y)]

If 4 = », (C4) can be written in the form

det (1 + E* + FFH)
=[1+ Y+ s(2g — 1D + 1), (C9)

where D is the determinant of a 2 X 2 matrix. As
discussed in Sec. 4, the solution of

I+ Y+ 5028 —3)]1=0

is the daughter trajectory to all orders in the coupling
constant. Since (1 + ¥} = 0 is the recurrence of the
leading pole, only (C4) will contain new poles. Given
the factorization (C5) it is straightforward to invert
(1 + E* + FFH) and keep only those elements that
contain the daughter pole.

In Table I we also list the values of the Feynman
functions for k = i 4 1. These are the lowest-order
values and are used in the manipulations leading to
(35). If (= + 2) is set equal to zero under the integral,
in lowest order the operation T{f} becomes

T(f} = fo “dy dz exp [~y —v% + (sy2lo)lf. (C6)

This procedure does not apply to X and A which are
singular in this limit. These are discussed separately.
With the change of variables 0 =y + z, 0e = y — z,
Eq. (C6) can be written as a sum of terms of the form

1 n
I = lf de—= s
2Ja M

where M = }{pu? + »® + (u® — vDe — 5/2(1 — €3]
To express the functions in Table I we need m = 1,
n=0,1,2, and m=2,n=0,1,2,3,4 If gy =y,
integrals with odd values of n vanish; the other
integrals are the five functions introduced in II and
denoted by 4, - - -, E. The trajectory function of the
leading pole is given by J? = K(s). All other functions

(e7)

)
(©3)

3s(g” — g sJ

14+ Y + s(2g, — §J) s(g® — g")

—3K* +sf*—(a+2)gd] 1—(x+2)+sF|

+ 3z

can be expressed in terms of this one, plus various
rational functions of the masses and s. If A =
3(u? — »*) and 3 = }(u® + +?), the identities neces-
sary to obtain (41) and (49) are

0 ZA—ZS

1
P oph(EE— A 2p K, (B
A 2% — 5
=LK - —===5
sk e, ©
=0 2y E=9pk ()
S N S
4 4% — 16A
p-dpo GE=9p 18
N N N
2 ———
N 162A p 4A(4>:2 Dp (1)
A S

R = = LA 20 — s/
8 N

+(E — s/ (C12)

These relations, together with the expressions for
lowest-order functions given in Table I, plus lots of
algebra, enable us to obtain the results quoted in
Secs. 4 and 5. In these calculations we use the fact that
o + 2 is of order g2 to discard terms like (« 4 2)g%
in (C4).

The correct evaluation of X (and A) was discussed
in Sec. 4. In terms of the notation of (C7), X is just

X=-Ta+2,~ —(x+2)"= -4, (C13)

Thus, in (C4) we retain (x + 2)X, but not (« + 2)?A.

The derivation of (41) requires the lowest-order
expressions for G(4). An analysis of the simple box
diagram shows that the proper choice is G(1) =
G(3) = 1 and all other G(a) = 0. In Appendix D we
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need the G(a) appropriate to a ladder terminated at
one end by a contracted ring. The correct prescription
is again found by referring to a low-order diagram.
In this case we find that, up to a coupling constant,

GH=J=1,

G(2) = A = K(s),

G4 =g =3I+ 1)

G(5) = g = {I; - 1],

G@®) = F' = —§(I3 - 1. (C14)

The other G(g) are zero. The masses in the integrals
in (C14) are m, and m,. If m; = m,, G(4) = G(5) and
the daughter pole does not mix with the cut.

APPENDIX D: MIXING OF
POLES AND CUTS

The previous work on the mixing of Regge pole
and cuts contained a minor error. The nature of this
error was discussed in Sec. 4. In this Appendix we
repeat the calculation correcting the earlier error and
including the daughter pole. The diagram we con-
sider is given by Fig. 3 of IL. As discussed there, it
generates a Regge cut. The only change we make is
to let the external masses be different; in addition, we
take the masses to be different in the lines coupling
the external ladders to the cut generating diagram.
(This means that in Fig. 3 of II the lines denoted by
oy, 0, carry mass m, and the lines denoted by «3, d,
carry m,.) All other internal masses are equal to u. As
shown in (45) of II, extracting the most singular part
of the cut-generating diagram near « = —2 leads to
a diagram with the external ladders having one end
terminated by a contracted rung. The sum of these
ladders is obtained from (37) by an appropriate choice
of G(a) or G(a). This choice of G(a) is discussed in
Appendix C. We consider only the lowest-order
solution. G(3), G(6), and G(7) are zero identically,
and the other G(a) are expressible in terms of the set
of basic functions discussed previously. A lengthy
problem in matrix algebra, similar to that léading to
(41), results in the following factor for an external
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ladder:
o+ 2+ Gt (mi— mp*
D(2;5) 4ps
(2 2 __ 2,2
X K(s) (ml + m2 s)/(2m1m2) — 1. (Dl)

@+ 2 — (G¥?)

This equation replaces (46) of IL. In the first term of
(D1), D(x, s5) is given in (41); and for simplicity we
have set all masses in its residue equal to u?, since
this term is present even in the equal mass limit. In
the second term of (D1), K(s) is just K(s) with the
masses m, and m, replacing u and ». We see that the
daughter pole mixes with the Regge cut. However,
since 4p?s is finite at s = 0, the residue of the daughter
pole is nonsingular. When (D1) is combined, the cut
contribution given by (47) of II and terms with one
or no external ladders are added, the total amplitude
becomes

Np(s) ]2
o+ 2 — G¥u®

» 4
L(a, 5) =12

[oc +2+ G’
47

D(, s)
f p(s, 81, 59) ds, ds,
i<oa 4+ 2 — G¥K(sy)’

(D2)

where
G'K(s)I"
[AGs, 1, 5952 — %)

A= s 4 st 4 52— 255, — 255, — 25,5,,

p(s, 51, s2) =

and N,(s) is the residue of the daughter pole in (D1).
The conclusion reached in I that the leading pole does
not mix with the cut is correct, even with the mass
differences included. However, the daughter pole
mixes with the cut, as do the other two dynamical
poles near « = —2. There is no singularity at s = 0
associated with the daughter pole when it mixes with
the cut. The leading singularity in the « plane remains
a pure pole.'!

11 A conjecture based on analytic continuation of multiparticle
unitarity suggests that the leading Regge pole should appear in the
curly brackets of (D2). V. N. Gribov, I. Ya. Pomeranchuk, and K.
A. Ter-Martirosyan, Phys. Rev. 139, 184 (1965).
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The irreducible representations occurring in the decomposition of the Kronecker squares of irreducible
representations of finite and continuous groups are shown to be readily separable into symmetric and
antisymmetric parts using Littlewood’s method of plethysm. Particular applications of the rotation and
symplectic groups, together with selection rules for isoscalar factors, are given.

I. INTRODUCTION

HE Kronecker square I' X I' of an irreducible

representation I' of a group G is always reducible

to the sum of a symmetric product representation [I'?]

and an antisymmetric product representation {I'?},
such that!-2

'x T'= [T + {T?. ¢))

The resolution of Kronecker squares into symmetric
and antisymmetric product representations is of
particular significance in determining selection rules
over and above those normally found by the de-
composition of the appropriate triple Kronecker
products.*—3

Judd and Wadzinski® have recently discussed the
resolution of the Kronecker squares of the irreducible
representations of the continuous groups R; and G,.
Their method, which basically makes use of a chain
calculation starting with the trivial resolution of a
few simple representations, rapidly becomes exces-
sively tedious. The procedure of resolving Kronecker
squares may be greatly simplified by using the more
direct method of Littlewood’s*® operation of pleth-
ysm. With seemingly only two exceptions,'®! the
powerful technique of plethysm has been unrecog-

* Research sponsored in part by the Air Force Office of Scientific
Research, Office of Aerospace Research, United States Air Force,
under AFOSR Grant No. 1275-67.

1 M. Hamermesh, Group Theory and Its Application to Physical
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Mass., 1962).
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University Press, New York, 1961).

3 B. R. Judd and H. T. Wadzinski, J. Math. Phys. 8, 2125 (1967).

4 D. E. Littlewood, J. Lond. Math. Soc. 11, 49 (1936).

§ D. E. Littlewood, Phil. Trans. Roy. Soc. London A239, 305
(1944),
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nized by physicists. In the present paper, we briefly
review Littlewood’s method and then consider its
application to our central problem of resolving the
Kronecker squares of irreducible representations
into their symmetric and antisymmetric parts for
both finite and continuous groups.

II. PLETHYSM AND THE GENERAL
LINEAR GROUP GL(n)

The construction of basis functions ¢{™ that trans-
form according to an irreducible representation I'
of a group G is a common problem in group theory.
If the irreducible representation T is of degree n,
then the basis function ¢{™ also spans the representa-
tion {1} of the general linear group GL(n). The
products [#{7) of the basis functions ¢ form
bases for the different irreducible representations {1}
of GL(n) contained in the Kronecker product

{7 =2 &4, P)
where the A’s are partitions of the integer r, and g; is
the number of times a given irreducible representation
{A} occurs in the decomposition of the product. The
irreducible representations {4} of GL(n) generally will
be reducible under restriction to the group G.

The product functions constructed from the ${"’s
that form a basis for the {4} representation of GL(n)
have the symmetry associated with the corresponding
representation (4) of the symmetric group of order r!.
In practice we are usually interested in constructing
product functions of a particular symmetry type, and
hence, in picking out those product functions forming
a basis for the representation {»} of GL(n) which
turns up in the sum Y g;{4} of Eq. (2). The decom-
position of the representation {i} of GL(n), on
restriction to G, can then be studied.

Let us suppose that I" corresponds to the irreducible
representation {u} of GL(m) and that the functions
¢ form a basis for this representation. If the di-
mension of {u} is n (m < n for {u} % {0}), then this
set of functions also forms a basis for the representa-
tion {I} of GL(n). We now construct powers and

2434



IRREDUCIBLE REPRESENTATIONS

products of the functions ¢ of degree r, and from
these product functions we choose a basis for the
representation {»} of GL(n), where (v) is a partition
of r. In general, these product functions form a basis
for a reducible representation of GL(m). If we denote
the set of functions forming a basis for the {1}
representation of GL(m) by ¢'*, and if we denote
the set of powers and products of the functions
¢ forming a basis for the {v} representation of
GL(n) by |}, then clearly

|¢{u)|{v} — z ¢(l)_ 3)

The above result can be expressed equivalently in
terms of transformation matrices. The functions ¢!
may be expressed as linear combinations of powers
and products of functions ¢/ that form a basis for
the {I} representation of GL(m). The matrix 4%,
which transforms the ¢)s, is then said to be an
induced matrix of the matrix 4 which transforms
the functions ¢!). The operation [¢%|*), which we
perform on the functions ¢!, is equivalent to forming
the induced matrix |4%“!|® of the induced matrix
A", An induced matrix of an induced matrix is, in
general, reducible to the direct sum of other induced
matrices A, each of which is the transformation
matrix appropriate to the irreducible representation
{A} with basis functions ¢'*. Equation (3) is thus
equivalent to the equation

| 4B = 2 AW (4
written in terms of the transformation matrices with
z' denoting a direct sum.

In Littlewood’s development of the character theory
of continuous groups, the symbol {4} is used to repre-
sent an S function which is defined as the spur® of the
induced matrix 4'%. The operations physicists usually
associate with representations of continuous groups
reflect the properties of the S functions corresponding
to the various matrices transforming the elements of
the representations. For example, the decomposition
of a product representation {4} X {u} into its simple
components is equivalent to the expression of the
product of two S functions as the sum of S functions.
Equation (4) may be taken as defining a particular
type of multiplication of S functions.* Taking the
spurs of the matrices, we have the definitive equation
for the plethysm of § functions:

vt O} =2 {n}, &)

where the symbol ® is used to indicate the operation
of plethysm'2 and {u} ® {»} is read as “{u} plethys {»}.”

12 The symbol ® is frequently used to designate the Kronecker
outer product; here we reserve it solely for the operation of plethysm.
In general, we shall follow Littlewood’s notation (Ref. 7) throughout.
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The basic algebra of plethysm has been developed
by Littlewood, and here we simply state the principal
results. Plethysm is distributive on the right with
respect to both multiplication and addition, i.e.,

A® B+ C)=A®B+A®C, (6)

and
ARBC)=(AB)ARC)=A4A9BA®C. (1)

For addition, subtraction, and multiplication to the
left we have:

A+B o} =3T,40 B, (®
where T',,; is the coefficient of {4} in {u}{»};
(4~ B)® {4} =3 (-D)'T,u(4 ® {Lh(B © {7)),
&)
where {7} is the partition of r conjugate to {s};
(4B) ® {4} = 3 g4 ® {u)(B ® {+}), (10)

where g,,, is the coefficient of the character 3'*' of the
symmetric group on n symbols, where y®'y" =
Y guax'®, and (), (¥), and (4) are all partitions of n;
and

A®BeC=4A0 (B®C(C). 00))

These formulas may all be readily extended by
repeated application of the basic formulas. For
example, we readily obtain

Ad+B-0O) {4
=2 (=1)'T,u((4 + B) ® {u})(C ® {#),
=2 (=)' Ty, Lyru(4 ® {n})(B ® {w)(C ® {7}),
(12)
where (v) is a partition of r. It is also useful to note
that, if (4) is a partition of r and
e {u =230k

then, if r is even,

e u=230 (13)
e {a =23, (14)

where the sign " denotes that the conjugate partition
is taken.

The following theorem is particularly useful in the
construction of a plethysm: If

A} @ {n} = 2 0},

and, if r is odd,

(15a)
then

3 Tuolt) = [z Ty, {2} © {y}] [z rm{u}] (15b)

If {=} = {n} has only one part, then Eq. (15b) reduces
to

3 Tty = (& {n - 1}[; rm{u}]. (15¢)
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This last equation forms the basis of Littlewood’s
“third method.” ® The right-hand sides of Egs. (15b)
and (15¢) are usually readily expandable; one is left
only with the task of selecting a suitable set of {»}’s
to match the left-hand side.

A theorem due to Ibrahim?? is particularly useful in
defining the choice of {v} in Littlewood’s third method.
The principal part of a product of two S functions
{a} and {B} is defined as {a; + By, oz + B2, a3 +
Bs, + - -,}. lbrahim then proves the following:
The principal part of the products of terms in the
expansion ({A} ® {w})({s} ® {n}), appear as terms in
the expansion of

AL+ s Ay + pa, Ag + g, - .} ® {9},

wherever x @y = y™_ where (w), (), and (¥) are
all partitions of », and the y’s are characters of S,,.
Three special cases found by Ibrahim?* are of use here.

1. The principal parts in the product
(4 ® {n({u} ® {17}

are the terms in the expansion of {4, + u;, 4, +
Hgs 3 ® {17}, where (n) is a partition into one part.

2. The principal parts in the product
({4} @ {(nh({u} ® {n})

are the terms in the expansion of {4, + u;, 4, +
/"’21' o 5}®{n}'

3. The principal parts in the product
({4} @ {I")({u} ® {1}

are the terms in the expansion of {4, + y;, 4, +
Mz, """ ’} ® {n}

These three results provide a list of .S functions
which certainly belong to the reduction of the plethysm.
While this list is not necessarily complete, it usually
permits an unambiguous selection of the {»}’s of
Eq. (15a) to be made.

Littlewood?® has given two results that are of assist-
ance in establishing further plethysms. If n is an
integer, then

mMe2=02m+2n—2,2+2n—44) + -

(16)
to (n + 1)/2 or (n + 2)/2 terms, and

meo{=2n—-1,13+{2n—-3,3} +--- (17)

to 3(n + 1) or in terms. Using these two results,
together with the conjugation theorems of Egs. (12)

13 E. M. Ibrahim, Oxford Quart. J. Math. 3, 50 (1952).
14 E_ M. Ibrahim, Am. Math. Soc. Proc. 7, 199 (1956).
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and (13), it is readily deduced for n odd that

{1"} ® {2} = {28, 12*%} + {25, 1®*~8} + - - - (1B)
and
(1} © (1% = {17} + (22, 14
+ {24’ lzn-—e} N I (19)
both to #(n + 1) terms, while for n even
{1"} ® {2} = {1%"} + {22, 22~}
+ {24’ 121&—8} + oo (20)
to 3(n + 2) terms, and
{ln} ® {12} = {21, 12”——2} + {23’ 12n——6}
4+ {25, 12710} 4 ... (2])

to 4n terms.

Our problem of resolving the Kronecker square of
a representation I' into its symmetric and antisym-
metric product representations amounts to forming
the plethysms

¥ =re{2} (22)
for the symmetric representations and
{I} =TI ® {13 (23)

for the antisymmetric representation.

Equations (16)-(21) allow many of the Kronecker
squares of irreducible representations of the general
linear group to be decomposed into their symmetric
and antisymmetric representations immediately. To
extend these results, it is necessary to make use of
Eq. (15b), which reduces to

2 Tt = (2} 3 Tuuafu (24)

if {m} = {2} or {12} in Eq. (15a). There are two distinct
choices for the series of S functions {v} both of which
yield the right-hand side. Ibrahim’s three results give
the distinction between the two sets.

As an example, consider the case

21} ® {2} =3 {
Equation (15) gives
2 {8} = 2B Tyuen{e}]
= {21}[{1%} + {2}]
= {41} + 2{32} + 2{312} 4 2{221} + {213}.
Applying Ibrahim’s theorem with {4} = {1} and
{p} = {17}, we find that ({1} ® {2})({1?} ® {2}) has

principal parts {42} and {313}, allowing us to establish
the complete list of {»}’s by noting that

{42} - {32} + {41},
{313} — {317} + {213},
{2% — {2°1},
{321} — {2°1} + {31%} + {32}
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TasLE I. Decomposition of the Kronecker squares of irreducible representations of the general linear group.

{4} 4 ® {2} o3

{21} {42} + {31°} + {321} + {29} {417} + (327} + {321} + {2°1%}

{21% {42} + {417 + (3°1%) + {3214 4217 + {32} + {321°} + (3%} + {2°1%)
+ {24} + {2°1%}

2% {47 + (42} + (2217} + {24 {431} + {32°1}

{2*1} 4% + {4321} + {431%) + {42°}) + {31} {417 + {43%) + (4321} + {42°17} + {3%2%)
+ {3281} + {32%1%) + {3221%} + {2%} + {32217} + {3214} + {32°1} + {241%}

{2%} {4%} 4{-2?}1’2”} + {43%1%) + {424} + {3%2°1%} {4231} + {43221} 4 {3%1%} 4 {3241}
+

to give for the rotation group, and

{21} ® {2} = {42} + {31%} + {2%} + {321}.

Using Eq. (14) and the result for {21} ® {2} immedi-
ately gives

{21} ® {17} = {417} + {3%} + {321} + {2%1%}.
This result may be checked by noting that
{4} ® ({2} + {1*) = PHA} 25)

The method just outlined allows the rapid decom-
position of the Kronecker squares of the irreducible
representations of the general linear group given in
Table I. If {4} is an irreducible representation of
GL(m), then all partitions occurring in the decom-
position that have more than m parts will be null
Individual decompositions may be checked by noting
that if the irreducible representation {1} of GL(m) is
of degree n, then the sum of the dimensions of the
symmetric representations must be equal to that of
the representation {2} of GL(n), ie., n[i(n + 1]
while the sum of the antisymmetric representations
must be equal to that of the representation {12} of
GL(n), ie., n[3{(n — D]. Since the representations of
GL(m) remain irreducible under restriction to the
unitary group U(m), the entries in Table I may be
equally well applied to the decomposition of the
Kronecker squares of the irreducible representations
of the unitary groups.

III. PLETHYSMS FOR RESTRICTED GROUPS

It is well known that when a group is restricted to a
subgroup, a set of functions which transforms irre-
ducibly under the full group is, in general, reducible
under the subgroup. Thus, the § functions {4} corre-
sponding to the irreducible representation {1} of
GL(m) will be reducible under restriction to the
rotation of symplectic groups. This means that the
transformation matrix 44 for the representation {4}
can be expressed as a direct sum of matrices irreducible
under the lower group, e.g.,

AR = z A

A{l} — 2 A®
for the symplectic group.

Following Littlewood,” we denote [«] and () as
the spurs of the irreducible matrices A1 and A,
respectively, i.e., [«] is an .§ function for the rotation
group and («) for the symplectic group. Rules for
performing the decompositions {1} — > [«] and
{2} = 3 [«] have been given by Littlewood.” In many
cases, the decomposition of a representation {4} of
GL(n) or U(n) gives rise to nonstandard symbols
containing more parts than allowed for the repre-
sentations of the appropriate subgroup. Methods of
expressing these nonstandard symbols in terms of
standard symbols have been discussed by several
authors. 871517

Plethysms for the rotation group R(n) may be
obtained from those established for the unitary group
U(n) by noting that

A1 = {2} + 2 (=1 Tyaiu) (26)
where T',,; is the coefficient of {i} in the product

{v}{u} and the sum is taken over all partitions of p_
for which the Frobenius notation is®

(r-i—l) (r+1,s+l)
r )’ r , s ’
(r+1,s+1,r+1)___

r , s , t

These partitions appear in the expansion

1+ 3 (—073}

=1-{2}+ (31} — {41®} - 3% +---.
The plethysm is then given in terms of plethysms for
U(n) by the expression ‘

(A1 ® {n} = [{A} + 2 (—1’"T,u{p}] ® {n}

15 B, D. Murnaghan, The Theory of Group Representations (The
Johns Hopkins Press, Baltimore, 1938).

18 B, H. Flowers, Proc. Roy. Soc. (London) A212, 248 (1952).

17 7, D. Darling and R. G. Seyler, Acta Phys. Acad. Sci. Hung.
21, 33 (1966).
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TabLE II. Decomposition of the Kronecker squares of irreducible representations of the general rotation group.

A1 A ® 2} Al ® {1%}

1} {2} {1%

[21 {“r+ {221 — {2} {31} + {0} — {2}

[3] {67 + {423 + {17} — {4} — {31} {51} + {3% + {2} — {4} — {31}

[41 {8} + {62} + {44} + {31} — {6} — {51} — {42} {71} + {53} + {4} + {2%} — {6} — {51} — {42}

[21} {42} 4+ {321} + {31%} + {2°} + {12} — {31} — {22} — {211} {412} + {37} + {321} 4 (2213} 4 {2} — {31} — {22} — {21%}

[2%] {44} + {42%} + {3213} + {31} + {2} — {42} — {321} — {2%} {431} + {4} + {3221} 4 {2%} — {42} — {321} — {2%}

[21%]  {42%} 4 {41%} + {3%1%} + {321°} + {25} + {2%1%} 4 {217} {4212} 4 {322} + {3213} 4+ {315} + {2%1%} 4 {2} 4 {14}
— {321} — (31%} — (2%} — {2%1%} — {214} — {321} — (319} — {2} — {1} ~ {219}

[251] {492} 4 {4321} ++ {431%) + {429} + {417} + {3%1} + {32217} {4712} + {43%} ++ {4321} + {42212} + {42} + {3025} + {32217}
4 {3%) 4 (3281 + {3281°) + {321} + {2°} + {2813} — {431} 4 {3214} 4 {321} 4- (321} + {317} 4 {241%} + {2%} — {431}
— {422} — {4217} — {382} — (3221} — {24} — {2°1%} ~ {422} — {421%) — (322} — {32%1} — {29} — {231%

[28] {4°) 4 {4227} + {43%1%} 4 {431} 4 {424} + {3°2%1%} {4231} + {42} + {43221} 4 {427} + {3%1%} 4 {321%} 4 {32%1}

-+ {3281} — {422} — {4321} — {32212} — {32°1} ~ {25}

+ {26 — {422} — {4321} — (30217} - (32°1} — (2%)

The plethysms for {y} = {2} or {1?} may then be
readily calculated, using the results of Table I together
with the special forms of Eqs. (7) and (8),

A—-B)e{2)=46 {2} +B® {1} — 4B
and
A-Be{l®}=4c{1% + B {2} — 4B,

and their extensions. For example,

2] ® {2} = [{21} = {1}]® {2}
= {21} ® {2} + {1} ® {1%} — {21}{1}
= {42} + {31% + {321} + {2% + {13}
— {31} — {2 — {213

The decomposition of the Kronecker squares of
irreducible representations of the rotation group into
their symmetric and antisymmetric parts is given in
Table 11 in terms of representations of the correspond-
ing unitary groups. To obtain these decompositions
for a particular rotation group R(n), we first strike
out all representations of U(n) that contain more than
n parts, and then decompose the remaining representa-
tions into those of R(»n), as in Table III.

Plethysms for the rotation and symplectic groups
can also be found using the rather remarkable theorem
due to Littlewood,!® which states that if

Z o F;vu{g}{”} = z K}.np{p}: (28a)

the summation on the left being with respect to all
possible S functions including {£} = {0}, then

M'][:u] = Z Klup [P]

(AXp) = 3 K. (28¢)

Two special cases’® of direct relevance to the present
problem may be derived from the above result. If {(x)

(28b)
and

18 D, E, Littlewood, Can. J, Math. 10, 17 (1958).

is a partition of 2, then:

0] A ® {1} =3 H;,l),

where

2 Hyl) = 3 (Tea{nd) ® {1} + 2 ComaCena{mHC
(n) # () (29b)

summed for all suitable S functions {£}, {n}, {{}, the
last term not being repeated for the interchange of

{n} and {{};

(29a)

@) A @ {p} = 2 J1(»), (30a)
where
Z‘Ilyv{v} = 2 (quz{ﬂ}) ® ({/‘} * {G})

+ 2 Teulea{ni{l}, () # (), (30b)

in which () = (2) if {£} is of even weight, but (¢) =
(1% if {&} is of odd weight. ({} - {¢}) denotes an inner
product of S functions.

The above two results do have the advantage of
yielding the decomposition of the Kronecker square
directly in terms of the representations appropriate
to the rotation or symplectic group concerned, rather
than in terms of representations of the general linear
group (which must then be reduced.) It is somewhat
surprising that Eqs. (28a)-(28c) have not been applied
to the general problem of decomposing Kronecker
products of representations of the rotation and
symplectic groups more frequently. Examples of
plethysms for the symplectic groups are given in
Tables IV and V.,

IV. KRONECKER SQUARES FOR THE GROUP G,

Judd and Wadzinski® have considered the resolu-
tion of the irreducible representations contained in
the decomposition of the Kronecker squares of the
representations of G, into their symmetric and anti-
symmetric results. The results they give for the
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TasLE III. Decomposition of the Kronecker squares of irreducible representations of the rotation group R;.

(4] A1 ® {2} 4] ® {1%}
fo] [0]
(1] [2] + [0] [11]
(1% [22] + [21 + 111 + [0] [21] + [11]
{2] [4] + [22] + 2] + [0] 311 + [11]
[21] [42] + [40] + [32] + [31] + {30] [41] + [33] + [32] + 2[31]
+ 2[22] + [21] + 2[2} + (111 + [1] + [0] + 2[21] + 2[11]
[22] [44] + [42) + [4) + [32] + [3] + [22]) + [2] [43) + [41] + [33] + [31] + [21]

representations (w0) of G, may be obtained readily
by noting that the irreducible representations of R,
that contain only one part are irreducible under
restriction to G,; hence

(@0) ® {4} = [w00] ® {4}
= ({0} —{o —2}) ® {4}.

The remaining entries in their Table I may be found
directly from the plethysms found for the group R,
by noting that if I labels the representations of
a group G, y* those of a subgroup g, and
[ — 3, ¥ under restriction to g, and, if

Me{i} = ZI"’—>Zﬂyﬁ,
where {A} = {2} or {1%}, then
[3#|e=S0te U+ 3

=2 5.
[N

(31a)

(31b)

For example, to evaluate (11) ® {1%}, we use Eq. (31a)
to give
[110] ® {12} = [110] + [211] — 2(10) + 2(11)

+ (20) + 21) + (30),
and then Eq. (31b) to yield

[(10) + AD] ® {12}
= (10) ® {12} + (11) ® {1%} + (10) x (11).

Using the fact that (10) ® {13} = (10) + (11) and
(10) x (11) = (10) + (20) + (21), we deduce that
(11 ® {13} = (11) + (30). The other entries of Judd
and Wadzinski’s Table I follow in a similar manner.

V. KRONECKER SQUARES FOR FINITE GROUPS

The separation of the Kronecker squares of the
irreducible representations of a finite group G into
their symmetric and antisymmetric parts has been dis-
cussed by Hamermesh® and Griffith.? The Kronecker
squares of the irredicible representations D) of the
three-dimensional rotation group R; may be readily

TasLE IV. Decomposition of the Kronecker squares of irreducible representations of the general symplectic group.

(o) (o) ® {2} (o) ® (1%}

© {0

@G {23 {1%}

Qs {24 {19~ (1% {212} + {0} — {1%}

% 2%+ {21 + {17} — {217 - (19} {2217} + 27 + {1} — {217} — {19}

A% {29 4 {2019 + {217 + {18} ~ {2%1%) — {214} — (1%} {2212 + {22} + {219} + {19} — {2°1%} — {214} — {19}

Q2ly {42} + {321} + {31%} + {2%} + {1%} — {31} — {228} — {21%} {417} + {32} + {321} + {2°1%} + {2} — {31} — {22} — {213}

@ {4% {-12—21{;1}2’} + {3%1%) 4 {2¢} 4 {21%} — {32} — {321} {431} 4 {3221} + {28} + {14} — {37} — {321} — {2%1%}

(21%) {422} + {41} 4 {3%1%} 4~ {321°} + 2{31} 4 {29} + {2°1%} {4213} 4- {4} + {3°2} 4 {321%} + {31°} + {31} 4 {2°1%}

+ 30217} + {0} ~ {417} — 2(321} — 2315} — {23} — 22812}  + 2{22} + 2{21%} + {14} — 2{321} — 2313} — {28} — {2217}
— {214} — {2} — {1%} — {214 —- {2} — (1%

2%1) {422} + {4321} + {4312} 4 {42°} 4 {412} 4 {3°1} + {3%21%}  {4%1%) 4 {432} + {4321} + {42%1%} 4 {42} 4 {3227} 4- {3221%}
+ {32} + {321} + {3221%} 4 3{321} + {315} 4 {2°} + {2%}  + {3%1%} 4 {32°1} 4 3{321} + 2{31%} 4 {21%} 4 3{2%} 4 2{2%1%}
+3(2200) 4 219 4 {2} + (19 — (431} — (420} — (421%) 4 {21%) + {17} — (431} — (421} — {421%} — 2(3%2} — (3%}
—2(3m2) — (3*1% ~ 3(32%1} — (3210} ~ {31} — {29} — 3{32:1} — (3213} — {31} — {28} — 2{2°1%} — {2214} — {2}
— 2{2°1%} — {2°1%} — {21%} — {1%} —2{21%} —~ {14}

(28)  {4%) + {4°2%} 4 {43%1%} 4 {424} 4- {421%} 4 {3%2%1%} {431} 4 {43221} 4 {42%) 4 {414} + {3°1%} 4 {3°2} 4- {3218}

+ 2{322} 4 {32°1} + {321} + {31°} + {2°} + 2{2%1%} + {2°}

+ {28} 4 {1} + {1} 4- {0} — {432} — {431%} — {42°1}
— {421%) — {38} — (3921} — (32312} — {321} — {31%}
= {241} — {2°1%) — {2%} — {2%1%} — {214} — {21%}

+ {3241} 4 {32°1} + {321°} + {27} + {2°1%} + {2°} + {2*14}
+ {12} — {432} — {4318} — {4221} — {421%} — (3%} — {3221}
- gfj}l’} — {321} — 315} — {241} — {2*1%} — {2%} — {2"1%}
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TaBLE V. Decomposition of the Kronecker squares of the
irreducible representations of the symplectic group Sp, .

P. R. SMITH AND B. G. WYBOURNE

TasLe VI. Decomposition of the Kronecker squares of the
irreducible representations of the icosahedral group X.

(o) (o) ® {2} (o) ® {1%} r I'® {2} I'e {13
0 0 A ﬁ
T, +V T;
b % + <0 V1 A+2V+ U T:+ Te+ U
A% 2% + (1D + A% + 0 21%) +<2) T, A4V T,
A% @+ Q21 +<2) (201%) + (2% + (1% + <0 v A+V+U T, + T,
an 2H +2H + o (2 + 2 E T, 4
E” T, A
. . . . . v L+ T:+ U A+V
decomposed into their symmetric and antisymmetric w’ 2T, + 2T, + U+ V A+2V+U

parts by first noting that for integral J
[D(J)] = pW ® {2} =0,2,--,2J
and
(DY} =DV @ {13} =1,3,---,2J — 1,
while for half integer J,
[D(J)] = p ® {2} =1,3,-,2J,
{(DV} =DV {1} =0,2,---,2J — 1,
and then decomposing the irreducible representations
DY) into those of the finite group G, followed by use
of Egs. (31a) and (31b).
For example, in the case of the icosahedral group
K, we have DW — T;.

DW® {2} = DO 4+ D@ > 4+ P,
and
DW @ {12} = DW Ty,
giving
To{2}=A4+V and T,® {18} =T,.

The other Kronecker squares for the icosahedral group
may be evaluated in a similar manner to give the
results of Table VI. Similar results may be readily
obtained for any other finite group that is a subgroup
of R;.

V1. SELECTION RULES AND PLETHYSM

Judd and Wadzinski® have considered the applica-
tion of the resolution of the Kronecker squares of
irreducible representations into their symmetric and
antisymmetric parts to the determination of selection
rules. Let us consider an operator f(T*72) that trans-
forms as the I', representation of a group G and as
the y, representation of a subgroup g of G. The
matrix element

<w(l‘1n), f(l‘m)¢(l‘m)>
will certainly vanish, unless either
Fo@{2}>T, and »,®{2} > 9

or

Fye {13} > I, and yp, ® {12} > y,.

These dual conditions make use of the fact that func-
tions that transform as I'; under G must be of the
same symmetry classification as those spanning the
y1 representation of the subgroup g.

As an example, consider the isoscalar factor

([22]L | [20]k + [20]k),

where [22] and [20] are irreducible representations of
R; and L and k are the irreducible representations
DIL1 and D™ of R,. We have

[20]® {2} © [22] and [k]® {2} > 0,2, -, 2%

Hence, we conclude that the isoscalar factor must
vanish for odd values of L.

Similar applications to finite groups are possible,
some of which have been discussed by Hamermesh!
and Griffith.?

VII. CONCLUSION

In the preceding, we have attempted to indicate
some of the applications of Littlewood’s technique of
plethysm to the resolution of the Kronecker squares
of irreducible representations into their symmetric
and antisymmetric parts. Plethysm plays an important
part in physics wherever the theory of groups enters.
Two typical problems, where plethysm introduces
remarkable simplifications, are the group theoretical
analysis of the n-particle operators that may be con-
structed from a basic set of single-particle operators
and the general problem of the classification of states
of n-particle systems. Examples of these two applica-
tions will be considered in a later paper.
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Exact relationships are developed which describe the occupation statistics for one-dimensional arrays of
dumbbells. It is shown that in the limit, as the number of compartments per array tends to infinity, these
relationships reduce to those calculated, using the Bethe approximation when the number of nearest
neighbors is two. A partition function, which includes the influence of the configurational correlation
inherent in a one-dimensional array of dumbbells, is also derived and discussed.

I. INTRODUCTION

HERE exists in the literature a large number of

papers'~® concerned with the statistical analysis of
one-dimensional systems. The rationale for treating
such systems is that it is often possible to perform a
relatively thorough investigation of their statistical-
mechanical properties, and knowledge thus gained
may be of value when considering systems of higher
dimensionality.

In the present paper we investigate the occupation
statistics of particles which occupy two adjacent
compartments in a linear array of compartments. In
such systems there is configurational correlation in the
sense that if a compartment is occupied then at least
one of its nearest neighbors is also occupied. Thus,
there does not exist a random distribution of occupied
compartments but rather a random distribution of
pairs of occupied compartments.

Utilizing the Bethe approximation’ and methods
developed by Peierls® and Fowler,1® Roberts and
Miller’*?? have treated the statistical problem of
dumbbells in connection with the adsorption of
diatomic molecules. Within the limits imposed by the
Bethe approximation, they were able to determine
(1) the probability that a vacant compartment is
isolated, (2) the probability that if a compartment is
occupied a given nearest neighbor is occupied by part
of another dumbbell, and (3) the probability of success
in placing an additional dumbbell on a linear array of
N compartments containing ¢ dumbbells. The present

1 E. Ising, Z. Physik 31, 253 (1925).

2 A. Lenard, J. Math. Phys. 2, 682 (1961).

3 M. Kag, Phys. Fluids 2, 8 (1959).

4 S. F. Edwards and A. Lenard, J. Math. Phys. 3, 778 (1962).

8 J. M. J. Van Lecuwen, J. Chem. Phys. 41, 2959 (1964).

¢ 1. P. Pavlotski, Dokl. Akad. Nauk SSSR 161, 1055 (1965)
[English transl.: Soviet Phys.—Doklady 10, 301 (1965)).

7 H. A. Bethe, Proc. Roy. Soc. (London) A150, 59 (1935).

8 R. Peierls, Proc. Cambridge Phil. Soc. 32, 471 (1936).

* R. H. Fowler, Proc. Cambridge Phil. Soc. 31, 260 (1935).

10 R, H. Fowler, Proc. Cambridge Phil. Soc. 32, 144 (1936).

11 3, K. Roberts, Proc. Roy. Soc. (London) A161, 141 (1937).

12 3 K. Roberts and A. R. Miller, Proc. Cambridge Phil. Soc.
35, 293 (1939).

paper is an attempt to calculate these quantities without
recourse to the Bethe approximation and to determine
the exact statistics which can be used to describe
linear arrays of dumbbells. Gornick and Jackson'®
have treated the mathematically related problem of
the sequence selection in the crystallization of linear
polymer chains.

II. THE NUMBER OF WAYS OF PLACING
g DUMBBELLS ON A LINEAR ARRAY
OF N COMPARTMENTS

The statistical system to be investigated here has
the following character: (a) A linear array of N
identical compartments; (b) indistinguishable particles
(dumbbells) which occupy contiguous pairs of com-
partments; (c) the occupancy of each compartment
is either O or 1.

The first quantity which must be determined is
W(q, N), the number of ways in which ¢ indistinguish-
able dumbbells can be arranged on a linear array of
N compartments. If the number of dumbbells on a
linear array of N compartments is ¢, then there are
(N — 2g) vacant compartments and (N — 2¢9) + ¢ =
N — g individual “things” to be permuted of which ¢
are of one kind and N — 2q of another. Thus, W(q, N)

is given by
W(g, N) = _WN=9! _ (N - ‘1). (1)

g'(N—29)! \ ¢

In Fig. 1(a) we see, for example, that there are 20
distinguishable ways of arranging 3 dumbbells on a
linear array of 9 compartments. For large values of N,
W(gq, N) becomes

P =27 [[ﬂ(NZ—q)]J exp | - (;v(—zv_—%]

@

which is maximized for a given value of N atg = NJ3.

13 F, Gornick and J. L. Jackson, J. Chem. Phys. 38, 1150 (1963).
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Fi1G. 1. (a) The number of distinguishable arrangements when 3
dumbbells are placed on a linear array of 9 compartments. (b)
Total number of double vacancies (p = 2) when 3 dumbbells are
placed on a linear array of 9 compartments in all distinguishable
arrangements.

1. THE NUMBER OF p-TUPLE
CONTIGUOUS VACANCIES

We must also determine N,(g, N), the number of
p-tuple contiguous vacant compartments created
when ¢ dumbbells are placed on a linear array of N
compartments in all possible arrangements. If we
consider the p-contiguous vacant compartments
which make up the p-tuple vacancy plus the dumbbell
which terminates it at one end as a unit, then there
are a total of (N — ¢ — p — 1) individuals remaining
which can be permuted. Of these, (7 — 1) are dumb-
bells because one of the dumbbells serves to terminate
the p-tuple vacancy and N — 2g — p are vacant
compartments. Each of the arrangements arising from
the permutation of (¥ — ¢ — p — 1) individuals may
be created in (¢ — 1) + 2 = (g + 1) ways because the
p-tuple vacancy may be interspersed between the g
dumbbells in ¢ — 1 ways and also on each end of the
array [see Fig. 1(b)] so that

g+ DN —g—p—1!
(g — DI(N — 29 - p)!

=(q+1)(N‘§:11’“1). )

N,(g, N) =

Thus P;(g, N), the probability that a compartment is

D. LICHTMAN AND R. B. McQUISTAN

vacant and isolated is given by

N 1(4, N )
NW(g, N)’
where N, is obtained from Eq. (3) when p = 1; then

+ 1)(N —2

P(g Ny = ST D =20
NN—q)(N—gq—1)
If we define 6 = 2¢/N and let N tend to infinity, we

obtain

2
P® = lim P, ) = (1= 0)(>>)  ©
Nooo 2—-6
which is precisely the result obtained when the Bethe
approximationi? is utilized in this problem. Figure 2
shows P; as a function of 6. P, .. is ~0.0925 and
occurs at 8, = 3 — 5t ~ 0.766.

The probability of success, S(g, N), when attempting
to place in a random manner an additional dumbbell
on a linear array of N compartments containing g
dumbbells is given by

sz(% N)
S(g, N) = ————————,
@M= 8 oW, M

where N, (g, N) is the number of different ways in
which one additional dumbbell may be placed on all
the distinguishable arrangements created when pre-
viously ¢ dumbbells are placed on a linear array of N
compartments in all possible ways. The factor (N — 1)
arises because there are (N — 1) possible places for a
dumbbell on a linear array of N compartments. Since
each p-tuple vacancy can accommodate (p — 1)
dumbbells, N, (g, N) is given by

Pyq, N) = C))

)

N—2¢
qu,(q, N) = z] (p - I)Np(qa N)
p=
_ _(N—g—=1! ®
g! (N —2q — )1’
so that S(g, N) becomes
(N—29)(N—29—1)
S(q, N) = . )]
(N—q@N —-1)
In the limit, as N tends to infinity, Eq. (9) may be
written 21 — )
) = lim S(g, N) =2L=9" ()

N—o (2 b 0)
where 8 = 2g/N.
Again this result is precisely that given by the Bethe

approximation.'?

IV. THE NUMBER OF CONTIGUOUS
DUMBBELLS

The number of runs of r contiguous dumbbells,
N,(g, N), may be determined in the following manner.
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F1G. 2. P;, the probability that a site is isolated and vacant
as a function of coverage.

If we consider the run of r contiguous dumbbells and
the vacancy that terminates the run as a unit, then
there are (N —¢g — r — 1) individuals remaining,
Of these, (g — r) are dumbbells and (N — 2¢g — 1) are
vacancies. Each of the arrangements arising from the
permutation of (N — ¢ — r — 1) individuals may be
created in (N — 2g 4 1) ways. Thus,

(N=2g+ DN =g —r—1)!
(N — 24— Di(g — 1!

~(N—2+ 1)(N”;1_“r’“ 1). (1)

NJ{g, N) =

If a compartment is occupied, P,(q, N), the probability
that a nearest neighbor is occupied by part of another
dumbbell is given by

P,(q, N) =

— Y-

NW( N)r=1

because each run of r dumbbells contains (r — 1)
pairs of nearest-neighbor compartments which are
occupied by part of other dumbbells. Equation (12)
yields

DNJ(¢, N), (12)

q(¢ — 1)
Pl N) =y (13)
In the limit, as N tends to infinity we obtain
P.(0) = lim P,(q, N) = " , (14)
N~o 22 - 6)

which again is the resuit obtained utilizing the Bethe
approximation.’?
V. DISTRIBUTION FUNCTION WITH
CONFIGURATIONAL CORRELATION

Theoretical treatments of superconductivity, the
statistics of electrons in semiconductors, cooperative
phenomena, etc., involve the consideration of several
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types of correlation. If the nature of the correlation is
such that the occupation of a cell in phase space
precludes the occupation of a nearest-neighbor cell,
or if the cells are always occupied in adjacent pairs,
then there exists configurational correlation of the
kind discussed in the present paper. Therefore, even
for a one-dimensional space, it is interesting to
examine the influence of configurational correlation
on the form of the distribution function.

If W}, the number of ways of arranging ¢, dumb-
bells on the jth cell composed of a linear array of N
compartments is given by [see Eq. (1)]

— (N —4g)!

Togl (N —2g)!
then the probability of a given macrostate in these
dumbbell statistics is

q;)!

W = W .____-7___

H H (g)! (N —2g))!’

where ¢; is the number of dumbbells on the jth array

of N compartments. As in any type of statistics, we

assume that the entropy is proportional to the

logarithm of the thermodynamic probability and that

In W is a maximum at the equilibrium state of maxi-

mum entropy. To determine the maximum value of

In W, we proceed in the following manner. The
logarithm of Eq. (16) yields

In W= z {In(N —g)! —In(g;)! —In(N — 2g)1}.
’ (17)

(15)

(16)

Using the Stirling approximation yields

InW=3{(N—g)In(N—gq)—glng,

— (N —2¢)In(N —2g,)}. (18)

If W, represents the maximum probability and at

this condition ¢,,, is the corresponding number of
dumbbells in the jth array, then

- 2

dln W= Z In [M

i qim(N - qim)

If the number of particles and system energy are

constant, then

]6q, =0. (19)

8 =3 0q;=0, (20)
2

60U = Y E;0q, = 0. @2n
i
Adding Eqs. (19)—(21) yields
- )2
z {hl [ (N 2q:m)
i qjm(N e qim)

where In B and f# are the undetermined multipliers

]_ms_ﬁgp%=m @2
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FiG. 3. P,, the probability that a level of energy E; is occu-
pied as a function of E for various temperatures.

and where g,,, is the number of dumbbells in the jth
array when W is a maximum. Equation (22) yields

(N _ 2qim)2 p
———%— = Bexp [FE,] (23)
qjm(N - q:im) !
Thus,
e x 14 o (- 2T
=im =g 1+ —exp[—— , 24
N + 4B P kT (24)

where, as usual, § is determined to be 1/kT by the fact
that in a constant volume process

dU = Tds. (25)

Thus from Eq. (24), we see that P;, the relative

D. LICHTMAN AND R. B. McQUISTAN

occupation of the jth array is given by
P;=1—{1+exp [(E, — E)/KT]}?, (26)

where Ej, = —kT In 4B and the minus sign is chosen
because P; < 1. At T = 0, this distribution function
has the Fermi-like character shown in Fig. 3. Thus, if
E; < Ejp, the partition function is unity. If E;, > Ep,
the value of the partition function is zero. This
distribution function also exhibits behavior similar to
classical statistics when (Ep, — E)/kT K 0, i.e.,

P; =~ }exp [(Ep — E)/KT). @7

VI. CONCLUSION

It is shown that an exact treatment of the occupation
statistics of dumbbells on a linear array of N com-
partments leads, in the limit as N tends to infinity,
to the same results obtained when the Bethe approxi-
mation is used.

A partition function is derived on the basis of an
exact treatment of the occupation statistics of linear
arrays of dumbbells.
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This paper treats the problem of radiation from sources of arbitrary time dependence in a moving
conducting medium. The medium is assumed to be homogeneous and isotropic, with permittivity e,
permeability x, and conductivity ¢, and to move with constant velocity v with respect to a given inertial
reference frame. v may have any value up to the speed of light. It is shown how the Maxwell-Minkowski
equations for the electromagnetic fields in the moving medium can be integrated by means of a pair of
vector and scalar potential functions analogous to those commonly used with stationary media. The
wave equation associated with these potential functions is derived, and an associated scalar Green's
function is defined. The solution for the Green’s function is obtained in closed form, by means of a
technique making use of the relation between the fundamental solution of a radiation problem and that of
a corresponding Cauchy initial-value problem. The resulting Green’s function is found to consist of an
oblate spheroidal shell, similar to that which occurs in a lossless medium, plus a residue which persists
after the shell. In addition, the Green’s function is exponentially damped in both space and time, an
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effect not present in a lossless medium.

I. INTRODUCTION

LTHOUGH Minkowski’s theory of the electro-
dynamics of moving media-2 was first introduced
in 1908, it was not until recently that workers have
begun to make much use of Minkowski’s results to
solve electromagnetic boundary value problems.
Thus, for example, the problem of Cerenkov radiation
from a uniformly moving point charge is usually
treated as a moving charge in a stationary medium,®
although the same problem viewed as a stationary
charge in a moving medium is mathematically simpler,
being an electrostatics problem in Minkowski’s
theory.*® In a series of recent articles,”® Tai has
related Minkowski’s results to other formulations of
this subject, and also a number of papers on various
specialized problems involving moving media have
appeared,10-22

* This work was supported by the U.S. Air Force Cambridge
Research Laboratories, Office of Aerospace Research, under
contract AF19(628)1699.

+ This paper is based on part of I. M. Besieris’ Ph.D. dissertation
submitted to Case Institute.of Technology, Cleveland, Ohio.
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In two earlier papers,?-24 the present authors deter-
mined the time-dependent Green’s function for a
moving lossless medium of arbitrary velocity up to ¢,
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conducting medium. (The propagation of plane waves
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been discussed by Collier and Tai.?®) The present
paper discusses the time-dependent Green’s function
for a moving conducting medium where the velocity
of the medium may have any value up to c. The medium
is assumed to be homogeneous and isotropic, to be of
infinite extent in all directions, and to be moving
with a uniform velocity v with respect to a given
inertial reference frame. The electrical properties of
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permeability x, and a conductivity ¢, which are
constant at all frequencies. (¢, 4, and o are measured
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rest with respect to a homogeneous, nondispersive,
time-invariant, isotropic, conducting linear medium
of infinite extent which moves with a uniform velocity
v relative to the laboratory system K.

Although no change whatsoever is required in the
well-known laws of stationary electrodynamics for
an observer “riding” with the medium, a radically
new formulation is necessary in the case of an observer
at rest in the laboratory system. In this coordinate
frame the electromagnetic fields must satisfy Max-
well’s equations

V x E = —0BJdt, (la)
VxH=27Djor+J, + J, (1b)
V.D=p,+p, (10
V.B=0, (1d)

where E, H are respectively the electric and magnetic
field intensities; D, B the electric and magnetic dis-
placements; p,, J, the free charge and current densities
and, finaily, p, J the externally applied charge and
current densities, all referred to the mks system of
units.

Since all the fundamental laws of physics are
covariant in the light of the theory of special relativity,
Maxwell’s equations must have the same form in all
inertial frames of reference. This set of equations in
the K’ frame is not closed and, therefore, does not
permit a solution; consequently it must be supple-
mented by auxiliary relations between the electric
displacement, the magnetic displacement, the free-
current density, and the electric and magnetic field
intensities. It will be assumed that the following
constitutive relations are specified in X':

D" = 'E/, (2a)
B = yH, (2b)
J, = o'E, c)

where €', ', and ¢’ are the permittivity, the permea-
bility and the conductivity, respectively. All these
quantities are taken to be independent of the space
coordinates and time. In other words, the medium
under investigation is considered to be homogeneous
and stationary.?® In addition, it is specified that the
medium is neither spatially nor temporally dispersive.

The approach enunciated by Minkowski in 1908 was
to assume that the properties of the medium, which
are expressed in terms of the constitutive relations in
K’, are known. The transformations of the theory of

26 The stationarity of the medium pertains to the time invariance
of its characteristic properties (permittivity, permeability, etc.) and
should not be confused with the motion of the material.
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special relativity are then applied to obtain relations
which are valid in the laboratory system relative to
which the material is moving with uniform, but other-
wise arbitrary, velocity.

According to Minkowski’s theory, Eqs. (2a)-(2c)
are sufficient to determine the constitutive expressions
for the unprimed field quantities if the Lorentz
relativistic transformations are known. If it is assumed
that the coordinate frames K and K’ are coincident at
t =t', have the same orientation, and move with a
uniform -velocity v = va, with respect to each other,
the following formulas link the primed and unprimed
field quantities?”:

E =-(E+ i-B), (3a)
B =7-(B—c?%-E), (3b)
D = (D + - H), (30)
H =7.(H —5-D), (3d)

where
v =yl + aa,, it = aa; + aa,,

y=010-=p7% f=y

The antisymmetric tensor 7 is defined in such a way
that 5+ F = v x F for an arbitrary vector F.

In addition to the relativistic transformations of
the field intensities given above, the transformation
laws of the 4-vector (J}, icp,) assume the following
form:

(3e)
(3f)

Y=y @, = o,
py=v(ps — v J)).

Even if p, = 0 in the rest frame of the medium, so that
J. is a pure conduction current in this system, the
charge density p, in K will be different from zero,
which means that a convection current is present.

In the ensuing discussion, it is assumed that
p,—the free-charge-density distribution as measured
by an observer moving with the material medium in
the same direction and the same speed—is very small
so that it can be neglected. In view of the brevity of the
relaxation time, this does not constitute an essentially
serious restriction.2#3® If this condition is borne in

27 For convenience, the velocity of the medium is taken to be in
the z direction, i.e., v = va,. This condition does not detract from
the generality of the problem since a coordinate transformation of
the final solution can be used to treat the more general case.

28 A self-consistent scheme for characterizing charges and currents
by sources and response terms, which does not require the simplified
assumption that the free charge is zero in the X’ frame, is being
presently investigated by Tai et al. (cf. Refs. 29 and 30).

2 C. T. Tai, V. P. Pyati, and R. M. Kalafus, Radiation Labora-
tory, University of Michigan, Report 7322-1-F (1966).

30 R. M. Kalafus and C. T. Tai, Union Radioscientifique Interna-
tionale Fall Meeting, Pt. 6, 96 (1966).
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mind, by substituting Eqgs. (3a)-(3f) into Eqs. (2a)-
(2¢) one obtains the constitutive relations

D=¢a-E+ Q2 xH, (4a)
B=—QxE+ ya-H, (4b)
J,=7-E+§-H, (40)
pr=cwv.J,, (4d)

where the following definitions have been used:
a=al,+aa,, a=(1—p8)/1 —np?),
n= (e lue)t, Q=I[p(* —Djc(l —n*f)a,,
$ = o'yx, &= c'yu'ad®
Substituting Eqs. (4a)-(4d) into the initial set of
Maxwell’s equations in K frame, one obtains a
definite form of the Maxwell-Minkowski equations

which may be written in the following convenient
fashion:

D, x E= —(9/ot)u'a - H, (5a)
D, x H= (8/0)€a-E + o'ya-E
T+ (1fa)B x 5-H) + 3, (5b)
Dy (€@a-E)=¢€¢8-2aE+p+R:J, (5)
Dy (p'z-H) =0 (5d)

D, stands for the differential operator V. — £(9/0t),
and 8 = o'ypav.

aI. SCALAR AND VECTOR POTENTIAL
EQUATIONS

It will be shown in this section that the electro-
magnetic field intensities satisfying the Maxwell-
Minkowski set are expressible in terms of appro-
priately defined scalar and vector potentials, in a
manner analogous to that followed in stationary
electromagnetic theory. The introduction of the
potential functions is made possible by a generalization
of the Helmholz theorem. The partial differential
equations arising from this procedure are of the
second order with respect to time, and are initially
“coupled” in the sense that they contain both the
scalar and vector potentials. The final conversion to
the “uncoupled” scalar and vector inhomogeneous
equations is achieved by means of a gauge trans-
formation.

A vector potential A may be defined so that

pa-H =Dy x A. (6)

This follows from Eq. (5d) in view of the identities
Dy D, x F =0, (7a)

D, x DD, (7b)

31 The notational definitions here have been chosen to conform
with already existing ones (cf. Refs. 8 and 13).
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which hold for all twice-differentiable scalar and
vector functions @ and F, and permit, in turn, the
formulation of a generalized Helmholz theorem.
Equations (5a) and (6) suggest-that
E = —0A/dt — DY, ®
where ¥ is a suitably chosen scalar potential function.
These expressions for E and H in terms of the scalar
and vector potential functions are introduced first
into the second equation of the Maxwell-Minkowski
set to obtain
Dy x [371. (Dy x A)] = —€'u'a - (02A[013)
— €'y’ (8/00)DY
—u'a'ya - (0/0NA — p'a’ya - DY
+ (1/a)d x (D x A) + u'J.
A new vector function A, and a new differential
operator D, are defined as follows:
Ay=a-A, D, = (l/a)a-D,. (10)
If these definitions are taken into consideration, the
following equation holds identically3:
Dy x [@71. (D x &1+ Ay)]
= (1/@)[Dy(Dy - Ag) — (Dy - Do)Ao].  (11)
The validity of this identity can be checked by writing
out both sides in a Cartesian coordinate system. By

an extension of a standard vector identity, since 8 is
a constant vector, it is seen that

8 x (Dyx A)=Dyd:A) — (8:Dy)A — (A-Dy)b
—Ax (D, x ) (12)
= Dy(8+ A) — (8- DyA.
Upon substituting Eqs. (10)-(13) into Eq. (9) one has
(D, - Do)Ag — p'c'a(8°Ao/01%) — p'c"ya(9A,/01)

®

— (8:DYA,
= D, [D, - Ay + €'u'a?(0Y/0t) + p'o’ya®¥
—8.A)] —plal. (13)

In a similar manner it can be shown that (5¢) and (8)
imply the following equation:

Dy DY — (3-D)YY + 12 D,- A, — ,u'a'yv-gé‘-’
adt ot
- — B_i'ﬁ,;] (14)

ae

Thus, the Maxwell-Minkowski equations have
been reduced to the two partial differential equations
given in (13) and (14). However, they are coupled.
The uncoupling, as in the conventional case, can be
accomplished by investigating the arbitrariness in
defining the potentials. Making use of this freedom, a
set of potentials V" and A, will be selected so that they
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satisfy the “extended” Lorentz condition
Dy« Ay + €1'a?(0V[0t) + p'o"ya?¥
—8:4,=0. (15

It should be stressed here that the modified Lorentz
condition is not an arbitrary, subsidiary condition.
On the contrary, besides effecting the desired un-
coupling, it introduces complete symmetry between
the scalar and vector potentials, i.e., it makes both
of them satisfy the same inhomogeneous differential
equation. More specifically,
[D, - Dy — €'u'a(0%/0t?) — u'c’ay(9/0r)

-8 Da]‘y = _(P + - J)/aéi’ (16)
[D, « Dy — €'u'a(8%/0%) — p'o’ay(3/dr) — 8- D] 4,

= —u'al.

To solve for these potentials, we define the time-
dependent Green’s function G(r, #/r',t') as the
solution of the equation

2
[Da . Do € ,u a—

Py ;e’cr’ay—aa—t - 8-Da}6(r, tr', 1)

= &(r — )t — ) (17)

subject to the causality condition, viz., G(r, #/r', t)
satisfies Eq. (17) for ¢ > ¢’ but vanishes identically for
t < t'. The electromagnetic potentials are given in
terms of the Green’s function by integral expressions
over the source distributions.

IV. THE EXPLICIT SOLUTION FOR THE
TIME-DEPENDENT GREEN’S FUNCTION
Instead of using a combination of fourfold space-
time Fourier transformation and residue theory to
determine the time-dependent Green’s function satis-
fying Eq. (17), use will bé made of the relation between
the fundamental solution of a radiation problem and
that of a corresponding Cauchy initial-value problem.
This alternative technique has been discussed in
detail and exemplified in Ref. (24).
Consider the Cauchy initial-value problem

1 o? Q 9 O 7%
IR AR )
[ t+aazz a 0z0t ( # )

+ (vQ — ya)u's’ 2 —,uov—-]‘l’(r 1) =0,

o

ot
{18a)
@, ey =0, (18b)
@Y, D=y = glr, 1) (18¢)

Its solution can be simplified by the substitution
Q(x, 1) =¥, ) exp (pz + g1). (19
With the scalars p, ¢ appropriately specified, the

I. BESIERIS AND R. COMPTON, JR.

initial-value problem reduces to the “semicanonical”
form32-33

1 8® Q

vipll o8
[ + 2 o 0z0t

- (e',u'a - 92)382 + 12}»@ =0 (20)

The correct choice for p and g is
p= —(0'[2)(p'e
for which
I = —pifa + g w'a — Oa) + 2pq(Qa).
The initial conditions must be modified as follows:
o(r, ey =0, (20b)

(@jon®(r, D),y = g(r, ) exp (pz + qt') = h(x, 1').
(200)

‘va — yQ), q = o'y/2¢

We shall next convert Eq. (20a) into a system of
two partial differential equations of the first order
with respect to time. Towards this goal we define

u
;= O, u, =00/01, U= { 1}. 2n
Uy
We then write

(@fonyu(r, 1) = Pulr, 1) (22)

where

0 1
b= L~1(v Pt 90z 4 1R — *1(29,56‘18;’32]
« = (y'a — QPa?),

Operating next with a threefold spatial Fourier
transform, we find the relation

(8/onyu(s, 1) = P(sHu(s, 1) (23)

in which

S'B(s) = L:-i(___si _

The solution to Eq. (22) is now given by*

0 1
sifa) + P --—x”’{ZQ]a)isj’

2 __ 2 2
S¢ =5, + 5,.

wr, 1) = f R, o, ', Y dr',
Es )

32 This second-order partial differential equation would be in the
“canonical” form if the term involving the mixed derivatives with
respect to z and 7 were absent (cf. Ref. 33).

33 R. Courant and D. Hilbert, Methods of Mathematical Physics
{Interscience Publishers, New York, 1962), Vol. II, pp. 180-184.

34 The integration here extends over a three-dimensional Euclidean
space containing the . pace coordinates.
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where u,(x, ¢') is the value of u(r, t) at + = ¢’, and the
matrix function R'(r, #/r',¢"), the Riemann matrix,
is given by

R, tfr', ) = (2;3 fEaexp [i(r — 1) - 5T}
x ielk[ﬁ %)(tz_ ")A' Z’S] ds. (25)
=1 | j#k (Y
The solution of the characteristic equation
Det [P(s)t — 3] =0 (26)
yields the two eigenvalues
A= (—w £ 0y, @7

where
Wy = K—I(Q/a)sz’
w, = k2 + (1)a + «1Q%a?)st — P
By virtue of the definitions in Eq. (21) and the specified

initial conditions [cf. Eqs. (20b) and (20c)], we need
only investigate the (12) entry of R, viz.,

1 is.R
Ry = ——
(W) = s, Lf
[ L 0= 00,
u(si + sifb* — I

(28)
The following abbreviations have been used:
u=xt

R=r—1, 7r=1t-—1t,

b= (lfa + 1Q2fa?)t,

b

Let s and R be subjected to the following linear
transformation:

s = Us, (29a):
R, = AR, (29b)
with
10 0O
3 3
Sll =10 1 0 s S =ZSjaj, R0=ija,~.
i=1 i=1
0 0 1/b

With this transformation it develops that

n o _b
B = 575 Lf

in which

2)%‘

isyR, sin ur(sy — |

ds,,
u(sz ~ )t °

(30)
R; = x;a; + x,2, + (x5 — V"")aa’ Y = (Qla)bu®.

Choosing next a spherical coordinate system with its
polar axis along the R, direction and proceeding ex-

2449

actly as in Ref. 24, one establishes that

, b 1
(R = oy (R, — ur)

1

b 1

(R T a LIRS — wt (R, — ur)
1

(31
where 1, designates the Heaviside unit step function,
and
(R)ye = exp (—pL — g7 (RDpa, (=2 —2'5

(32)

Finally,
G(r,th', 1) =0 (33a)

fort < t', and

G(r, tjt', t')

= K_I(R)m
1 b 1
= —pl — — — R, —
Kt exp (—pl qr){“mu 3 (Ry — u7)
b 1

— 2 LIRE — wAHHL(R, —
47T(Rf-—u2‘r2)é {LURT — w11 (R, — u7)

(33b)
for ¢t > t'. In this equation,
Ry=[(x — x4+ (y —y)* + b — y'7/b) 1.
(34)
Before an attempt is made to interpret the solution

in Eq. (33), we first direct our attention to the follow-
ing interesting special cases:

Case I.Ifv £ 0and ¢’ = 0, the generalized function
b 1

G(r, t/r', 1) = ——— (R, — u7) (35)
4xmu R,
satisfies the equation
19 Q
Vig-—e 2"
[ a2 T T e
Q2 ! 82 ' ?
+ (—a— — €'u a)-a—t—z}G(r, tr', 1)
=4r — 1)t — 1) (36)

for ¢t > ¢'. Since

_ g b
N EEL S

1 — (Bln)y
=I:n2-—/32 T y_’___v(n2—1)
n(l—p1" b =g
_ nz_ﬂz
1 — gy’

35 R and ‘R’ are used in connection with the scalar functions
W(r, 1) and ®(r, ¢), respectively.

38 », is the phase velocity of a wave in the medium, as seen by an
observer in the rest frame of the medium.
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it can be shown that the Green’s function can be
rewritten as
G(r, 1r', t')

1 F—(ﬂ/n)z]*_l_ a{T—&[l—‘(—’”"—fT} a7

T4nl 1—p R ol 1— B2
with
R1=[(x—x')2+(y—y'>2
nt— B _n2—1 72% 38
il n2—ﬂ2v”’ %

which is the solutjon obtained previously by Compton
(cf. Ref. 23).

Case II. If o' # 0, but we are considering the
nonrelativistic limit, i.e., the case where v/c and
v/vy K 1, the generalized function given by (33) with

p = —#o'u'v) + p'oAf2¢', g = 0f2¢
A = (p'e’ — poeg)v,
b= +Aey? u=n, k=uvs% y =u’A

and %2 = u'e'q® + 2Apg — p? is the solution to the
., 0 a
0‘ — — —

problem
d
A — [P
a” ez M az)

aZ
V2 N
( i or’

X G, tlr',t) = d(r — r)o(t — t') (39)
for ¢ > ¢’, which has been investigated previously by
Besieris (cf. Ref. 24).

Case III. Lastly, if v =0 (or ue= pye) and
c=0,

G, tfr', t') = (v/[4wR)O(R — vy7) (40)

is the well-known solution of the simple wave equation

V2 1 82 gt 1] ’
( -———-)G(r,t/r,t)=6(r—r)6(t——t),
ve O

1> 1. (41)

V. INTERPRETATION OF THE SOLUTION

The part of the Green’s function G(r, #/r’,t") [cf.
Eq. (33)] containing the Dirac delta function can be
interpreted as an expanding wavefront which arrives
at R, = ur diminished by the geometrical factor
1/R, and modified by the exponential term
exp (—p{ — g7). Ry, as givenin Eq. (34), can be taken
as the “radial distance” between the point (x', y’,
z' 4+ y'7[b) and the observation point r(x, y, z), with
a scaling of the z-axis dimension by the factor b due
to the Lorentz contraction along this axis.

R. COMPTON, JR.

Whereas for a ‘stationary” medium (v =0 or
1€’ = pgey) the expanding wavefronts are spheres
centered at the spatial position of the source, in the
more general problem under consideration here,
apart from the multiplicative factors 1/R; and
exp (—p{ — g7), the wavefronts obey the equation

(42)

It is quite easy to show that, for constant values of ,
the wavefronts are actually spheroidal surfaces with
semiaxes ur, ur, and ur/b along the directions of the
x, y, and z axes, respectively. Before any more
remarks are made regarding the nature of these
wavefronts, it should be noted that the wavefront
center (x', y', z' + y+'/b) moves along the z direction
at the speed y'/b. Since, however,

Y'[b = v(n® — Dj(n* — ) <,

the center of the spheroid moves slowly, and one
might say that it “cannot keep up with the medium.”

Two special cases are considered next, by assigning
specific ranges to the velocity of the medium:

Rl = ur.

Case I. When the medium moves slowly enough so
that nf = vfvy < 1, since b > 1, it follows that
ur/b < ur which implies, in turn, that the expanding
shells are oblate spheroids with respect to the z axis.
Consider next the ratio of the distances associated,
first with the semiaxis along the z direction and
secondly the position of the wavefront center relative
to the source point r’, viz.,

91/2’1 Z L Bont = (ofu)
5 .
Since by assumption v/v, < 1, this ratio is greater than
unjty. This shows clearly that the shell encloses the
source point; that is, the source radiates in all
directions.?”

The effect of a pulse at a distance R, and at a time
7 after its onset vanishes for R, > wur, that is, as long
as the wave initiated by the pulse has not had sufficient
time to reach the observation point r.

Case II. If now the material moves with high
enough speed so that vfy, > 1, the entire shell—
which is still an oblate spheroid with respect to the
z axis—is “dragged” away from the source point. The
source point is outside the shell, and the shell is, at all
times, tangent to a cone of interior half-angle 6,
specified by the relation

cos 0y = [(n?6? — 1)/f%(n* — L.

37 This is always the case in the nonrelativistic limit.
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An observer positioned outside the cone will not
experience any radiation effects. However, someone
located inside the conical region will detect two
discontinuities, caused first by one side of the ex-
panding and moving wavefront and then the other.
This effect is the well-known Cerenkov phenomenon.

In either Case 1 and Case II, at R, = ur, the
original pulse arrives diminished by the geometrical
factor 1/R,. The wave then leaves in its wake a
residue, or “tail,” which persists for an infinite time at
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points which have been traversed by the wavefronts.
This contribution is represented by the second part of
G(r,tfr',t") in Eq. (33). The entire solution is, of
course, attenuated exponentially in the z direction
Moreover, it subsides exponentially with respect to
time.
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In this paper, infinite translation-invariant and periodic systems of classical particles are treated di-
rectly—not as limits of finite systems. A formalism of classical creation and annihilation operators that
create and destroy classical identical particles at points of phase space is employed. By use of this for-
malism, classical dynamical variables are expressed without reference to the canonical coordinates and
momenta of individual particles, or to the number of particies. Different physical situations are described
by different representations of the algebra of creation and annihilation operators. The concept of thermal
equilibrium is generalized so as to be meaningful in infinite systems. Stationary states and thermal-equilib-
rium states for an infinite system of noninteracting particles (possibly in a periodic external potential)

are exhibited explicitly.

1. INTRODUCTION

JITH the possible exception of the “true vacuum”

of the theories of elementary particles, all systems

of physical interest are finite. Still, infinite systems

have always held great attraction for the theorist. The

simplifying features that go with translation invariance

apply only in the infinite case. Also, phase transitions

and broken symmetries, although apparent to the

experimenter in finite samples, become truly qualitative
phenomena only in infinite systems.

The traditional approach to infinite systems is to
regard them as limits of finite systems as the volume
and number of particles tend to infinity with the
density remaining constant. One speaks of ‘“‘quasi-
averages” ! which are limits of expectation values in
finite systems.

The alternative of directly treating infinite systems
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has received increasing attention in recent years.2~¢
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number of particles or the total energy become infinite
(and hence meaningless) in infinite systems, such local
dynamical variables as the density of particles or of
energy remain meaningful. In the quantum theory of
relativistic fields, a great deal of attention has been
paid to “algebras of local observables.” 7 A state of the
system is then defined as a positive, normalized
(continuous) linear functional on the algebra; in other
words, a state of the system is the set of expectation
values of all dynamical variables.® States correspond-
ing to infinite transiation-invariant (or periodic)

2 D. W. Robinson, Commun. Math. Phys. 1, 159 (1965).
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situations with a finite average density of particles
exist.25-%10 Every state can be implemented by a
procedure known as the Gel’fand construction in a
suitable separable Hilbert space which is a representa-
tion space of the algebra of local observables. There
exist many inequivalent representations.’’ The choice
of a state implies the choice of a representation in
which it can be implemented. The choice of representa-
tion therefore embodies a large part of the physics.

A rigorous evaluation of quasi-averages as limits
ought to be quite a complicated endeavor. It should
involve the dynamical description of the boundary of
the system for every finite volume. The direct treat-
ment of infinite systems avoids this as well as the
limiting procedure. It remains, of course, to be shown
that the two approaches are equivalent. It should be
remarked, however, that people who claim to be
calculating quasi-averages usually avoid a detailed
description of the boundary and take various short
cuts—some of which amount to a direct calculation
in the infinite case. The calculation of Martin and
Schwinger,’* who made use of thermal Green’s
functions, is one such calculation in an infinite
system. The only appeal to finite systems is for the
derivation of the ‘“boundary condition” (4B); =
(B(—ihip)A)g, which is then applied in the infinite
case. The “‘boundary condition” is in effect used as the
definition of thermal equilibrium in the infinite system,
for which the construction involving exp (—fH)
no longer applies. In fact, some later authors®
accept the boundary condition of Martin and
Schwinger as the definition of thermal equilibrium in
aninfinite system. (Other authors,®® conversely, define
the state of thermal equilibrium by the limit of
expectation values in a finite system and later endeavor
to implement the state so defined.)

The quantum mechanical treatment of infinite
systems is made possible by the ‘“‘second-quantized”
formalism which expresses dynamical variables with-
out reference to individual particles or to their number.
In spite of its name, “second quantization” (which
does not involve Planck’s constant %) has nothing to
do with physical quantization. The creation and
annihilation operators merely count particles occupy-
ing first-quantized single-particle states. A similar
formalism for classical identical particles has been put
forward by this author.’® It involves operators that

? H. Araki and E. J. Woods, J. Math. Phys. 4, 637 (1963).

10 H. Araki and W. Wyss, Helv. Phys. Acta 37, 136 (1964).

11 J. E. Segal, Mathematical Problems of Relativistic Physics
(American Mathematical Society, Providence, Rhode Island, 1963).
Further references may be found in this book.

12 p, C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).

13 A. Katz, Principles of Statistical Mechanics (The Information
Theory Approach) (W. H. Freeman and Company, San Francisco,
1967), Appendix B and Sec. 3 of Chap. VII.
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create and destroy particles at various points in the
phase space of a single particle. This formalism makes
it possible to treat infinite systems of classical particles
by considering suitable representations of the classical
creation and annihilation operators. This is the subject
of the present paper.

2. SCOPE AND PLAN OF PRESENTATION

The next two sections review the formalism describ-
ing a system of an indefinite (finite) number of
particles and the formalism of classical creation and
annihilation operators. The space in which a state of
an indefinite number of identical particles can be
represented is discussed in Sec. 3. This is the classical
analog of the quantum mechanical Fock space. In
Sec. 4 it serves as the defining space for the algebra of
creation and annihilation operators. Derivations are
omitted in Secs. 3 and 4. They all follow directly from
the definitions; some of them may be found in Ref. 13.
Section 5 introduces the algebra of local dynamical
variables. Section 6 offers an example of a class of
representations that can describe translation-invariant
or periodic sitnations with finite average density of
particles—in other words, nontrivial infinite systems.
For noninteracting particles possibly in an external
potential, this class of representations allows us to
represent explicitly stationary states in Sec. 7 and
thermal-equilibrium states in Sec. 9. General proper-
ties and characterization of stationary states and of
thermal equilibrium (for particles with interaction)
are discussed in Secs. 7 and 8, respectively. In the
definition of thermal equilibrium put forward in
Sec. 8, the construction involving exp (—fH) is
generalized to infinite systems. This definition may be
considered the classical analog of the “boundary
condition” of Martin and Schwinger. Since the
purpose of the present paper is merely to present and
illustrate the formalism, only problems of noninter-
acting particles have been worked out.

3. GRAND CANONICAL APPROACH

This section briefly summarizes the grand canonical
treatment of identical classical particles.!®* In this
treatment the state of the system is represented by a
“statistical element” f which is a sequence

F=Uosfisfos s fws ) G.D

where fy is a nonnegative measure on the phase
space of N classical particles and is symmetric in all
particles.'s The phase space in question is the Euclid-
ean space of all coordinates and canonically conjugate

14 J. M. Cook, Institut D’Etudes Scientifiques de Cargése, Cargése,
France, lecture notes, 1965.

381In the special case of the grand canonical ensemble, fy =
exp (Q — BHy — aN), where Hy is the N-particle Hamiltonian.
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momenta of N particles: q,,p,,"**, 4y, Py- The
measure density fuy(q., P, .4y, Py) must be
unchanged by any permutation of the particle indices,
ie.,

fN(qal’ | ZACREY P p“zv)

=fN(ql’P1,"'5qNspN) (3.2)

for all permutations n — a,,. The total weight of the
entire N-particle phase space is

1
Py=[dn dpy -+ day dow(5) 1w 33

where f, is a non-negative constant P, = f;, and Py
is interpreted as the probability that the number of
particles in the system is N. Consequently, we demand
that statistical elements representing physical states
should satisfy the relation

2 P N = 1.
N=0o
Equations (3.3) and (3.4) constitute a normalization

condition on f. In the following we shall, in addition,
consider unnormalized and not necessarily positive

objects f = (fy, f1, /2, - ), such that
f dq dp, - - - dqy dpy |yl

(3.4)

1

=g

is finite but not necessarily equal to 1. Here fy is a

measure over the N-particle phase space. The form

Ilfll may serve as a norm in the space of objects f

(state representatives), which becomes a normed
linear space. We also define

1
Trf=Y — j dg, dp, - - dgy dpxfy.  (3.5)
N=o N!

Thus, Tr fis a linear-form on the space of objects f.
For the representatives of physical states, one has
Tr f = | fll = 1. The form Tr fis useful in expressing
expectation values of dynamical variables.

The weight accorded to a subset of the phase space
of N particles by the measure density (1/N!)fy
belonging to a physical (positive and normalized) f
together with all the subsets resulting from it by
permutations of the N particles is interpreted as the
probability that there are N (identical) particles in the
system and that they occupy the positions and.mo-
menta in the subset.!® Both pure and mixed states may
be represented in this way. Pure states are represented
by all fy vanishing save one, which is a symmetrized
delta function.

18 As long as the measure densities are integrable functions, the
N! subsets obtained from each other by permutations of the N
particles intersect each other on sets of measure zero; counting
them all is the same as counting just one and multiplying by N!.

One may then integrate on one subset only and drop the factor
(1/NY).
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Dynamical variables are also represented as

sequences

F=(Fy,F,Fp,"",Fy, ). (3.6)
This time Fy is a continuous function on the phase
space of NV particles which is symmetric under permuta-
tions of the particles. The expectation value of the
dynamical quantity F in the state f'is

un=3 f day dp, -+ - dqy de(ﬁ)fNFN. 3.7)

For arbitrary f, the existence of (f. F) can be guaran-
teed only for those functions F that are bounded i.e.,
only if there exists a bound A4 such that |Fy| < A4 for
all N and all q,p;, ", dqy,py.Y" The space of
bounded dynamical variables may be taken as a
Banach space with the lowest bound for norm. The
space of all representatives f of states (not necessarily
normalized to 1) is then contained in its strong dual—
the space of all continuous linear forms on the space
of bounded dynamical variables. In this way we see
how our f connect to the abstract concept of a state as
a continuous linear form.

Most of the dynamical variables of interest are not
bounded. An unbounded F may be connected to the
bounded dynamical variable

exp (iF) = (exp {iFy}, exp {iFy}, - 7).  (3.8)
Dynamical variables may depend on parameters as
functions or as generalized functions.!®

We define the product of a statistical element f by a
dynamical variable F to be

Ff= (FOfO’Flthzfz,'“aFNfN"“)’ (39)

which is a new statistical element. In this way the
dynamical variables appear as (an Abelian algebra of)
linear operators on the space of statistical elements.
The bounded dynamical variables become bounded
(and therefore continuous) operators. The expectation
value of F in the state represented by f may now be

written as
(f. F) = Tr Ff. (3.10)

A dynamical variable is considered to be a single-
particle variable if it is of the form

Fl = (0’ gl(ql’ Pl)’ gltql H pl) + gl(q2, pz), tt
N
225 Po)s " - ) (3.11)

a=1

17 Here, as in several other places, an attempt is made to classify
the mathematical structures involved. This is done for the purpose
of future applications to problems that are not explicitly solvable.
All of the illustrations in the present paper are worked out explicitly
by construction and can be followed without appeal to “highbrow”
mathematics.

18 For example, the density of particles at the point x in space is
represented by

N
Fy = &(x — q,),
a=1
which depends on x as a generalized function.



2454

It is a two-particle variable if it is of the form

Ft = (0’ 03 gz(ql, Pi>42, Pz),
8%(q1, P1» G2, P2) + £%(qa> P25 s, P3)
+ £%(Qs, P3> 415 P1)> * * 7)s

and similarly for an n-particle variable. A zero-particle
variable is a constant, i.e.,

(3.12)

Fo = (gO’ gO’ gO, . .)’ (313)

where g° is a number. The general dynamical variable
F of Eq. (3.5) may be expanded in dynamical variables
of a definite number of particles, i.e.,

F = ZF", (3.14)
n=0
where
gt = F,, (3.15)
gl((h,lh) = Fi(q1, p) — Fo, (3.16)

&1 P15 Q25 P2) = F2(@1, Py Q25 P2) — Fi(@1, po)
— Fi(qs,p2) + Fo, (3.17)
and so on.

Dynamical varjables in classical mechanics also
play a role as generators of canonical transformations.
A dynamical quantity W = (W,, Wy, W,, -+ ) may
generate a transformation in F of Eq. (3.5) through

dFlde = {W, F} =

(W, Fo}, (W1, Fi}, (W, B}, - 0), (3.18)

where {Wy, Fy} is the N-particle Poisson bracket

N
{WN’ FN} EE %.aﬂv _%.aif_v

a=1 apa aqa apa
and {W,, Fy} = 0. The transformation depends on the
continuous parameter «. The time development is
generated in this way by the Hamiltonian. We are
representing all canonical transformations in the
Heisenberg picture in which the dynamical variables
are mapped onto themselves and the states and their
representatives are left unchanged. A Schrodinger
picture, in which the states are transformed, is also
possible but will not be discussed here.

(3.19)

4. CREATION AND ANNIHILATION
OPERATORS

In this section we define creation and annihilation
operators*? which can act on state representatives and
turn them into new (not necessarily normalized) state
representatives. The creation and annihilation opera-
tors are labeled by points q, p in a single-particle phase
space and are interpreted as creating or destroying
particles at that point in phase space. The annihilation

AMNON KATZ

operator ¢(q, p) is defined by

¢@.pf=f, @.1)
with
fz;](q13p1’ e ’qN’pN)
EfN+1(ql ’ pl » " ‘lzv ) PN: q’ P) (42)

The creation operator is defined by

'@, pf=f", 4.3)
with
So@ P Gy, P
N-1
= ZofN—l(ql-i-va Privs " s ANty > PN—1tv)
x 6(q, — @)5(p, — p) (4.4)
for N > 0 and

fo=0.

All the particle indices on the right-hand side of
Eq. (4.4) are taken modulo N. The right-hand side of
Eq. (4.2) is, in general, a measure in q, p. The annihila-
tion operators are therefore operator-valued measures
and must be smeared with a continuous test function
before a proper operator is obtained. The right-hand
side of Eq. (4.4) is a measure in q;, Py, ", Qy, Py
even for fixed q, p. The creation operator is therefore
a proper operator even without smearing. The product
$'(q, p)$(q, p) is an operator-valued measure.

We next proceed to state the most important
properties of the creation and annihilation operators.
All these properties are straightforward consequences
of the definitions of ¢ and ¢'. Some of the derivations
may be found in Ref. 13. The operators ¢ and ¢'
satisfy the commutation relations

[4(a, p), ¢'(q', P)] = 6(q — q)o(p — p),

(4.5)

(4.6)
(¢, p), $@’, P)] = [$'(a. p), (@', p)] = 0.
They have the Hermiticity property
F.$'(q, = sMF.f),
(F. ¢'@, p))) = (¢@, DF . /) @7

(F. ¢(q, p)S) = ('@, PF.J),

where the action of the creation and annihilation
operators on the dynamical variable F is defined in
complete analogy to their action on state represent-
atives f; every lower-case f'is just replaced by a capital
Fin Eqgs. (4.1)-(4.5).2

To each single-particle dynamical variable F' we

1® However, when acting on the dynamical variable F, whose
components are continuous functions, the annihilation operator
is the proper operator, while the creation operator is an operator-
valued measure.
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now associate two operators:

= f dq dpg¥(a, D)4’ (@ D)@ P, @.58)

F= f dq dpg'(q, p)

« (6¢T(q, P 24 p) _ 24P 4@ p))
op oq ap oq

= - f dq dpge, ¢ (0. p), @ D)}  (49)

Both of these operators involve the product of a
creation operator and an annihilation operator at the
same point in phase space smeared by the continuous
function gl
The operator £ has the property

Fif = Fif; 4.10)
its action on a statistical element f is identical to that
of the original linear operator associated with F*.
The operator F1is just a way to write the operator F*
without reference to the phase spaces of various

numbers of particles. The expectation value of F*
may now be expressed as

Te FYf = Tr Fif = f dq dpg'(q, p) Tr (¢'(q, D)é(a, )F)-
4.19H

The expectation value of ¢'(q, p)$(q, p) thus deter-
mines the expectation value of any single-particie
dynamical variable.

The operator F! serves to generate in G the canon-
ical transformation that the dynamical variable F!
generates in the dynamical variable G*. That is,

dG\da = [F1, G1] = {F*, GY}~,

(4.12)

where {F!, G!}~ is the operator constructed from the
single-particle dynamical variable which is the Poisson
bracket of F* and G! in the manner of Eq. (4.8).
Everything said above generalizes immediately to
dynamical variables of any number of particles. For a
two-particle dynamical variable F2, we define

. 1
F? '2‘ J‘d‘h dp, dqz dp,g* (g, P1» 92> P2)

X ?5?(% s Px)?ﬁ(‘les P2)d(qe, PH(q, ), (4.13)
= — % f dq, dp, dq;, dp,g*(qs, Pis G2, P2)

X {$(a1, PP (@, P2, $(Ge, )b, P}, (4.14)

and similarly for dynamical variables of any number
of particles. We now find

Frf= Frf. (4.15)
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The expectation value of F* is
Tr F*f = Tr FYf

1 »
;;j‘dqldpl"'dqndpﬂg (@;P1-" " " s Pa)

x Tr ¢T(q19 pl) e '?ST(‘lm pn)¢(qn5 | M ERE ¢(q1a pl)f;
(4.16)

and F” generates canonical transformations in G™
through

dG™|da = [F*,G™] = {(F*,G™~.  (4.17)
In the last equation the tilde is applied to {F", G™},
which is not ordinarily a dynamical variable of a
definite number of particles. When F is not a dynam-
ical variable of a definite number of particles, F means
For PPy Frqp -+, where FO4+ F1+ F2 4 -+ is
the expansion of F in dynamical variables of a definite
number of particles [Eqs. (3.14)-(3.17)].

5. LOCAL DYNAMICAL VARIABLES AND
INFINITE SYSTEMS

We consider a single-particle dynamical quantity
F! to be local if the corresponding g'(q, p) has its
support in the product of a compact set of position
(q) space by the whole of momentum (p) space. An
n-particle dynamical quantity F~ is local if the corre-
sponding g™(q;, 1, " * * » G, P,,) has its support in the
product of compact sets in the n position spaces by the
whole of the corresponding momentum spaces. Many
important dynamical variables are not local. The total
number of particles gl(q, p) = 1, total momentum
g{q,p) = p, and total Kinetic energy glq,p) =
p?/(2m), among many others, are not local. It is these
global quantities that usually lose their meaning in an
infinite translation